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Preface 



The principal objectives of the author in writing this college algebra 
textbook are clarity of presentation and carefully graded sets of 
diversified problems covering a wide range of difficulty. The book 
should prove especially beneficial to students who have an inade- 
quate mathematical background and to those who have not yet 
acquired the habit of orderly and independent thinking. For the 
better-than-average student there are numerous stated problems 

mny of which will test the mettle of the very best pupils. Some 
features of the text are: 

1. A thorough review of high school algebra is provided for 

students who have had inadequate high school instruction and for 

those who have had several years in which to forget their previous 
training. 

^ 2. Student difficulties are anticipated by pointing out and discuss- 
ing common errors. The duty of the instructor is, not only to teach 
correct methods, but also to convince the student of the error in 
each incorrect operation. 

3. There are more than 2800 problems, including a^ ample num- 
ber of medium difficulty. More than 300 stated problems provide an 
effective challenge to the better student. 

4. Answers to three-fourths of the problems are given in the back 
of the book. No answers are given, either in the tqjrt or in separate 
pamphlet form, for problems numbered 4, 8, 12, etc. The author 
believes this plan is preferable to the common practice of listing in 
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the text the answers to half of the problems and printing in a sepa- 
rate booklet the answers to the other half. The problems in each 
exercise are so arranged that good coverage may be obtained by 
assigning numbers 1, 5, 9, etc. or similar groups starting with 2, 3, 
or 4. 

5. The definition of a function has been simplified in an attempt 
to prevent the student from getting the idea that an equation, such 
as 2x -h 3y = 6, is a function of x. 

6. In solving a system of equations by graphic methods, some 

algebra books write the solution in terms of fractions, e.g. x = }, 
2/ “ A- ^ result was obviously not obtained graphically. 

The author has tried to be “honest” in his treatment of graphic 
solutions. Non-integral solutions have been approximated by the 
use of decimals. A definite statement is made regarding the amount 
of tolerance. 

7. In graphing, general instructions are given as to how to choose 
the values to be assigned to the independent variable. 

8. The new characteristic rule for logarithms has been proved 
by classroom experiment to be effective, especially in finding a 
number from its logarithm. Instructors who prefer the old rule will 
find it listed as an alternative. 

The author wishes to thank the McGraw-Hill Book Company for 
permission to use passages from his Plane Trigonomtry, copyright, 
1942, and to acknowledge his indebtedness to his sister, Mrs. E. N. 
Hetzel, for her helpful advice. He wishes to thank his colleagues. 
Professors J. N. Michie, H. E. Woodward, R. S. Underwood, 
E. A. Hazlewood, and F. W. Sparks for suggestions and assistance. 


E. Richard Heineman 
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Lubbock, Texas 
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A note to the student 



A mastery of algebra requires (1) a certain amount of memory work 
and (2) a great deal of practice and drill in order to acquire experi- 
ence and skill in the application of the memory work. Your instructor 
is a “trouble-shooter” who attempts to prevent you from going 
astray, supplies missing links in your mathematical background, and 
tries to indicate the “common sense” approach to the problem. The 
memory work in any course is one thing that the student can and 
should perform by himself. The least you can do for your instructor 
and yourself is to commit to memory each definition and theorem as 
soon as you contact it. This can be accomplished most rapidly, not by 
reading, but by writing the definition or theorem until you can repro* 
duce it without the aid of the text. 

In working the problems, do not continually refer back to the 
illustrative examples. Study the examples so thoroughly (by writing 
them) that you can reproduce them with your text closed. Only 
after the examples are entirely clear and have been completely 
mastered should you attempt the unsolved problems. These prob- 
lems should be worked mthout referring to the text. 
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chapter 1 



1. The fundameatal algebraic operations. The four fundamental 
operations of algebra are addition, subtraction, multiplication, and 
division. 

The sum of two or more numbers is the result of adding them. 
The plus sign, +, is used to indicate addition. 

Illustration 1. The sum of 2, 7, and 8 is indicated by 2+7+8= 17. 

Illustration 2. The sum of the quantities a and h is indicated by 
0 + 6 . 

The difference of two numbers, a and 6, is the result of subtract- 
ing the second number from the first. The minus sign, is used 
to indicate subtraction. 

Illustration 3. The difference of 8 and 2 is 8 — 2 = 6. 

The product of two or more numbers is the result of multiplying 
them. Each of the given numbers is called a factor of their product. 
Multiplication is indicated by the use of a cross, X, or a dot, or by 
mere juxtaposition. 


Illustration 4- The product of 2, 3, and 5 is 2 • 3 • 5 = 30. The 
factors of 30 are 2, 3, and 5. 

Illustration 5. The product of 7, a, and 6 is indicated by lab. 

The quotient of a by 6, where b is not 0, is the result of dividing 


a by 6. This division is indicated by writing a 6, or or a/6. If 
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the quotient of a by 6 is c, then b times c must equal a. In other 
words, if ^ = c, then he = a. The dividend is the number a into 
which we are dividing the number b, which is called the divisor. In 
the fraction ~y a is called the numerator and b is called the denomi- 
nator. The quotient a -f* b, or the fraction a/b, is frequently called 
the ratio of a to 5. 

Illustration 6. The quotient of 20 by 4 is 5; or, the ratio of 20 to 4 
is 5. 


2. The number system. In the process of counting, we employ 
such numbers as 1, 2, 3, 4, etc. They are called positive integers. 
If two of these' numbers are added or multiplied, the result is another 
positive integer. 

In order to make it possible to subtract a positive integer from a 
smaller one, we extend the number system to include negative 
integers. Thus, 5 — 8 = —3. Moreover, zero is included as a number 
to permit the subtraction of a number from itself. 

The division of any integer by any other integer is made possible 
by again extending the number system to include rational numbers 
(ordinary fractions), such as f , — f. In general, 

A rational number is a number that can be expressed as the quotient 
of two integers. It is obvious that all integers are rational numbers. 
Why? It can be shown that all ending decimals and all nonending, 
repeating decimals are rational. For example, the ending decimal 
1.125 is rational because it is equal to f . And the nonending, repeat- 
ing decimal .2727 ■ • is rational because it can be expressed as the 
quotient of 3 by 11. 

A positive or negative number that cannot be expressed as the 
quotient of two integers is called an irrational niunber. For example, 
V2, \/4, TT, 1 -t-V7 are irrational. 

All of the afore-mentioned numbers belong to the class of real 
numbers. Included are all positive numbers (rational and irrational), 
all negative numbers, and zero. 

• The dots indicate that the couplet 27 is to be repeated indefinitely. 
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Another class of numbers, imaginary numbers (to distinguish 
them from real numbers), will be discussed in Art. 59. 

A positive integer is said to be prime if it is not divisible by any 
positive integer except itself and 1. For example, the numbers 1, 2, 

3, 5, 7, 11, 13, 17, etc., are prime. All positive integers that are not 
prime are called composite. 

3. Laws governing algebraic operations. In forming an algebra 
that generalizes arithmetic, we assume the following laws: 

1. The commutative law holds for addition and multiplication: 

a -|- 6 = b-\- a. 
ab = 6a. 

11. The associative law holds for addition and multiplication: 

(o + 6) + c = a -|- (6 + c). 

(a6)c = a(6c). 

III. Multiplication is distributive with respect to addition: 

a(6 + 0 = 06 + ac. 

4. Operations with the number zero. If a is any number, then 

a4-0=a, a— 0 = a, o(0) = 0. 

If a 0,* then - = 0 because a • 0 = 0. 

a 

Division by 0 is ruled out When we write f, we ask, “How many 
2’s add up to 6?” When we write we ask, “How many O's will add 
up to 6?” Such a question is obviously absurd. 

Let us recall that division can always be checked by showing 
that the dividend is equal to the product of the divisor and the 
quotient. If J equals a number b, then (())(6) mu.st equal 6. No such 
number 6 exists. We conclude that division by 0 must be ruled out. 

5. Graphic representation of the real numbers. Let point A in 
Fig. 1 repre.sent the number 0. All positive numbers are represented 
in order of size by the points to the right of A. All negative numbers 


• The symbol ^ is read “is not equal to.” 



4 


CH. 1 


INTRODUCTORY TOPICS 


are represented in order by points to the left of -4. If a point B lies 
to the right of a point C, then we shall say that the number repre- 
sented by B is algebraically greater than the number represented 

C A B 

— h-#-H 1 1 1 ^ ^ ^ ! 1 f— 

-5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 

FIG. 1 

by C. We indicate this by writing B > C or C < B. The statement 
B > C is read, “B is greater than C” For example, 3 > — 5, 
-2 >-3, 0 >-l, -3 < 1. 

When no sign is placed in front of a number, the positive sign is 
tacitly assumed. Thus, 7 means +7. 

The negative of a number is obtained by changing the sign of the 
number. The negative of 4 is —4; the negative of —4 is 4. 

The absolute (or numerical) value of a positive number or of 0 
is the number itself. The absolute value of a negative number is the 
number with its sign changed. The absolute value of a number a 
is usually designated by | a |. 

Illustration 1. The absolute value of 3 is 3. The absolute value of 
— 3 is 3; or, I —3 I = 3. 

Illustration 5 > — 7 but | 5 | < | — 7 [. This means that 5 is 
algebraically greater than — 7, but 5 is numerically less than ~ 7. 

6. Laws of signs. To add two numbers with like signs, add their 
absolute values and prefix their common sign. 

Illustration 1. (—6) -f (—4) = — 10; (-fS) + (+3) =-f5. 

To add two numbers with unlike signs, subtract the smaller ab- 
solute value from the larger and prefix the sign of the number having 
the larger absolute value. 

lUuslration :9. (- 1) 4- 9 = 8; 5 + (-7) = -2. 

To subtract a number, add its negative. 

lUuairaiion S. 14 - (-3) = 14 + 3 = 17; (-6) - (-5) =-6 
+ 5=-l. 

To multiply (or divide) two numbers with like signs, multiply (or 
divide) their absolute values and prefix a plus sign. 
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To multiply (or divide) two numbers with unlike signs, multiply 
(or divide) their absolute values and prefix a minus sign. 

Illustration 4- 

(- 4 )(- 6 ) = 24 ; (- 2 )( 3 ) =- 6 ; ^ = 3 ; 


-5 


-2 


= ~ 7 . 


Exercise 1 


Identify the foUomny reed numbers as rational or irrational. 

1- i, -7, v^, .333 • • •, 3.2, v^, 0. 

2. 1776, -f, .029, V3, 1.666 • • •, Vl44, 

Insert the proper sign, < or >, between each of the following pairs of numbers. 
. -6 and —1. 4. 1 and -7. 5. 0 and -3. 6. —2 and -3. 


Perform the indicated operations. 


7. (-7) + (-3) -(6). 
9. 3(-4)(-5). 



8. 17 - (-2) + 1. 
10, (-2)(-3)(-4). 




Find the sum, the difference, the product, and the quotierU of each of the following 
pairs of numbers. 


15. —6 and 1. 
17. —Sand —2. 
19. 0 and —9. 

21. 10 and —5. 


16. 3 and —3. 
18. -12 and 4. 
20. —6 and —2. 

22. —7 and 0. 


23. State the value of (a) f, (6) (c) C0)(8). 

24. Show that the repeating decimal .142857142857 • • • is rational because 
it can be expressed as the quotient of 1 by 7. 


a 


25. If - = 0, what can be said about a or 6? 
6 


26. Find the fallacy in the following “proof that 2 = 1.” 
Let a = 1 


Multiply both sides by a: 
Subtract 1 from both sides: 
Factor: 

Divide both sides by (a — 1) : 
Fince o = 1, 


a* = a 
— 1 = a — 1 
(o + l)(a - 1) = a - 1 
a + 1 = 1 
2 = 1 . 
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7. Terms, factors, coefficients. A term, or monomial, consists of 
quantities combined by only multiplications and divisions. If two 
or more terms are connected by plus or minus signs, the expression 
formed is called a polynomial. A binomial is a polynomial consisting 
of two terms. A trinomial is a polynomial containing three terms. 

Illustration 1. labc is a term. Zx + ly is not a term; it consists of 
two terms; it is a binomial. 

A factor of an expression is a quantity which, when multiplied by 
one or more other quantities, will produce the expression. A con- 
siderable part of the difficulties encountered by a beginner in algebra 
is due to his failure to distinguish between term and factor. 

Illustration S. a is a. factor of ah; but a is not a factor of {a+h); 
a is a factor of a{x + y). What is the other factor? 

Illustration 3. The expression 7a& has the following factors: 7, a, 
h, la, lb, and ab, in addition to the obvious factors 1 and lab. The 
prime factors of 30a: are 2, 3, 5, and x. 

Illustration 4. The expression (2a: + 3y)(4r + 5s + 60 consists of 
two factors. The first factor, 2x 3y, contains two terms. The 
second factor, 4r + 5s + 6i, consists of three terms. 

In a given term, any factor is called the coefficient of the product 
of the other factors. 

Illustration 5. In the term 7a6, we say that 7 is the coefficient of 
ab; a is the coefficient oi lb; b is the coefficient of la; la is the 
coefficient of b; etc. 

In a term that is the product of a number and one or more letters, 
we refer to the number as the numerical coefficient, or simply the 
coefficient of the term. 

Illustration 6. In the term 7a6, the numerical coefficient or the 
coefficient is 7. In the term —8a, the numerical coefficient is —8. 
In the term x, the coefficient is 1. 

If two terms are the same except for the numerical coefficient, 
they are called like terms. For example, 5ab and —4ab are like 
terms. Like terms can be added to form a single term. The sum of 
unlike terms can only be indicated. 

Illustration 7. x + 2x + 3x = 6x. a + 26 cannot be combined. 
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8. Symbols of grouping. If we wish to indicate that several terms 
are to be treated as a single expression, we use parentheses ( ), or 
brackets [ ], or braces | } , or a vinculum — . For example, a— (h-\-c) 
means that the quantity (b + c) is to be subtracted from a. This is 
equivalent to first subtracting b from a, then subtracting c from 
this result: a — h — c. When removing parentheses preceded by a 
minus sign, rewrite each term involved with its sign changed. When 
removing parentheses preceded by a plus sign, merely rewrite each 
term involved without changing its sign. 

lllustraiion 1. 2a — (h — c d) ~ 2a — h c — d. 

Illustration 5a + (5 — c) = 5a + b — c. 

When one pair of symbols encloses another pair, it is customary 
to remove the innermost pair fii*st. 

Illustration 3. 

9a — [7b — 5c — (b — c)] = 9a — [7b — 5c — b + c] 

= 9a — [6b — 4c] = 9a — 6b + 4c. 


9. Exponents. We use the symbol a® as a short way of represent- 
ing the product of three equal factors, each of which is a; that is, 
a® means a • a • a. In general, we define o'" to mean a • a • a • • • a 
(m factors). The symbol a” is read, “the mth power of a,” or, in 
short, “a to the mth.” We call a the base and m the exponent of the 
power. 

The following laws of exponents wiW be proved and discussed in 
Art. 46. They should be memorized. 


[ 1 ] 

[ 2 ] 

[ 3 ] 

[4] 

[5] 


QT, _ Qm+n 


tmn 


= a 




Qfn 

(a«)n = a 

QTn 

a™ 

{aby — a^b". 
ay _ 
b) ~ b" 


Example: 2^ • 2® = 2^ 
Example: (2^)® = 2^\ 
2® 

Example: ^ = 2®. 
Example: (2b)® = 8b®. 


a 


a 


Examph: ^ 


Exercise 2 


Remove all symbols of grouping and simplify. 
!• 9y + (5x - 2) - (3(/ - 8) - (x + y). 
^2. 6a - (a + 3) + (2a - 5) - (-a - 1). 
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3. 5a - [3a + (6 + 7) - (a + 5)]. 

4. 8a: — [7y — (6i — 5) — y — 2]. 

5. X - \2y - [3x - {Ay — 5)]J. 

6. a + |26 — [3a — (46 4" 5)]}. 

Compute by using the definition of an exponent. 


7. 

00 

9. (-2)5. 

10. (-10)5. 

11 . {-.ly. 

12. (-.1)5. 

13. {^y. 

14. (f)^ 

Perform the indicated operations by using the laws of exponents. 

15. a* ■ a^ 

16. x* • x’. 

x» 

17. -• 

a* 

18. -• 



X3 

a2 

19. {a*y. 

20. {x^y. 

21. i2xyy. 

22. (3a6)3. 

23. (-10x3)2. 

24. {-x^y. 

- (- 1 )’ 

- (- .-)■ 

27. {2ab^c^y. 

28. (6xy3^^)^. 

»■ t;:‘ 



For each of the following expressions, (a) stale the number of terms, (6) list 
the factors of each term, (c) state the coefficient of each term. 

31. xy\ 32. 3r + 8. 33. 5x + y + 12. 34. l(x + y). 

35. In the term 24xV, state the coeflScient of (a) xhf, (6) x^ (c) Sxy\ 

36. In the term ZOxj/, state the coefficient of (a) (6) 5i/, (c) 30y. 

10. Multiplication. Two monomials are multiplied by using the 
commutative and associative laws and the law of exponents, 
o’” • o'* = 

Illustration 1. i7a%^)(5a^b^) = (7 • 5) (a’ • a')(62 • 6^) = 35a'6^ 

To find the product of a monomial by a polynomial, use the dis- 
tributive law together with the previously mentioned laws. 

Illustration 2. 

-Wh{oa? - 4a6^) = (-3a26)(5a^) -h {-~Za^h){-Aa¥) 

= -15a^6-|- 12a^65. 

To multiply one polynomial by another, multiply each term of 
one polynomial by all the terms of the other and add the partial 
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products. It is usually desirable to arrange the polynomials in 
ascending or descending powers of some letter involved. 


Example 1. Multiply (Sx^ — 4x — 5) by (2i — 7). 

SoltUion. 

3x2- ~ 5 

2x - 7 

6x^ — 8x2 _ (Multiplying by 2x) 

— 21x2 283: -|~ 35 (Multiplying by —7) 

Product: Gx^ — 29x2 -|- 18x + 35 (Adding the partial products) 


n. Division. To divide one monomial by another, use the law of 
^ a"* 

exponents, — = 

. -12xV “12 x2 V* . . , 

niu^lrahon 1. = _ . _ . ^ 

To divide a polynomial by a monomial, divide each term of the 
polynomial by the monomial. 

Illustration 2. 

6X^ + 9x^ — 15x2 _ ^ _ 15x2 _ 3 I •) 2 

3x2 - 3a;2 32-2 33.2 - 2x + 3x - 5. 


To divide one polynomial by another: (1) arrange each of them 
in descending (or ascending) powers of some common letter, 
(2) divide the first term of the dividend by the first term of the 
divisor, thus obtaining the first term of the quotient, (3) multiply 
the entire divisor by the first terra of the quotient and subtract this 
product from the dividend, (4) consider this remainder as a new 
dividend and repeat steps 2 and 3, etc. 

At any stage of the division, the partial quotient at that point 
and the corresponding remainder always satisfy the equation 


or 


dividend ,. ^ , remamder 

= quotient H -j:-. 

divisor divisor 

dividend = (divisor) (quotient) + remainder. 


For example, -^ = 3-1-1 or 25 = 8*3+1. 


( 1 ) 

( 2 ) 
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Example 1. Divide (12a'* + lla^ + 18a — 10) by (4a^ + 5a — 1). 
Solution. 

3a^ — a + 2 = quotient 


divisor = 4a^+ 5a- 1| 12a* + + 18a - 10 = dividend 

(subtract) 12a* + 15a^ — 3a^ 

- 4a3 -f 3a2 + 18a 

— 4o^ — 5a^ + g 

8a2 + 17a - 10 
8a=^ + IQg - 2 

remainder = 7a — 8 


Writing our results in the form of equation (1), we have 


12a* + lla^+ 18a- 10 
4a2 + 5a - 1 


3a^ — a + 2 + 


7a - 8 
4a2 + 5a — 1 


The division can be checked by multiplying the quotient by the 
divisor and then adding the remainder. This result should equal 
the dividend. As a partial check, we can set a equal to some number, 
such as 2, and show that equation (2) holds. For x = 2, we have: 
dividend = 306, divisor = 25, quotient = 12, remainder = 6 Our 
partial check gives us 

306 = 25 • 12 + 6. 


Since the numbers do check, the work is probably correct. In case 
the numbers do not check, we can be certain that there is an error 
in the work or in the check. 


Exercise 3 


Perform the indicated multiplications. 
-.1. C-2a^)(-3a«)(5a). 

3. {-7a)(-2a^b^){-ab^). 

5. 6a(2a — 6). 

7. -2a2(3a - 46 - 5a63). 

9. {x + 2)(3x3 4- 4x + 5). 

11. (4x - 3)(j2 _ 8x - 6). 

13. {5x - 2)(3x2 + 7j - 2). 

15. {x^ + dx + l){x^ - 3x + 1). 


2. (2a6)6. 

4. {Za^l^)b{-4a*b). 

6. — 3xC2x — 4^). 

8. 5a(a* + 3a — 5). 

10. (3x + 4){5x + 6). 

12. (2x - l)(x5 4-4x + 2). 

14. (x + l)(x* — X* + X — 1). 
16. (x2 + x + l)(x3-xH-l). 


ART. 11 DIVISION 

Perform the indkated divisions. Check as directed by the instructor. 

17 . 
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19 . 


21 . 


23 . 


25 . 


27 . 


29 . 


31 . 


10a<6®c8 

2ab^(? 

10x3 - 15x4 - 20x* 

-12xV23 
* 4xYz 

.. 4a< 4- 6a3 - lOa^ 

— 5x3 

10x2 - 7x - 12 

5x + 4 

5x2 — 6x — 7 + ^.3 

2a2 

13x + 12x2 _ 14 

3x - 2 

24. + 8 

x4-3 

12x^ - 14x3 - 19x 4- 1 

X — 2 

6a* - 130* - 9a2 + 29 

2a - 5 

^0# " ~ . 

3x 4- 1 

7x3 _ 24x2 + I7x + 5 

x*- 4x3 -11x4- 19 + 

x* - 3x + 1 

2X-X2-3 

- 15x3 + 28 - 45x 4- SSx^ 

8x3 + 272/'3 

3x - 4 

JU* * 

2x + 3i/3 

x® - 322/3 


X -2y 


10x4 - llx3t/ 4- 22xY - 4x2/3 

+ 16i/^ 


5x* + 2xy + 4^2 



chapter 2 


Special products 
and factoring 


12. Special products. The product of any two polynomials can be 
found by the general method given in Art. 10. The product of two 
binomials occurs so frequently that we shall use the following time- 
saving devices to compute these special products. 

[1] The 'product of the sum and difference of two numbers is equal to 
the difference of their squares: 

{a + b){a - b) = a^- b^. 

Illustration 1. (4x + 7t/)(4x — 7y) = 16x^ — 

[2] The square of a binomial is equal to the square of the first term, 
plus twice the product of the terms* plus the square of the second term: 

{a + by = + 2ab + 

{a - by = a2 - 2ab + 6^. 

Illustration 2. (3x + dpy = 9x^ + 30xy + 25y^. 

IV _ „ 12x , 1 

=36x^-— 

[3] Products of the form {ax + b){cx + d) are computed by the 
method illustrated in the following examples. 

Example 1. Multiply: (2x — 3i/)(4x + 5y). 

Soluiien. Instead of writing one factor under the other as in 

• In the binomial (a — 6), the second term is (—6). 



12 


ART. 12 


SPECIAL PRODUCTS 


13 


Art. 10, we shall use the following device to find the product men- 
taUy: « iSyi 

= 8z* — 2xy — 15y* 

lOxy 


It is to be noted that the product is \vritten immediately with only 
one intermediate step; the two cross products, lOxy and —12xy, are 
kept in mind and added mentally to produce the middle term, — 2xy. 


Example 2. Multiply: (3x — 5)(4x — 7) 


Solution. 


(3x - 5)(4x -- 7) 



12x*-41x + 35. 


Exercise 4 

Perform the indicated mtUtiplicaiions. 


I. (x + 3)(x -3). 

3. (5x+ l)(5x - 1). 

5. (2y + 7)(2y-7). 

7. (9i - 4i/)(9x + 4?/). 
9. (x + 6)2. 

II. (3x + 2)2. 

13. i2t - 7)2. 

15. (5x — 9y)2. 

17. (x + 6)(x + 2). 

19. (x - 7)(x - 1). 

21. (x + 9)(x-2). 

23. (x - 3)(x + 1). 

25. (x + 2)(3x4-4). 

27. (3y+l)(7f/ + 2). 

29. (5x — 2y) (9x - y ) . 
31. (7x - 6)(5x - 4). 

33. (xy + 3a)(2xy — 7a). 


2. (x + 7)(x - 7). 

4. (8x + l)(8x - 1). 

6. i4y 3)(4y - 3). 

8. (5x - 6i/)(5x + 6y). 
10. (x + 5)*. 

12. (7x + 4)2. 

14. (6r - 1)®. 

16. (3x - 107/)» 

18. (x-f-4)(xH-5). 

20. (x - 3)(x - 8). 

22. (x - 5)(x + 7). 

24. (x - 6)(x + 4). 

26. (x + 3)(5x + 7). 

28. {4y + l)(3y + 8). 
30. (8x - 3y)(5x - 2y). 
32. (6x - 5)(4x - 3). 
34. {2ab + 50(a6 - t). 
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35. (4x — y)(2i + 5y). 

36. (3x — 4y)(9x -h 2y). 

37. (3x + ll)(4x - 7). 

38. (llx + 6)(5x - 3). 

39. (5r + 6s) (6r — s). 

40, {7w — 2z){4w + 7z). 

41. (3x + i)(3x- J). 

42. (x + .2)(x - .2). 

43. (x + .7)2. 

44. (7x3 _i_ 4)2, 

45. (8x^ - 5y*)*. 

46. (5x - 1)2. 

47. [3(r + 2s)P. 

48. [2(3( - 4«j)]*. 


49, [r + 3s + 5<][r + 3« - 5t]. 

Solnium, [(r + 3s) + 5/][(r + 3s) — 5(] = (r + 3s)* — (50^ 

= r* + 6rs + 9s* - 25?. 

50. [(u -h 2v) + 3«j1[(u + 2v) — Sts]. 51. [(w + y) + wf- 

52. [r + (s + 01^ 53. [(r + s) - 2][(r + s) - 3]. 

54. I(c + d) - 6][(c + d) + 7]. 

55. [(r + s) + (( + u)][(r + s) - (( + w)]. 

56. [a + 46 + t][a + 46 - (]. 

57. [7r + s -h 5(][7r - s + Si]. 

58. [3u + 4i; — 5 uj1[3u + 4y — 6 uj]. 

-59. Expand (r + s + 0* and state the result in words. 

13. Factoring. To factor a polynomial means to separate it into 
two or more quantities whose product is equal to the original poly- 
nomial. The following type forms can be used in factoring many 
expressions. 

[1] Common monomial factor: 

ax-\-ay= a(x + y). 

Illustration 1. 5u^ — lOmiy 5w = 5w(w — 2m + 1). 

[2] Difference of two squares: 

a* — 6* = (fl -f b){a — b). 

Illustration 2. 12lx* — y® = (llx + y*)(llx — y^). 

[3] Trinomials that are perfect squares: 

a* + 2ab + = (fl + by, 

G* — 2a6 + h* = (a — b)*. 

Illustration S. 16x* — 72xy + Sly* = (4x — 9y)*. 
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Example 1. In the expression 25z^+( ) + 492/^, insert the 
proper middle term to form a perfect square. 

Soliition. If the given expression is to take the form -f 2ab + b~, 
then = 25x-; hence a = 5x. Likewise 6 = 7y. The middle term 
must be 2ab = 2(ox){7y) = 70xy. The trinomial then becomes 
25x2 + 70x2/ + 49y2 which is the square of (5x + 7y). 

[4] x2 + + r = (x + a)(x + b), where ab = r and a-\- b = q. 

Example 2. Factor x- + 15x + 36. 

Solution. We seek two numbers whose product is 36 and whose 
sum is 15. Each of the following pairs of positive numbers has a 
product of 36: 1 and 36; 2 and 18; 3 and 12; 4 and 9; 6 and 6. Their 
sums are 37, 20, 15, 13, and 12, respectively. Obviously the desired 
numbers are 3 and 12. Hence 

x2 -b 15x + 36 = (x + 3)(x + 12). 

Example 3. Factor x^ — 4x — 77. 

Solution. We seek two numbers having a product of —77 and a 
sum of —4, These numbers are —11 and 7. Hence 

x2-4x-77= (x- ll)(x+7). 

[5] px^ qx -\- r = {ax + b)(cx + d), 
where ac = py bd = r, and ad + be = q. 

Example 4. Factor 5x' + 8x — 4. 

Solution. The term 5x2 igpg the factors will take the form 

(5x+ 6)(xH- d). The term —4 has the following pairs of factors: 
1 and —4; 2 and —2; 4 and — 1. These three pairs of numbers can 
be fitted in the foregoing trial form in sbe ways with the following 

results : 

(5x + l)(x — 4) = 5x2 _ iQjf _ 4 
(5x + 2)(x — 2) = 5x2 _ gjf _ 4 
(5x -h 4)(x — 1) = 5x2 — X — 4 
(5x — l)(x 4- 4) = 5x2 jQjf _ 4 
(5x — 2)(x + 2) = 5x2 -f 8x — 4 
(5x — 4)(x + 1) = 5x2 4- X — 4. 
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Obviously our fifth trial was successful. Hence 

+ 8x — 4 = (5x — 2)(x + 2). 

With a little experience, one can factor an expression without 
first listing all the possibilities. In this particular problem, after 
rejecting the first possibility, we can see from the second product, 

(ox + 2)(x — 2) = 5x2 — 8x — 4 

that only the sign of the middle term is incorrect. By merely chang- 
ing the signs of the constant terms of the factors, we get 

(5x - 2)(x + 2) = 5x2 _|_ 8x - 4. 

Not all trinomials of the form px2-f- ^x-j- r are factorable if the 
numbers a, 6, c, d are to be integers. For example, x2 -f- x + 4 is 
not factorable. 

Exercise 5 


Factor by using form [f] and \2]. 

1. mr -1- ms. 

3. 12x2 - 3x. 

5. —4x1/ — 8x1/2. 

^7. X* -h X® + 

0. + 6a26® - lOa^bK 

11. x2 - 64. 

13. 25x2 - 36i/2. 

15. 1/2 - 1 . 

17. 28i/2 - 7z2. 

19. 16x2 - i/>6. 

Factor by using form [31. 

21. x2 + 8x -h 16. 

23. x2 - 20x1/ + 1001/2. 

' 25. 36x2 _|_ 60x1/ + 25i/2. 

27. x'o - 22x5 121. 


2. hs — hi. 

4. 20r2 -h 4r, 

\6. -7a5 -h 21a25, 

x’H-x^ + x^. 

10 . 9x2i/2 _ \2xY + 6xV- 

■-42. x2 - 100. 

14. 81x2 _ i6i/2. 

16. 4i/2 - 
18. 3c2 - 75d2. 

20. 169x2 - y\ 

22. x2 - 16x + 64. 

-.,24. x2 + 18x-|-81. 

26. 49x2 — 56x1/ IGy*^ 

28. x8 -1- 24x^ 4- 144. 


Insert the proper middle term to form a perfect square; then factor. 
29. (2 + ( ) + 49. 30. «>2 _ ( ) + 36. 

31. 9x2 - ( ) 4^^ 32, 25c^(F + {)-{- 12X1*. 
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Factor by xisirig forms [4] and [5]. 

S^3. X* + 5i + 6 . 

; 36, a^ + ^x- 70. 

^ 39. X* - 13xy + 36y^ 

/ 42. ,5x* -M4x + 9. 

^ 5x^ — XV — 6 v^. 

48. 3a* - 7a + 4. 

51. lOx* + llx - 6 . 

Factor. 

53. 5x® - 20xv*. 

55. lOx® - 80x* + leOx*. 

57. X* - 16v^. 

59. - 6 x* - 27. 

61. - 3x* + 8 x - 4. 

63. 5i + 6 (* - 56. 

65. 75x* - 94x - 8 . 

67. — X* 4- 26xv — 169v*. 


35. X* + 5x - 6 . 

38. - 2( - 48. 

41. 2x* + 3x + 1. 

44. 7x* + 5xv — 12i/*. 
47. 7x* - 18x + 11. 
50. 6 x* + 31x + 35. 
52. 9x2 _ Qx - 10. 

54. 2ax2 + 28ax + 98a. 

56. 7x2 _ 35;i: _ 42 . 

58. r® - 58 . 

60. x^ + 4x2 — 5. 

62. - 2x2 -^Zx-\- 35. 

64. 15 4- 4s2 4- 23s. 

66 . 18x2 - 63x + 40. 


34. x* 4 - 17xv 4- 16^2. 
37. x* - 3x - 40. 

40. x* — 15x 4 - 44. 
43. 3r2 4- 5r - 8. 

46. 2x2 — X — 1. 

49. 4x2 - 24x 4- 35 . 


Factor each expression nrithoul expanding any part of it. 

69. a* — 4a(r — s) — 12(r — s)*. 

Solution. Just as a® — 4a6 — 126* = (a — 66)(a 4- 26), 

80 A a* - 4a(r - s) - 12(r - s)* = [a - 6(r - s))(a 4- 2(r - s)) 

/ ^ = (a — Or 4 - 05][a 4- 2r - 2s]. 

70. a2 4-'3a(s + 0 - 10(s 4- O'- 

71. {a* 4 - 6 o )2 4- 14(a2 4- 6 a) 4* 45. 

72. (a* 4- a )2 - 8 (a 2 4- a) 4- 12. 

73. (r 4 - s)2 — (u 4- y)^- 

74. (a - 6)2 - 4(c - <1)2. 

75. (s 4- if 4- 12(s 4- 0 + 36. 

76. (x 4- v)2 - 20(x 4- y) 4- 100. 

77. Explain why (a 2 — 2 a 6 4* 6 *) is the square of (6 — a) as well as of 

{a - 6). 
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14. Factoring by grouping. Polynomials consisting of four or more 
terms can sometimes be factored by (1) grouping the terms, 
(2) factoring within each group, and then (3) applying previously 
discussed methods to the groups as units. 

lUmtraXion 1. 

2rx + I5y + Qry+ 5x = (2rx + Qry) + (5a: + 15y) 

= 2r(a: + Zy) + 5(x + Zy) 

= {x+Zy){2r+5)* 

Illustration 2. 

a:^ - 3x2 - 7x -f 21 = (a:® - ^^ 2 ) ^ (y^. _ 21 ) 

= xHx - 3) - 7(x - 3) 

= (x-3)(x2-7). 

In the foregoing illustrations our objective is to group the terms in 
such a way that a common factor occurs in each group. In Illus- 
tration 2 this common factor is (x — 3). 

Illustration 3. 

f- + 2st - ^ - 2st-\- = r^ - {s - ty 

= [r+ (s— t)][r— ( 5 - 0] 

= [r + 5 — t][r — s + d- 

Trinomials of the form -p^x* + ^x^ -|- rV* can sometimes be re- 
duced to the difference of two squares by the addition and sub- 
traction of the same term. 

Example 1. Factor x* + 5xV + 49y*. 

Solution. The given expression would be a perfect square if the 
middle term were 14xV-t We shall, accordingly, add 9xV to the 
5 x 2^2 then neutrahze by subtracting 9x^y- from the expression. 

x^ + 5xy 49y^ 

= x^ + 14x23/2 -j- 49?/^ — 9x-y~ 

= (x2 + 7y2)2 - (3xy)2 
= [^2 + 7/ + 3x3/][j 2 -i- 7y- — Zxy]. 


* This is the same as 2rA + 5A = A(2r + 5), where A is (z -f- Zy). 
t Or - lAcV. 
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Exercise 6 


Fadof by grouping. 

1 . ha{x + y) 4- 6&(a: + y). 

3, ox + 6x + ay + 6y. 

S, 5ar — lObr — 605 + 126s, 
7. 6x3 - 6i2 + 7x - 7- 
9. 21x3 + 14x2 - 15x - 10. 
U. w{a — 6) + z{b — a). 

13. - (a2 - 6a6 + 962). 

15. x2 + 18xy + 81y2 — 7*2. 

17. 121x2 - a2 - 16a6 - 6462. 
19. 36r2 - y2 - 1 - 2y. 


2. 2r(x + 8y) — 3s(x 4- 8y). 
4 . 2rx — 3sx 4- 2ry — 3sy. 

6. 4az 4- 7bz — Saw — I4bw. 
8. x3 - 4x2 - 2x 4- 8. 

10, x3 4- 6x2 4- 9x 4- 54. 

12. r(p - g) - s(g - p). 

14. r2 - (a2 4- 10a6 4- 2562). 
16. s2 - 4si 4- 4(2 - 9 uf 2 _ 

18. 100x2 - c2 4- Ucd - 49^2. 
20. 16x2 - 10s - 25 - s2. 


Reduce to the difference of two squares and then factor. 

21. a4 4- 2x2 4- 81. 22. 4- ^2 4 - 25. 

23. a4 4- 4. 24. 4- 64. 

25. - 34x2 4 - 1. 26. x* - 5x2y2 4- lOOy^. 

27. X* - 55x2y2 4 - 9y^. 28. x^ - 3x2 4 - 1. 

29. 25a4 - 106xy 4- 49y<. 30. - 2bxY 4- 16y^. 

31. 9a4 - 28 x 2 y 2 4 . 36y^. 32. 81a4 4- 4y". 


Factor. 

33. a2 4- 2a6 4- 62 4- a 4- 6. 34. 25x2 - 16y2 - 5x - 4y. 

35. 3r 4- 2s - 9r2 4- 4s2. 36. Qw-\-7z - 492* 4- 36u)2. 

37. a2(s - 3() 4- 62(3( - s). 38. x2(7w - 2) 4- ^yHz - 7uj). 

39. a2 4- 10a6 4- 2562 _ ^2 4- 18xy - 8ly2. 

-40. a2 - 6a6 4- 962 _ - 14x7/ - 49y2. 

41. 4r2 4- 9(2 - x2 - 167/2 4. i2r/ - Sxy. 

' 42. 36u2 - z2 - 25 4- f" - 12wy 4- IO2. 

43. a6(x 4- y)c 4- a(x 4- y)6^( — a6(x 4- y). 

44. (x2 - If) - a(x 4- y)^ 4- (:c 4- y). 

45. 3x 4- 3y 4- 3z — ax — ay — a2 4- 6x 4- 6y 4- bz. 

-46. 2y2 4- 9y - y2 - 18. 
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15. Factoring the sum or difference of two cubes. 

[6] = (a + 6)(a2 -ab^-b^) 

[7] a3 - 6^ = (a - b){a^ + ab + b*). 

The student should verify each of these formulas by actually multi- 
plying the two factors on the right side and demonstrating that the 
resulting product is equal to the left side. 

Example 1. Factor + 125. 

Solution. Obviously Sx* is the cube of 2x and 125 is the cube of 5. 
We shall use [6] with a replaced by 2x and b replaced by 5. 

Just as = (a + b){a^ — ab + b), 

so + 125 = (2x + 5) (4x2 _ lo^ + 25). 

Example 2. Factor x® — 64 ^^. 

Solution. This is the difference of two cubes; x* is the cube of x2; 
64^ is the cube of 4y. 

Using — b = {a — b){a^ ab b), 

we get X® — 64y^ = (x2 — 4y)(x^ + + I6y^). 


16. Factoring the expressions x" + y" and x" — y". If n is an 
even number, then x" — y’* can be considered as the difference of 
two squares. 

Illustration 1. 

X ^ - = ( X 2)2 - ( y 2)2 = (^2 + y 2)(^2 _ ^ 2 ) 

= (x2 + y'^){x + y)(x — y). 

If n is a multiple of 3, then x" + y" and x” — y" can be factored 
by considering them as the sum or difference of two cubes. 

Illustration 2. 


xl 2 _j_ y\1 « (^ 4^3 ^ (y 4)3 = y*)(x^ — xV + y®)- 


If n is odd and not a multiple of 3, then 

a:" + y'* = (x -|- y)(x’'“‘ — x’*“2y -|- x"“V ~ 

x" — y" = (x — y)(x'‘~^ + X’‘~ 2 y -f. X"“ 2 y 2 -|- 

JanUM & Kashmir University Libr.irv, 

Aaceuion 


9 • 


• • 


+ y"-'), 
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The two foregoing formulas are true for all odd values of n. If, 
however, n is a multiple of 3, it is better to consider the expression 
as the sum or difference of two cubes. By so doing, we can easily 
separate the given expression into more than two factors. 

Illustration S. i* + y* = (i + y)(^x*' - + ly - 


Factor. 

1 . + 8 . 

4. V)^ -|- 2^. 

7. -f 

10. 27x3 _ 

13. x” — y*. 

16, x“ — y*3. 

19, 125x3 - (u - v)\ 

22. 8la^2 4. 

25. x® - 32. 

28. X® — y\ 


Exercise 7 

2. x3 - 8. 

5. x3 - 1000. 

~ t¥s- 
II. 8x®- 1. 

14. X® + y*. 

17. (r + s)3 + 27. 

20. 8x3 + (u + 

23. x^ + y3, 

26. x® + 32. 

29. X® + y®. . 


— 3. r3-s3. 

6. x3 + 1000. 

9. 64x3 + 125. 
J2. lOOOx® -h 27y3. 
15. x’3 + y‘®. 

18. (p - 5)3 _ 125. 
21. 2x® - 16x. 

24. x’ — y^. 

, 27. x8 - yK 
I - 30. x» - y33. 
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17. The degree of a polynomial. We say that a given term is of the 
nth degree in a certain letter if n is the exponent that appears on 
that letter. For example, is of the 3rd degree in x and of the 
4th degree in y. The degree of a given term is defined as the sum of 
the exponents that appear on the letters involved in that term. 
Thus hx^y^ is said to be of the 7th degree, or of the 7th degree in 
X and y. The degree of a polynomial is the same as that of its term 
of highest degree. For example, + 2xy is of the 

8th degree, or of the 8th degree in x and y. It is of the 5th degree in 
X and of the 6th degree in y. 

18. Lowest common multiple. A multiple of an integer a is any 
number that results when a is multiplied by another integer. For 
example, 6, 9, 12, etc., are multiples of 3. 

The lowest common multiple (L.C.M.) of two or more integers is 
the smallest number that is a multiple of each of the given integers. 
For instance, the L.C.M. of 4, 5. and 6 is 60. In other words, 60 is 
the smallest number that is divisible by 4, 5, and 6. 

To find the L.C.M. of two or more algebraic expressions. 

(1) Find the prime factors of each expression. 

(2) The L.C.M. is the product of the different prime factors, with 
each factor having the highest exponent that it has in any of the given 
expressions. 

Illustration 1. The L.C.M. of xyz, and x^z^ is x^yz^. 

22 
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Example 1. Find the L.C.M. of 

3x2 _ 


— 7x + 6, x2 — 2x + 1, and 


Solution. x^-7x+6= (x - l)(x - 6) 

x2 - 2x + 1 = (x - 1)2 

3X2 _ 133. ^ 33.(3. _ g) 

Hence the L.C.M. is 3x(x — l)2(x - 6). 

The L.C.M. of two or more integers may be found by using the 
foregoing method. 


Example 2. Find the L.C.M. of 48, 60, and 90. 

Solution. After resolving the numbers into their prime factors we 
find ’ 


48 = 2^ • 3 

2| 48 

2|60 

2| 90 

60 = 22 . 3 • 5 

21 24 

2| 30 

3 45 

90 = 2 • 32 • 5 

21 12 

3| 15 

3 15 


2L6 

5 

5 


3 

The L.C.M. of 48, 60, and 90 is 2^ • 3^ • 5 = 720. 

19. Highest common factor. The highest common factor (H.C.F.) 
of two or more integers is the largest number that is a factor of each 
of the given integers. For example, the H.C.F. of 18, 24, and 60 is 6. 
The H.C.F. of two or more algebraic expressions is the product of 
all the factors common to the given expressions. 

Illustration 1. The H.C.F. of 6x^y«, 8xy, and I2xy^ is 2xy*. 


Exercise 8 

Find the L.C.M. and H.C.F. of the following expressions. 

1. 30, 45, 75. 2. 12, 28, 42. 

3. 9x\ 6x1/3, 15xy. 4. 8a^62, 12a*b^, 

x'^ + bx^ e,x^ + 4x + S, 3 ^ + 7x + 12. 

6 . 8x2 - 72, 2x2 - 12x + 18, 6x2 _ 

Find the L.C.M. of Ike following expres^5. Leave results in factored form. 

7. x2 - 8x + 16, x2 -h 5x - 36. 

8 . 2x - 12, 5x - 30. 
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9. 3x + 21, 4x + 28, 61 + 42, 

10. + a: - 72, I* - 64, - 81. 

11. x2 - 2a: - 8, X - 4, 3. 

12. - 3x - 10, 1 - 5, 1. 

13. a^ - lOi + 25, a:^ - 6x + 5, I* - 2a: - 15. 

14. 9a:2 _ 30x + 25, 6x - 10, 8. 

15. x^ + y\ a: + y. 16. x» - 1, a:» - a:, x» - 3 ^. 

17. (x - y)\ X - y. 18. x* + 3 ^ + h + 1, x^ - 1. 


20. The fundamental principle for fractions. The value of a frac- 
tion is not changed if both numerator and denominator are multipliedy 
or divided, by the same quantity (not zero). 


2 2‘5 10, 6_64*2_3, o _^.1 

Illustration 3 “ 3 . 5 “ 15^ 14 “ 14 ^ 2 7’ 6 bx' c 


m 

cm 


21. Changing the sign before a fraction. A minus sign before a 
fraction means that the numerator is to be considered as multiplied 

by (—1). For example, — | means Using the fundamental 
principle, we may multiply the numerator and denominator of 
by (—1) and obtain Hence 



We conclude therefore, that the sign in front of a fraction must he 
changed 'provided either the numerator or the denominator is multi- 
plied by (—1). If both numerator and denominator are multiplied 
by (—1), the value of the fraction remains the same and its sign 
should not be changed. If the numerator (or denominator) consists 
of several terms, then in multiplying it by (— 1), we must be careful 
to change the sign of each term. 

Illustration 1. 

x^ — 5x + 7 —X* + 5x — 7 X* + 5 _ x^ -|- 5 

^ x + 8 " xH-8 ' 9-x2 x2-9' 
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If the numerator (or denominator) is in factored form, then we can 
multiply it by (— 1) by changing the sign of any one * of its factors, 

lUitstration 2. . ^ . = — - = . 

9 - (3 _ a;)(3 _|_ a.) 3^ 

Notice that (x — 3) is the negative of (3 — x) but (3 + 2:) is equal 
to (a: + 3). Only the factor (3 — x) was multiplied by (-1). This 
was neutralized by changing the sign before the fraction. 

22. Reducing a fraction to lowest terms. To reduce a fraction to 
lowest terms, f 

1 . Factor the numerator and denominaterr . 

2. Divide both numerator and denominator by all their common 
factors. 

lUuslraticm 1. f t = 2^?. 

“f 7x -f- 10 ixA^(x +5) X + 5 


lUustraXion 2. 


x^ — 5x 


1 


1 


— ^(x - 6) X - 6 

It is to be noted that when top and bottom are divided by x(x — 5), 
the numerator becomes 1, and not 0. 

A large part of the difiiculty encountered by the student in frac- 
tions is due to a promiscuous “cancellation” of common quantities. 

For example, in the fraction ^ it is incorrect to cancel the o’s 


a + 2 


8 


and get ^ = 4. In this case a is not a factor of either the numerator 

or the denominator. If we cancel (strike out) the o’s, we are sub- 
tracting (not dividing) a from the numerator and denominator. 
This changes the value of the fraction. If, for instance, the value of 

a is 3, then the original fraction is ~ “s' “reduced 

fraction” (which should equal the original) is 4. The original frac- 
tion ^ is in lowest terms. 

0+2 

• More generally, an odd number. 

t For brevity, this is sometimes called reducing Ihe/racticm. 
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As a second example, let us consider the reducibility of the fraction 

Q I y 

— ■ While a is a factor of the denominator, it is not a factor of 

the entire numerator. It is a factor of only one term of the numerator. 
Hence it would be incorrect to cancel the o’s. The fraction is already 
in lowest terms. 

The beginner can eliminate mistakes of this kind if he discards 
the thought of cancellation. A foolproof test, which the student 
should apply in each reduction, is, “Am I dividing the entire 
numerator and the entire denominator by the same common factor? ” 
The number x can be divided out of a fraction if and only if the 
fraction can be written in the form 

X • (rest of numerator) 

X • (rest of denominator) 

+ v)(2 + 6) . 

Illustration 8 . The fraction ^7 — , ''v -- , , ■ is in lowest terms. It 

(x + y)3 + 6 

cannot be reduced because, although (x H- ?/) is a factor of the num- 
erator, it is not a factor of the denominator. 


Exercise 9 


Reduce to lowest terms. 



4 _ 5 £!L. 

lOxV 

„ ' 6x + 21y 
2 x + 7 ^' 



2x + 5 
4 x 2 _ 25 ' 


x2 - 12x + 32 
x2 + "x — 44 

3x2 _ 2x - 5 

' 7x2 - X - 8 ' 


315' 

63 a' 6 « 

42 a^ 62 ' 

6x2 4. 10 

’6j/2 + 10' 

(x - 7)2 

11 —■ 

x2 - 49 

, 2x2 - 6x + 4 

x2 - 4x + 3 * 

17 " + 

x2 + 125 


33a^6»c2 

44 a 26 

560*6 

200252' 



4o — 46 
5a — 56 
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a 


6 6c 




23. 


25. 


a a{x -f y) 

22. 

24. 

X 

b 

2a -36 

X + 3 X* — 9 
x4-6 

5c — 7d 5ac — 7ad 

4 

a ax — 6c 

278 1 

X 4- 1 x^ + 3x + 2 * 

26. 

1946 “ 


27 E 

27. ^ . 

28. 

—a — 

31. 

6 

32. 


y 


-8 


29. - 


a 


—a 


33. 


-6 
(-4)(-a) 
— 6 — c 


30. - 


denominator. 
a(~b) 


^ ■ 


34. 


—c 
- r — $ 
-x-y 


Identify as true or false and give reasons. 
2 — a: X — 2 


35. 


37. 


Z~y 

x + 7 


y-z 

x + 7 


36. - 


X - 9 _ a: + 9 
t/ + 5 


6 - 2 / 2 / - 6 


“h-f 


2/ + 5 
a 


a 

1> 


(g - 6)(6 - c)(c - g) ^ 

(c — 6)(a — c)(a — 6) 

^ (4 - j)(5 - x) ^ (i - 4)(x - 5) 
6 6 


41. 


42. 


43. 


3a + 6 _ a + 6 

3c + d c + d 
(1 -x)(2 -a:)(3 ~ x) 
1 — 4 

x\a - h) x^ 


{x - l)(j - 2){x - 3) 

X — 4 

(x - y)(a - b) 


2/' + (a - 6) 1/4-1 

Reduce to lowest terms. 

'45. gg - '>}. 

2(6 — a) 

(y-x)^ 


44. 


a — 6 


{x ~ y)a ~ b a - b 


= 1 


46. 


A A 


a* — a6 


(6 

ax 


ay 

7x 
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49. 


0^ — 6^ 
6i — ox 




X,. 


i® - y® 


52, 

— ^ax — 


ax + 4ay + 66x + 86y 


-(t^ + b)^ + a + 6 

*_~7 a + 6 ^m^ax — 6ay + 10i>x — 12&y 

53. Wliich of the following fractions are in lowest terms? 


(a) 


id) 


x + 1 
abx 

ab + bx 


( 6 ) 


(e) 


2a 


a + 2 

g + 6(x + 1) 
c(x -h 1) 


(c) 


g + 3 
g + 6 


23. Addition and subtraction of fractions. The sum (or difference) * 
of two fractions having the same denominator is a fraction whose 
denominator is the common denominator and whose numerator is 
the sum (or difference) of the numerators of the given fractions. 


Illustration 1. 

® 1 ^ H~ & E _ ^ ^ ~ ^ 

x"^x~x XX X 



If a fraction is preceded by a minus sign, we must change the signs 
of all terms in its numerator when combining it wth other fractions. 


Illustration 2. 


5a 4- 66 a - 26 + 3 (5a + 66) - (a - 26 + 3) 

7 7 7 

5a + 66 — a H- 26 — 3 


4a + 86 - 3 


In adding fractions that have different denominators, we must 
first reduce them to equivalent fractions having a common de- 
nominator. This is accomplished by use of the fundamental prin- 
ciple (Art. 20). 

The lowest common denominator (L.C.D.) of two or more frac- 
tions is the lowest common multiple of their denominators. 


• Tne expression “sum or difference” is called the algebraic sum. 
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lUustraiion S. In the following problem, the L.C.D. is 18. 




15 , _4 _ 36+6-15 +4 31 

18 "^18 18 “Is* 


To perform the indicated addition of several fractions. 

1. Factor each denominator. 

2. Find the L.C.D. 

3. F or each fraction, multiply the numerator and denominator by 
an expression * that will convert the given denominator into the re- 
quired L.C.D. 

4. Combine these new numerators, placing each numerator in paren- 
theses preceded by the sign of its fraction, and divide by the L.C.D. 


Example 1. Combine into a single fraction: 


X 

- lOa: + 25 



Solution. Factoring the denominators, we get 


X 8 1 

(x — 5)2 {x — 5)(x +2) (x-\- 2)' 

The L.C.D. is (x — 5)2(x + 2). In order to obtain this expression 
in each of the three denominators, we multiply top and bottom of 
the first fraction by (x + 2), of the second fraction by (x — 5), and 
of the third fraction by (x — 5)2. The fractions then become 


x(x + 2) 8 (x - 5) (x - 5)2 

(x - 5)2(x + 2 ) (x - 5 ) 2(1 + 2 ) {x~ 5 ) 2 (x + 2 ) 

^ (x2 + 2x) - ( 8 x - 40) - (x2 - lOx + 25) 

(x - 5)2(x + 2 ) 

_ x2 + 2x — 8 x + 40 — x2 + lOx — 25 _ 4 a: _(- 15 

(x - 5)2(x +2) ~ (x - 5)2(x+ 2)‘ 


Check. Since division by zero is ruled out, the value of the fraction 

A ^ I IP 


4x 4- 15 

— 5)2(x + 2) exist when x = 5 or x = — 2. For any other 


usuaUy bo found by inspection. It is the quotient of 
toe L.C.D. by the given denominator. 
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bU 


value of Xy the algebraic sum of the three given fractions should 
equal the resulting fraction. For x = 3, we have 


“ lOx + 25 


8 L_1 = § § 1 

x2-3x-10 x+2j^3 4 -10 5 


20 “^20 


and 


4x+ 15 1 ^ 12+15 ^ ! 

(x - 5r(x + 2)J^3 (-2)2(5) : 

Example 2. Combine into a single fraction in lowest terms: 


20 " 
27 
' 20 


27 

20 


7x2+6 , 2x2+5 . ^ 


SoltUion. Factor the first denominator and write the monomial 2x 
as the fraction y: 

7x2+ 6 2x2+ 5 2x 

x(x - 3) 3 - X r 

Notice that the second denominator, 3 — x, is the negative of one 
of the factors of the first denominator. Multiply the second de- 
nominator by (— 1) and neutralize by changing the sign of the frac- 
tion from + to — : 

7x2 6 2x2 + 5 2x 

x(x — 3) X — 3 1 

^ (7x2 + 6) - (2x2 _|_ 5) . a; 2x • x(x - 3) 

x(x — 3) 

^ 7x2 + 6 - 2x3 _ 53; -I- 2 i3 - 6x2 

x(x — 3) 

^ x2 - 5x + 6 ^ (x - 2)(x - 3) ^ X - 2 
x(x — 3) x(x — 3) X 

A partial check can be made by substituting some number for x. 
Which two numbers must be ruled out? 


Exercise 10 

Combine into a single fraction in lowest tcTTns. Check if directed by the instructor. 

'6z 4-4y — 3 2x — y + Z , ^ 5a — 26 + 7 a — 66 + 7 
7 7 a + 6 “ a + 6 
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/r\4a; — 5 3x — 8 , z 
^“6 ^ + 6 

'Six + 3) 5(x-l-6) 2(x-4) 


5. 


+ 2 X + 2 


x + 2 


’■l+s-r 

a 5(a + 1) 

^^• 9 “^" 3 


13. 


15. 


17. 


19. 


21 . 


23. 


25. 


6x — 1 4x + l 7x — 2 


3 

x + l 


X‘ 


4x - 9 


5 

X + 1 / 
xy 

X — 1 


10 

X — 1 

y 


X — 2 2 — x' 

7x - 1 X - 1 


8x + 40 6x + 30 
X 4 


X — 7 X + 6 

9x + 37 5 

2x + 6 

5x 


- 1 . 


X + 3 
7 


1 

2 


8x - 9 


4x + 8 6x - 12 3x2 - 12 

1 


27. - - . 

X x2 — 6x X — D 

2^ 2x2 - 7a: - 16 a: - 7 


31, 


33. 


34 . 


x2 — 4x 

2x2 a; 


x2 - 25 X + 5 


4 — X 


- 1 . 


1 


x2 - 25 
3x 


r + 


, a + 7 4a + 5 , 8a - 9 
4. . 

N XXX 

6 73 : 4- 1 3(x + 2) X - 5 

x + 1 x + 1 x + l 


12 . 


4 ■ ' 6 

3(2x - 1) X - 2 7(x + 1) 




16. 


18. 


20 . 


22 . 


a ab 

3x + 8 2x - 1 


4x2 

X 


_5 

8x 


x + 2 


x+1 x+3 


8 


X + 5 
9a2 

3a - 1 


+ 


5 — X 


— 3a + 1. 


24.-^+^+ ' + ® 


ax — ay by — bx 


26. 


1 


.2 _ 


+ 


1 


5x + 6 X — 2 


.0 8x-9 , 7 

28. ::: — h 


30. 


32. 


x2 — 9x 9 — X 
3x 


x + 1 


x2 + 7x + 10 x2 + 8x + 12 


X + 4 


X — 4 X - 1 


+ 


3x - 7 


•2 _ 


5x + 4 


6 


^2 + 10 x2 + 3x - 10 

2x 5 


x2 + 5x + 4 x2 + 7x + 12 x* + 4x + 3 



32 


CH. 3 


FRACTIONS 


X , 2 2 

I’ + 3a: + 2 ■*" 4x + 3 ” ^ 5a: + 6 


36. 


X 1 2 

x^ — X — 2 x* + 5x — 14 x* + 8x + 7 

X* 1 1 


37. 1 -• 

x2 + 2x + 1^3x + 3 6 

3g. 3 I 2 x + 5 1 

x^ + 3x X* + 6x + 9 X 


— 8x + 16 X — 4 


40. 


I* + 2x + 2 1 5 

x* + 2x + 1 2x + 2 6 


41. 


42. 


44. 


X 1 5 

x2-6x + 9 x-1 x2-4x + 3 

3 2 2x - 12 

x + 3 3-x x*-9' 

x2 - lOx + 24 2 3 

x^ - 12i + 36 X - 6 4' 

8 6x 1 


45. 


45 1 1 :: — 

(5x-2)3^(5x-2)2 5 x-2 

4x + l a: + 5 

‘ 2x» - 3x + 1 3x* - 2 x - 1 


47. 


x + 9 1_ 

X* — 6x + 9 3 — X 

7x + 9 6 

8x3 ^ 125 4x* - lOx + 25 

2x 7x + 4 . . 


(x + D* 

2 

3x+ l‘ 


x* — 1 


+ 5. 


24. Multiplication and division of fractions. The 'product of two 
fractions is equal to the 'product of their numerators divided by the 
product of their denominators. 

Illustration 1 

lausiraiioni. ^ ^ hd^ Z 7 21 

To divide one fraction by another, invert * the divisor and multiply. 


Tn t 4' a ^ ® ^ ^ 5.7 58 20 

lUustratton 2. = 

c be be o 8 6 7 21 

d 3 

Definition. The reciprocal of a is -• Hence the reciprocal of 4 is 

Sr 

X ?/ 

the reciprocal of - is the reciprocal of —J is —2. We say that ^ 

2/ ^ 

and ^ are reciprocals. Hence the reciprocal of a fraction is the frac- 


• “Invert” means interchange numerator and denominator. 
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tion inverted. We now see that the quotient of two fractions is equal 
to the dividend multiplied by the reciprocal of the divisor. 

When multiplying two fractions, first factor their numerators 
and denominators and then form the product, dividing out all com- 
mon factors from numerator and denominator. 


Illustration 3. 

3x^-8j+5 
+ 5x — 36 6x — 10 


- 1 ) _ 3^(x-iy 

(x + 9)ta: — A). -SJ 2(x+9)* 


Check. For x = 2, the original product becomes 


1 -8 


-22 2 


_2 

11 


while the final result becomes 


2 ^ • 1 _ _2 
2 • 11 “ 11 


To multiply a fraction by an integer, multiply the numerator by 
the integer. To divide a fraction by an integer, multiply the de- 
nominator by the integer. In both cases, divide out common factors 
from numerator and denominator before computing. 


Illustration 4- 



1947 ^ 19^ 
2 

2 

X a _ Of 

1 * 6 “ 5 


a 

b _ a 1 _ ^ 

X b X bx 


Exercise 11 


Perform the indicated operations and express the result in lowest terms. Check 
if directed by the instructor. 


. 3x 2y 

A- 

iy 3x 



7 52 !^ 27x 
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/ 9. 


11 . 


13. 


15. 


17. 


19. 


18a5 . 96 
i25x * lOfl 
a - 6 s + r 
r 4* s 6-0 

2o + 66 5x — lOy 

^-49^ 48x« 

wix + 27ny 2a — 26 

6a — 66 6x + 26y 
4a2-5a , 16a2 - 40a + 25 

7x - 14y lOo + 306' 

■ a-1 ■ 4a2-9a + 5 

x2 + 3x - 10 x2 - 2x 

(a - 6)2 6 - a 

x2 + 13x + 40 ‘ 3x + 24‘ 

12 • 9 ■ \ 

x2 - 5x - 6 , x2 + 4x - 60 

x2 + 9x + 20 x2 + 4x + 3 

x2-5x + 6 ’ x2 + 7x-30' 

x2 + 7x + 10 x2 + 7x + 12* 

x2- llx + 28 


x2 - 16x + 63 

20. x2 — llx — 12 

2x - 18 

x2 — 7x — 60 


21 . 

22 . 

23. 

24. 

25. 

26. 
27. 


-J- (x - 5). 


2x2 + 5x - 3 x2 - 2x - 35 . 2x2 + 3x - 2 
x2 - X - 30 * x2 - 4x - 21 ' x2 - 4x - 12' 
x2 - 16 x2 - 7x + 10 
x2 + 5x + 4 ■ x2 - 6x + 8 ■ 
x2 - X - 20 x2 4-5x . x2 + 2x-8 
x2 — 25 X + 1 ' x2 — X — 2 
x2 - 16 . x2 - 13x + 36 

2x2 + lOx + 8 * x3 + 1 
x^ + 64x x2 — 15x + 56 

X — 8 x2 — 3x2 — 28 x 

mr + Sms — 2nr — 6ns (y — x)^ 

rx + 3sx — ry — Ssy mx — 2nx — my 2ny 
State the reciprocal of each of the following quantities: 


x2-25 

x2 — 16 


(a) -3 


(6)^ 

s 




{d) m-\- n 


(e) 1 + 


X - y 
x + y 


28. What number has no reciprocal? 

29. WTiat is the product of a number and its reciprocal? 


25. Complex fractions. A fraction is said to be simple if it contains 
no fraction in either its numerator or its denominator. For example 
2v . . 

2 _|_ 2 is a simple fraction. A fraction is said to be complex if it 
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contains one or more fractions in either its numerator or denomi- 
nator, or both. 

To simplify a complex fraction, first reduce the numerator and 
denominator to simple fractions; then find their quotient. 


lUustraiion 1. 


7x2 + 17 8 (:c 2 - 1) - (7x2 17) gx^ - 8 - 7x2 _ 17 

‘ x2 - 1 x2 - 1 x2- 1 

X 3x - 5 ” x(x - 1) - 2(3x - 5) x^ - x - 6x + 10 
2 X - 1 2(x - 1) 2(x - 1) 


x2 — 25 

x2 - 1 (x + 5)Xx — ^ 2tc — 4). 

x2 - 7x + 10 (x-i- l)tr— 2) 

2(x- 1) 

2(x + 5) 

(x+ l)(x- 2)* 


Check. For x = 3, the original complex fraction becomes 

^ ^ ~ - f - = (— 2)(— 2) = 4 while the final result becomes 

1 ^ i “2 
2 ( 8 ) = 4 
4(1) 


Illitstration 2. The reciprocal of ^1 + is — ^ - 


X 


1 +- 
X 


x+3 


The importance of indicating clearly the main line of division in 
certain complex fractions is illustrated by the fact that 



while 



Exercise 12 


Simplify. Check if directed by the instructor. 



5 1 
9 ' 6 



2 . 


4 
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r4. 



7 . 


10 . 




r + a 

^+1 

s 

-s 


X' 


13. 


J_ 

6x 


X 1 

3 

2r + s 


16. 


r + $ 


- 1 


1 - 


x + 3- 


r + 5 
x + 9 


19. 


x + 5 


x + 9- 


X — 6 


1 - 


X + 2 

X 4- 2 


22 . 


x^ — 2x — 8 


2 - 


X — 1 


X — 4 

X® + 2x — 0 


25. 


.2 


25 


- 1 


7 - 


*27. 1 - 


4x + 5 
X + 5 
2 


3 - 


5-« 

X 


,'‘-1 

^ ' 3i 


■2 _ ^ 




8 . 


25 


5x - y 


11 . 


& 

9y 


1 . 

2x 


2x + 3 y-2 


14. 


2x 

1 + - + 
a a* 


2/ 


a 


2 _ 


?z 

a 


8 


17. 


x+ 1 xH-6 


3 - 


5 - 


2x + 7 
x + 1 
2 


20 . 


<+ 1 


-'25+ 


3 - 


23. 


- 1 
2x + 9 

x + 1 


1 - 


6x - 8 
X* — X — 2 


6 . 


-I 


i-(-^ 


1 


X — 


6x — 9 


9 . 


1 - 


x + 6 


12 . 


a 

b 


h 

a 


1-^ 

a 


1 - 


15. 


X - 7 
x + 7 


1 


1 


18. 


x + 7 x-7 

1 X - 8 

3 


5 _ 
7 

1 - 


21 . 


X + 2 

X - 3 ' 
x + 1 

6x - 2 

x2 - 9 


2 - 


24. 


x+ 1 
x-3 

X X — 20 


3 - 


2x2 - 8 
x* - 36 


( 26 . 


1 - 


x + 22 
{x + 2 Y 


'x + 8-^-^ 


*28. iV 


x + 2 
6 


5 + 


3 + 


X ~ I 
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3 - 


21 


8 


*29. 


214-7 


tx “ 


2x 


*30. 


X — 4 


4-1 


1 - 


3x 


2(x* - 10) - 


x’4-8 


5x4-7 


X 4- 


X - 2 


7x 4* 8 

31. Compute the value of — for x = 

2x* — X 4- 4 

32. If X = — find the value of ^ — 

2’ x^ - X - 9 


3 

2 


33. Show that 


34. Show that 


5x2 
_(2x) 
5x2 


lx - 1 1 

-7x4-ljx-i~ 13' 

^1 =-13. 

- X - ljx..j 


• In these contimied fractions, begin by simplifying the parts that are farthest 
from the main line of division. 
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Linear equations 
in one unknown 


26. Equations. An equation is a statement that two expressions are 
equal. The two expressions are called the sides (or members) of the 
equation. There are two kinds of equations: identities (or identical 
equations) and conditional equations. 

An identity is an equation that holds true for all permissible * 
values of the letters involved. 

Illustration 1. _ 25 = (x -f 5)(x - 5) holds true for all 

values of x. 

Illustration 2. xy ~ 6^^ = (^ + Zy)(x - 2y) holds true for 

all values of x and y. 

Illustration 3. x = 7 ; holds true for all permissible 

values of x, i.e., for all values of x except x = 3. When x = 3, each 
side of the equation involves a fraction whose denominator is zero. 
Such fractions have no meaning and we say their value does not 
exist. 

Illustration 4 . The following “trick with numbers” illustrates a 
simple identity. 

Choose any number except 0. 

Add 3 to your number. 

Square. 

• The permissible values of the letters involved are all those values for which 
each side of the equation has meaning. 

38 
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Subtract 9. 

Divide by your original number. 

Subtract your original number. 

If you have followed instructions, your result should be 6 re- 
gardless of your choice of the original number. To prove this, let 
X be the original number. Then the numbers that follow are a: + 3, 
(x + 3)2 or x2 4- 6 x + 9, x^ -f 6 x or x(x + 6 ), x + 6 , and 6 . The 
identity used is 

(x+3)2-9 

X = 6. 

X 


It holds for all values of x except x = 0. Try it for a fraction. For a 
negative number. 

A conditional equation is an equation that does not hold true 
for all permissible values of the letters involved. 


IllustrcUion 5. 3x — 1 = 11 holds true for only one value of x, 
namely x = 4. 

Illustration 6. x^ — lOx 4-21 = 0 holds true for only two values 
of X, namely x = 3 and x = 7. 

Illustration 7. x(x — 5)(x4- 8 ) = 0 holds true for only three 
values of x, namely x = 0, x = 5, and x = — 8 . 

Illustration 8. — 7 — = 0 holds true for no value of x. 

X 4 - 1 

Illustration 9. 2 x -f y = 5 is a conditional equation despite the 
fact that it holds true for infinitely many values of x and y, some 
of which are x = 0 and y = 5, x = 1 and y = 3, x = — J and y = 6. 
One set of values for which the equation does not hold true is x = 10, 
y = 3. 

The difference between an identity and a conditional equation is 
emphasized by the contrasting definitions: 


\ An identity ) 

1 A conditional equation I 


is an equation that 


holds true 
does not hold true 


for all permissible values of the letters involved. 

An identity says that both sides of an equation are equal for all 
permissible values. A conditional equation asks, “For what values 
of the unknowns is the left side of this equation equal to the right 
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side? ” The process by which these values are found is called solving 
the equation. 

When there is no danger of confusion, the word “equation” is 
usually used in referring to a conditional equation. When we wish 
to emphasize the fact that a certain equation is an identity, we 
sometimes use the symbol “ = ” (read “is identically equal to”) 
instead of the ordinary equality sign. 

27. Solutions and roots. An equation is said to be satisfied by a 
set of values of the unknowns if the two sides of the equation be- 
come identically equal when these values are substituted for the 
unkno\vns. Thus, the equation 2x-\- Zy ~ 31 is satisfied by x = 5, 
7. 

A solution of an equation is a set of values of the unknowns which 
satisfies the equation. 

Illustration 1. The equation 2x — y = 7 has as one solution 
X = 0 , y — 3. Are there other solutions? 

A solution of an equation involving only one unknown is called a 
root of the equation. 

Illustration 2. The roots of the equation 3x^ + x = 10 are x = ^ 
and X = — 2. The student should verify this statement by substitu- 
tion. 


Exercise 13 

Identify each of the following equations as an identity or a conditional egtiation. 

1. -7z -IS= (x - 9)(x + 2). 

2. 3x — 1 = 5. 

3. X y = 4. 

4. x^ + 8rf = (x + 2y)(x2 - 2xy -h 4y2). 

5. Is f a root of 2x^ — 13x + 15 = 0? 

6. Is 0 a root of 7x* = 9x? 

7. Is -2 a root of x^ - Sx^ - 4x + 12 = 0? 

8. Is X = 3, y = 2 a solution of ox — 7y = 1? 

28. Equivalent equations. Two equations that have exactly the 
same solutions are said to be equivalent. 


Jabudu & Kashmir Uniters V-hrary, 
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The following operations always produce equivalent equations. 

I. Adding the same quantity to, or subtracting the same quantity 
from, both sides. 

II. Multiplying or dividing both sides by the same quantity provided 
this quantity is not 0 and does not involve any unknown. 

Illustration 1. Given the equation 

3x-7 = a: + 4. (1) 

Adding 7 to both sides of (1) gives 

3a: = x+ll. (2) 

Subtracting x from both sides of (2) gives 

2x=ll. (3) 

Dividing both sides of (3) by 2 gives 

X = V- C4) 

Equations (1), (2), (3), and (4) are equivalent. Equation (4) 

states the solution of the other three equations. The student should 
verify by substitution that x = is a root of equations (1), (2), 
and (3). 

To transpose a term means to move the term from one side of an 
equation and place it on the other side with its sign changed. This 
operation is equivalent to subtracting the term from both sides of 
the equation. 

The signs of all terms in an equation may be changed. This 
amounts to multiplying !)oth sides by — 1. 

Illustration 2. a — x = 4. 

Transpose a: — x = 4 — a. 

Change all signs: x = a — 4. 

The following operation does not always produce equivalent equations. 

III. Multiplying or dividing both sides by an expression that in- 
volves an unknown. 

X 2x 4 

Illustration 3. In solving the equation — — -f ■ - , -7, 

X— 1 x^— 1 x-rl 

we shall clear of fractions by multiplying both sides by the L.C.D., 
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— 1. This gives x(x + 1) = 22; + 4(x — 1) which becomes 
x^ — 5x 4 = 0. The student should verify by substitution that 
1 and 4 are roots of the last equation. If x = 1 is substituted in the 
original equation, we get ^ | Since division by zero is ruled 

out, we see that x = 1 is not a root of the given equation; it was 
introduced by the multiplication. Although it is a true root of the 
derived equation, it is said to be an extranecnis root (i.e., not a root 
at all) of the original equation. It can be shown by substitution that 
4 is a root of both the original and derived equations. 

An extraneous root is a value of the unknown that satisfies a 
derived equation but not the original one. Whenever a multiplication 
of type III is performed, all results should be checked by substitu- 
tion to see if any should be rejected as extraneous. 

Illustration 4 . The equation x- = 6x has the roots x — 0 and 
X = 6. If both sides are divided by x, we get x = 6. The root x = 0 
was lost by the division. A division of type III should never be 
performed. 


29. Linear equations. A linear (or first degree) equation in x is an 
equation that can be written* in the form ax 6 = 0, where a 0. 
The following are examples of linear equations in x: |x — f = 0 
and 5x — 1 = 3x — 1. What are the values of a and b in each 
equation? 

To solve a linear equation in one unknown. 


1. Clear of fractions (if they appear) by muUiplyiny both sides by 


their L.C.D. 

2. Transpose all terms involving the unknown to erne side and all 
other terms to the other side of the equation. 

3. Combine like terms and exhibit the unknown as a factor of one 
side. 

4. Divide both sides by the coefficient of the unknown. 

To check the solution, substitute the value of the unknown in 
the original equation. 


Example 1. Solve for x: 


X 

4 



x-\-2 

3 


• By performing operations I and II. 
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Solution. The L.C.D. is 12. Clear of fractions by multipl3ing both 
sides by 12. 


12 




12 • 1 


- 


4/ “V 6 / - “V 3 

3a: - 2(2a: - 1) == 12 - 4(x + 2) 
3x-^+2= 12-^- 8 

3x = 12-8-2 


T — 2 


Check. Set x = f in the original equation. 


2 

7 


^-1 
4 6 

= i “ A 


1 - 


#+2 


3 


’ “ f 


= 1 

= i 


True 


= 0 . 


Since we performed no multiplication of type III, the check is 
for error only. 

T. . ^ . 5 3 x+ 11 

Example 2. Solve for x: 7 r ; z — ^ 

^ X— 4 X— 1 i^ — 5x + 4 

Solution. Multiply both sides by the L.C.D., (x — l)(x — 4). 

5(x - 1) - 3(x - 4) - (x + 11) = 0 
5x - 5 - 3x + 12 - X - 11 = 0 

5x-3x-x= 5 - 12+ lit 

X = 4. 


Check. Substituting x = 4 in the original equation, we find that 

5 5 . 

the first fraction becomes 7 = « = impossible. Since division 

4 — 4 U 

by 0 is ruled out, x = 4 is an extraneous root of the given equation. 
The original equation has no solution (or no root). What operation 
introduced the extraneous root? 

An equation that involves more than one letter is called a literal 
equation (or a formula). Any one of the letters may be considered 
as the unknown. 


• This step should be done mentAlly. 
t After a little practice, the student can omit this step. 
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Example 3. Solve for x: 


2x a _ 

X + 6 


Solution. Clearing of fractions we get 


Isolate terms involving x: 
Factor the left side: 

Divide both sides by (2 — 6) : 


2x — a = b{x-\- 6) 
2x — a = 6x + 66 
2x — 6x = a + 66 
x(2 — 6) == a + 66 

g -{- 66 

2 - 6 * 


Check. The student should show that the original equation is 

Q 

satisfied when x is replaced by ^ ^ * Although a multiplication of 

type III was performed, the original equation and its derived equa- 
tions are, in this case, equivalent. 


Exercise 14 


Solve each equation and check the solution. 


I 


1. 7i + 3 = 4x + 0. 

3. 3x + 4 = 7 j: + 6. 

5. 8 + 3x =-4(x - 2). 

7.8-5 = 0. 

9.4 = 5. 

X 

11. 4x — I = Zx 

13. 13x - i = 8(1 + x). 

15. 5t - .79 = 2t ~ A. 

17. .9x + .15 = .7x - .33. 

19.^_5^ = 2. 


21 . 


23. 


2 

X — 7 


6 

X — 1 


3 

4 


2 8 
2y + 7 y — 5 7y - 1 


2. 2x -h 3 = X - 6. 

4. 6x — 5 = 1 — 2x. 

6. 3(5 -y)=~ mj + 5). 

8 . - - 1 = 0 . 

X 

10.6 = 1 

12. 6x + ^ = 2x 4- i- 
14. 4 4- X — 6(1 — x) = 0. 

16. 3x - .17 = 8x 4- .63. 

18. .11( 4- 2.89 = 1.77 + 3.47(. 


20 . 


22 . 


24. 


3x - 2 X 4- 3 


= 1 . 


5 7 

7x - 2 4x - 1 3(1 - x) 


3 

x + 1 


5 

x4-5 

6 


X 4- 3 
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2x Sx 4x 6 

{2x - 3)(2x + 1) - (4x + 7)(x - 2) = 13. 

8x - 1 


26. 


29. 


31. 


33. 


35. 


37. 


38. 


4x2 + 7 2x + 5 1 

6x 3 X 

28. 

7 — - — X — 0. 

X - 4 7 

30. 

1 

x + 5 1 

32. 

2(x - 3) 

x-3 2* 

10a:2 „ , ^ 

— 2x — 1 — 0. 

5x — 1 

34. 

6x - 4 „ 1-8 

x-7 "^■^7-x' 

36. 


7x 
X -3 
1-7 

X 


X — 1 
3x 


= 1. 


= 2 . 


+ 


x+ 1 x+3 

X X — 2 


= 2 . 


X + 2 3(x + 1) 3 

X x* + 20 


X — 4 


8x + 16 


2x 


X + 2 X — 6 


3x + 3 6x + 6 8x-f8 


5 

12 


10 


X - 5 X* - X - 20 


- 1 . 


39. 

40. 






X 

4x2 _ 

• 7x + 60 

2x - 1 

8x2- 

- 6x + 1 

X 

x + 2 

25 

X+ 1 

X + 6 

x2 + 7x + 6 

9 

5 

27 

X — 4 

x + 1 

” x2 - 3x - 4 

5x — 

22 

11 5 

1 

H 

-^9 

x2 — 3x X 

X — 

12 

3 1 


X* — lOx + 25 x^ — 5x X 
2x + 1 X + 7 11x2 + 8x - 3 

5x - 2 3x - 4 15x2 - 2Gx + 8 




_5 x2 + 64 _ 

X + 8 x2 - 64 

6 48 

X + 3 “ x2 - 2x - 15 

x + 4 15 

X + 5 x2 + 5x 
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48. + 


49. 


50. 


x-2 
X + 4 


llx^ + S 
5x^ — 7i — 6 


5x + 3 

- ■ - -1 = 0 
2x - 8 6x - 30 3 


= 0 . 


3x2 


+ 


5x — 4 


27x2 + 8 ' 90x2 - 60x -h 40 6x -f 4 


= 0 , 


Solve for x in terms of ike other letters involved. Check if so directed by the 
instructor. 


7x + b = a. 
ax + X = Q. 

5x = a + bx. 

Qx + 1 = x + a\ 
a c 
b X 


51. 

53. 

55. 

57. 

59. T = - 


52. ax — 3 6. 

54. ax = X + 6. 

56. x* + a2 = (x — a)2. 
58. 6x 4- 6a = 2aZ> + 3x. 

2a X 

60. ^ = — 

6 2d 


61. 


63. 


65. 


67. 


69. 


X 

“ = 6' 
ax — h 


62. a = - 

X 


= c. 


x-2 
X — 9 
““3X-6 
a — X 


64. 


X + 6 


= a. 


66. a = 


2x46 

6 — X 


— 1 = c. 


6 — X 

4 _ 1 ^ 1 _ 3 
a X X b 

Solve for ^ : s - ^^^2, 


68. ox = 


1 4 bx 

5bx 4 0x2 + c — X 


X 

ab 


70. ^ - 


X — a 


X 

X — b 


= 0 . 


71. 

73. Solve for C: F = f C + 32. 


62 a2 

72. Solve for A: S — Trr{r + 2A), 

a — rl 


74. Solve for r: S = 


1 - r 


75. Solve for x in terms oi y\ 4x 4 bxy 4 6y = 7. 

76. Solve for x in terms oiy: x 4 y = 1 4 xy. 

77. Solve for y in terms of x: 3x 4 xy — oy 4 6 = 0. 

78. Solve for y in terms of x: (3x 4 y)* = (x 4 yY- 

79. Solve A = P 4 Pri: (1) for P; (2) for t 

80. Solve ? = a 4 (n — l)rf: (1) for d\ (2) for n. 

81. Solve 5 = ^ (a 4 0: (1) for (2) for a. 
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82 . Solve A — ^hib + B): (1) for 6; (2) for h. 

83. Solve 7 = - + 1 = (1) for/; (2) for a. 

f O 0 

84. Solve X = a + k{b — a): (1) for a; (2) for b. 

30. Stated problems. Up to this point, we have confined our dis- 
cussion to formal processes, such as factoring, simplifying, solving 
equations, etc. Our sole justification for studying these various 
procedures is to enable us to solve stated problems. 

When a problem is stated verbally, it can frequently be solved 
by translating the stated conditions into an equation and then 
solving this equation. The following procedure is recommended. 

1. Read the problem slowly and note carefully the various condi- 
tions, stated or implied. 

2. If there is only one unknown, represent it by a letter. Be 
specific in designating the unknown. It always represents a number. 
If there are several unknowns, represent one unkno\vn by a letter 
and then express the other unknowns in terms of this letter. 

3. Translate the conditions of the problem into an equation, i.e., 
try to find two quantities that are equal. 

4. Solve the equation and check the results. 

Example 1. Find the two acute angles of a right triangle if the 
larger is 6 degrees more than twice the smaller. 

Solution. Let x = number of degrees in the smaller angle. 

Then 90 — x = number of degrees in the larger angle. 

And 90 — X = 6 + 2x. 

84 = 3x; X - 28; 90 — x = 62. 

Hence the angles are 28° and 62°. 

Check. 62° = 6° + 2 • 28°. True. 

Could the problem have been worked by letting x represent the 
larger angle? 

Example 2. How many gallons of a 40% alcohol solution should 
be added to 9 gallons of a 20% alcohol solution to produce a 28% 
solution? 

Solution. Let x = number of gallons of 40% solution. The actual 
alcohol content of these x gallons is .40x. The alcohol content of 
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9 gallons of 20% solution is .20(9). The final mixture contains 
(x + 9) gallons of a 28% solution. Its alcohol content is .28(a: + 9). 
Our equation develops from the fact that the alcohol content of the 
two ingredients must equal that of the mixture: 

.40a: + .20(9) = .2S(? + 9). 

Multiply by 100 : 40a: + 180 = 28x + 252 

12a: =72; a: = 6 (gallons). 

Check, .40(6) + .20(9) = .28(15). True. 

If a body moves at a constant rate r for a period of time t, then 
the distance d it travels is ^ven by the formula 

d = 7i, 

From this equation, r = j and < = 


Illustration 1. If an auto moving \\’ith constant speed travels 
200 miles in 5 hours, its speed is 


r 



200 

5 


40 miles per hour. 


Illustration 2. If an airplane travels 400 miles with a speed of 
150 miles per hour, the time required is 



400 

150 


= 2| hours. 


Example 3. An airplane has an airspeed (speed in still air) of 
125 mph.* A west wind of 25 mph is blowing. The plane is to patrol 
due east and then return to its base. How far east can it go if the 
round trip is to consume 4 hours? • 


Solviion. When flying east, the plane has a ground speed (actual 
speed) of 125 + 25 = 150 mph. When fl 3 ong west, its groimd speed 
is 125 - 25 = 100 mph. 


Let X = number of miles 
required to go east is i = - 


plane should fly east. Then the time 

X X 

= and the time going west is 


* Miles per hour. 
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Since the time to go east plus the time to go west must be equal to 4, 


-L = 4 

150^100 

2a: + 3x = 1200; x = 240 miles. 
Chech = 4. True. 


Exercise 15 

1 . The difference of the squares of two consecutive integers is 43. Find 
the integers. 

2. Find four consecutive integers having a sum of 142. 

3. What number must be added to both numerator and denominator 
of to produce f ? 

4. Divide 20 into two parts such that the square of the larger exceeds the 
square of the smaller by 280. 

5. A vending machine contains $4.30 consisting of nickels and dimes. 
How many of each are there if the total number of coins is 60? 

6. The weekly pay roll of a certain company employing 70 persons is 
$2860. Some of the employees earn $40 per week. The others earn $45 per 
week. How many draw each wage? 

7. In a certain golf tournament the winner received twice as much money 
as the runner-up, who, in turn, received twice as much as the person who 
finished third. What were the three prizes if their total value was $315? 

8. The sum of the reciprocals of two consecutive integers is equal to 7 
divided by their product. Find the integers. 

9. A man has $19.25 in nickels, dimes, and quarters. He has twice as 
many dimes as nickels and three times as many quarters as dimes. How 
many coins of each kind does he have? 

10. The perimeter of a right triangle is 84 feet. One leg is three-fourths as 
long as the other. Find the three sides. 

11. A grocer has some tea worth 80j‘ per pound and some worth 50^. How 
many i)ounds of each should be used in forming 100 pounds of a mixture 
worth 59ji per pound? 

12. How many pounds of 50jf coffee should be mixed with 100 pounds of 
32jf coffee to make a blend to sell at 40ji per pound? 

13. How many ounces of 24 carat gold (pure gold) should be added to 
6 ounces of 18 carat gold (gold content is 18 parts out of 24 parts) to form 
22 carat gold? 
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14. How much pure silver must be added to 30 pounds of 60% silver and 
8o pounds of 40% silver to produce an alloy that is 58% silver? 

15. How many pounds of cream having a butterfat content of 40% should 
be added to 100 pounds of milk in order to raise its butterfat content 
from 3% to 4%? 

16. How many gallons of water must be evaporated from 80 gallons of a 
3% salt solution to produce a 5% salt solution? 

17. A radiator having a capacity of 16 quarts is filled with a 20% alcohol 
solution. How much of the solution should be drained out and replaced 
with pure alcohol if the radiator is to have a 50% solution? 

18. A druggist has pure alcohol and a 20% alcohol solution. How many 
gallons of each should he use in forming 6 gallons of a 25% solution? 

19. A trip of 875 miles requires 7 hours. Part of the trip is by plane at 
165 mph; the remainder is by train at 45 mph. How many hours are spent 
in the plane? 

20. A man can row a boat 2 mph in still water. If he can row downstream 
twice as fast as he can row upstream, what is the speed of the current? 

21. A river flows 5 mph. A launch has a speed of 20 mph in still water. How 
far downstream can the launch go and return if the round trip must be made 
in 2 hours? 

22. An airplane traveled from A to B at 200 mph and then back to A at 
300 mph. The round trip took 1 hour. How far is B from A? 

23. The speed of a motorboat is 16 mph. Find the speed of the current of 
a river on which the motorboat can go 3 miles upstream in the same time 
that it takes to go 5 miles downstream. 

24. The current of a river flows 2 mph. Find the speed of a motorboat that 
goes 8 miles upstream in the same time that it goes 11 miles downstream. 

25. The wind is blowing with a speed of 30 mph. An airplane can go 
100 miles with the wind in half the time it takes to go 140 miles against 
the wind. Find the speed of the plane in still air. 

26. An airplane travels a hours at a speed of h miles per hour. An auto 
requires 40 minutes longer to travel the same distance. Find the speed of the 
auto. 

27. A boy weighing 85 pounds and a girl weighing 75 pounds sit at opposite 
ends of a teeter board 14 feet long. WTiere should the fulcrum be placed so 
that the board will balance? 

Hint. The weight on one side multiplied by its lever arm (distance to the 
fulcrum) must equal the weight on the other side times its lever arm. 
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28. A 52-pound weight is placed on a lever 8 feet from the fulcrum. A 
34-pound weight is placed 5 feet from the fulcrum on the other side. Where 
should a 30-pound weight be placed to balance the lever? 

29. A father’s age is 40 years when his son’s age is 9 years. When will the 
father be twice as old as his son? 

30. A father is three times as old as his son. Eight years ago the father’s 
age was 6ve times that of liis son. Find their present ages. 

31. A certain task can be performed by A in 4 hours and by B in 6 hours. 
If they work together, how long does it take them to i)erform the task? 
HirU. What fractional part of the task does A perform in 1 hour? In x hours? 

The sum of the fractional parts done by A and B in x hours must equal 1. 

32. A certain pipe can fill a tank in 3 hours. Another pipe can empty the 
tank in 4 hours. How long does it take to fill the tank when both pipes are 
open? 

33. A man invests SlOOO, parts of it at 3*^ and the remainder at 5%. The • 
total annual interest is S33. Find the two sums invested. 

34. One-half of a man’s principal is invested at 3%. One-third is invested 
at 4%. The remainder draws 5% interest. Find his total principal if his 
yearly interest is $484. 

35. For a single man, all income in excess of S500 is taxed 19% and all 
income above $2500 is ta.xed an additional 4%. What is the income of a 
single man who pays a tax of S771? 

36. What rate of interest does a man’s principal bring if he has a dollars 

invested at 3%; ^ dollars invested at 4%? 

37. At what time between 3 and 4 o’clock are the hands of a watcli in con- 
junction? 

Hint. In i minutes the hour hand moves — minute spaces. 

38. At what time between 1 and 2 o’clock do the hands of a watch form a 
straight line? 

39. The hands of a clock indicate that it is between 4 and 5 o’clock. After 
the elapse of slightly less than an hour, the positions of tlie hands will be 
interchanged. What time is it now? 

40. Find two integers, whose sum is 115, such that when the larger is 
divided by the smaller, the quotient is 7 and the remainder is 11. 

Hint. Ilecall formula 1, Art. 10. 
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31. Constants and variables. A constant is a quantity that does not 
change in value during the discussion of a given problem. A variable 
is a quantity that may change in value in the course of a certain 
problem. For example, if a body falls from rest, the distance s it has 
fallen in the time t is given by 

s = 

If 5 is in feet and f is in seconds, then g is approximately 32. The 
quantities \ and g are constants; but s and t are variables because 
they change in value as the body falls. 


32. Fimctions. A function of x is a guaniity whose value can be 
determined whenever a value is assigned to x. For example, 5ar -f“ 1 is 
a function of x. If we assign to x the value 2, then 5x + 1 takes on 
the value 11. If a: = —3, then 5x -f- 1 = — 14. The value of the quan- 
tity 5a: + 1 depends solely on the value of x. 

Other examples of functions of x are + 3, Vx, 27rx, 10^ and 

2 - _|_ q' Stated rather loosely, a function of x is any expression that 

involves no variable other than x. We can say that the number 7 is a 
function of x. Why? Additional examples of functions are: (s+ 1)* 


• 0 

is a function of s; “ is a function of y, provided c is a constant; 
is a function of r, i.e., the area of a circle is a function of its radius. 
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Let us use the letter y to designate a certain function of x. If this 
function happens to be + 3, then 

y = + 3. 

With such a relation in mind, we can say that y is a function of x. 
In general, a variable y is a function of a variable x if for every 
value of X there corresponds one or more values of y. If y is a func- 
tion of X, we call x the independent variable and y the dependent 
variable. 


33. Functional notation. Instead of using a single letter, such as y, 
to represent a function of r, we frequently use symbols like /(r), 
ffW, F(x), etc. The letter inside the parentheses is the independent 
variable; the letter in front of the parentheses is the name of the 
function. The symbol f{x) is to be read "the /-function of x" or 
merely "/ of x.” For example, /(x) might represent x^ -|- 1 while 
7 (x) could mean 4x -|- 5 and h(x) might stand for some undefined 
. function of x. The equation 

F{t) = (2 3; 

should be read "the F-function of i is + 3i” or "F of i equals 

If Six) represents a certain function of x, and a is any quantity 
whatsoever, then 

/(a) means the value of/(x) when x = a. 

Illustration 1. 



/(x) = x2-f-l, 


fia) 

/( 3 ) 

Sir + 4) 

Uis)] 


= a2-f 1 

= 32 -f- 1 = 10 

= 4)2+ 1 - r2+8r+ 17 

= (s2)2 + 1 = s-i + 1 

[s2 + Ip = ^ + 2s2 + 1. 


2 — 


The symbol /(x, y) designates a function of the two independent 
variables x and y. It should be read, "/ of x and y.” If /(x, y) = 
+ y' + 1, then/(5, 10) - 52 + 10^ + 1 = 25 + 1000 + 1 = 1026. 
A similar notation is used for functions of more than two variables 
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Comments. 1. The student should realize that/(x) does not mean 
‘7 times X.” It should be read and thought of as “/ of x” 

2. The symbols /(2), /(3), etc., have no meaning unless /(x) has 
been defined. 

3. If several functions of x occur in a given problem, they must 
be represented by different letters such as/(x), g(x), etc. 

4. The quantity 2x + 5 is a function of x. The expression 2u + 5 
is the same function of u. In either case the independent variable 
is doubled and added to 5. 


Exercise 16 


Express in words. 

1. s = fit). 2. y = g{x). 3. k{r). 4. Fiw). 


Copy and fill in the blanks. 


5. (a) 


^ + 2 


is a function of 


(6) 2‘ + is a function of — 

6. The cost of 10 gallons of gasoline is a function of — 

7. The perimeter of a square is a function of 

8. The circumference of a circle is a function of its 

9. The area of a rectangle with base 10 is a function of its 

10. The area of a triangle is a function of its and 


Write an equation (a formula) to express each of the followmg functional 
relationships. 

11. The number of dollars D earned by a worker in x hours at 70 cents per 
hour. 

12. The volume T of a box with length 5, width 3, and height h. 

13. The value V in cents of 6 dimes and n nickels. 

14. The annual interest / on x dollars at 3%. 

15. The freight F (in dollars) on an automobile weighing x pounds if there 
is a mimmiim charge of $4.00 for the first 100 pounds and 3 cents for each 
additional pound. 

16. The hypotenuse 2 of a right triangle whose legs are 7 and x. 
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Given fix) ^ 5x 2 and g{t) = - 4t. Find thefolhmng. 


17. /(3). 

20 . m. 

23. ff(-J). 

26. fivf^). 

20. /(r)ff(2). 

31. Given fit) = 


18. /(-lO). 

21. i/(-2). 

24. 6ff(5). 

/( 2 ) 


27. 


/(3) 


19. fiO). 

22, ff(a). 

25. [/(«;)]^ 
28. /(§). 


<-3 
2< - 5 


30. Mz)), 
Find 7/(6), [/(0)P,/^|) 
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32. Given /(x) = 7x2 - &r + 9. 

h 

33. Given 2x + j/-,r2:-7 = 0. 

(а) Express y as a function of x. 

(б) Express x as a function of y. 

34. Given /(x, y) = x^ + 2xy + y^ - 5. Find /(I, 4),/(0, 3),/( 

34, The rectangular coordinate system. A directed line is a line 
upon which one direction is considered positive; the other, negative. 


- 2, 1). 



Flo. 2 


The arrowhead in Fig. 2 indicates that all segments measured from 
left to right are positive. If OA = 1 unit of length, then Ofi = 4 

and BA = — 3. Observe that since the line is directed, CB = 7 
whereas BC = — 7. ' 

A rectangular (or Cartesian) coordinate system consists of two 
perpendicular directed lines. It is customary to draw and direct these 
lines as in Fig. 3. The x-axis and y-axis are called the coordinate 
axes; their intersection 0 is called the origin. The position of any 
point in the plane is fixed by its distances from the coordinate axes. 

TJw x-coordinaie * (or x) of any -point P is the directed segment NP 
(or OM) measured from the y-axis to point P. The y-coordinate * 
(or y) of point P is the directed segment MP measured from the x-axis 


* The a^oordinate and y-coordinate are also called the abscissa and 
respectively. 


ordinate, 
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to point P. It is necessary to remember that each coordinate is meas- 
ured from axis to point. Thus the x of P is NP (not PN); the y of 
P is MP (not PM). The point P with x-coordinate x and ^-coordi- 
nate y is denoted by P(x, y). It follows that the x of any point to 
the right of the y-axis is positive; to the left, negative. Also the y 
of any point above the x-axis is positive; below, negative. 



FIG. 3 


To plot a point means to locate and indicate its position on a 
coordinate system. Several points are plotted in Fig. 3. 

The coordinate axes divide the plane into four parts called 
quadrants as indicated in Fig. 4. 

Comments. 1. To each pair of coordinates (x, y) there corresponds 
one and only one point. Likewise, to each point there corresponds 
one and only one pair of coordinates. , 
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2. Although we usually use the same unit of length for the scales 
on the X and y axes, sometimes it is desirable to choose a smaller 
(or larger) unit on the y-axis. 



PIG. 4 


Exercise 17 

Use (Mordinale paper in u'orking the following problems. 

1. Plot the following points; place the coordinates of each point next to 
the point: (3, 2), (0, 4), (-1, 5), (-6. 0), (-2, -7), (4, -3), (0, 0). 

2. Plot the following points; place the coordinates of each point next to 
the point: (2, 5), (-4, 3), (-4, -1). (0, -3), (1, -5). (6, 0). 

3. Copy Fig. 5 and write the coordinates of each point to the right of the 
letter designating the point. 
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4. Draw the quadrilateral whose vertices are (—3, 5), (—6, —1), (4, —7), 

( 0 , 8 ). 

5. Draw the trapezoid whose vertices are (1, 7), (—4, 5), (—4, 0), (1, —3)'. 

6. What is the X of all points on the 2 /-axis? What is the y of all points on 
the x-axis? 



no. 5 


7. Locate the points (5, —4), (5, —3), (5, —1), (5, 0), (5, 2), (5, 6). What 
can you conclude as to the position of all points having an x of 5? 

8. Draw the line that passes through (—3, 4) and is parallel to the x-axis. 
What is the value of the y of every point on this line? 

9. In which quadrant does each of the following points lie if a is a negative 
number: (a) (s, 4), (6) ( — 1, s), (c) (3, s), (d) (— s, 5), (e) (a*, 5®). 


ART. 35 GRAPH OF A FUNCTION 

10, Consider the :r-axis as an east-west line and let the y-axis represent a 
north-south line through St. Louis which is taken as the origin of the 
coordinate system. The general course of Highway 66 from St. Louis to 
Chi^o may be mdicated by the following pairs of coordinates of points 

on the road (the numbers represent miles) : (0, 0), (27, 22) (27 27) m 4m 

(33 82), (48, 103), (79, 136), (111, 180), (l'li:'202), (uS’S the 
points and connect adjacent points with straight lines to indicate tlie gen- 
eral trend of the Illinois portion of Highway 66. (Choose a convenient scale 
such as 5 or 10 miles to one coordinate space.) 


35. Graph of a fiinction. Let y represent any function of x. To 
each value assigned to x, there will, in general, correspond a value 
of y. Each such pair of values can be used as the coordinates of a 
point in a plane. The graph of the function is a smooth curve pass- 
ing through these points. 

In selecting the values to be assigned to x, it is usually best to 

1. Set X = 0. 

2. Set X = 1, 2, 3, • • •, continuing until the general trend of y is 

discovered. 


3. Set X 1, — 2, — 3, • • until the behavior of y is deter- 

mined. 


4. When there is doubt as to 
the nature of the curve between 
two points, interpolate ^\^th frac- 
tional values of x, such as §, — l-j, 
24 - 

Example 1. Graph the function 

of a:: x2-3x-3. 

Solution. Let y represent the 
function: 

y = x2 - 3x - 3. 

II T = 0, then y = 02 - 3(0) - 
^ '“3. If a: = 1, then y = P — 
~ 3 = — 5. By assigning sev- 
eral more values to x and com- 
puting the corresponding values 
of y, we form the following table. 



FIG. 6 
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Notice that, in order to determine more accurately the behavior of 
the curve between x = 1 and x = 2, we included the additional 
point (1|, -5J). The curve is called a parabola. From the graph we 
see that the function y is 0 (the curve crosses the x-axis) when x is 
— .8 and 3.8, approximately. 

A linear fimction of x is an expression of the form ax h, where 
a and b are constants and a 0. It is proved in analytic geometry 
that the graph of every linear function of a single variable is a 
straight line (as implied by the word “linear”). When graphing a 
linear function, we need only two points to determine the line. It 


is wise, however, to plot a third 
point to check the accuracy of 
the other two. 

Example 2. Graph the function 
of x: -J-x + 1. 

Solution. Let y = Jx + 1. If x 
= 0, y = 1(0) + 1 = h Om graph 
will be more accurate if the second 
point is not too close to the first 
one. Setting x = 4, we find y = 
8. As a check, set x = — 1 ; then 

y 


y=|x + l 



36. Graph of a function not defined by a formula. Sometimes a 
function is defined by a table of corresponding values of the inde 
pendent variable and the function. Such a table is usually found by 
experiment or mere observation. To graph this type of function, 
select a convenient unit for each axis, plot the points, and draw a 
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smooth* curve through them. It may be advisable to place the axes 
so that their intersection represents a pair of convenient values 
(not necessarily zero) of the two variables. 

Exercise 18 

Graph ihe folhvnng functions of x. 

1. 3x — 5. 2. X 3. 3. — 2x — 1. 4. — 5x + 2. 

5. - + 3. 6. |x - 4. 7. |x + 2. 8. - |x - 1. 

9. -2x. 10. X. 11. x2 - 7. 12. - X- + 5. 

13. — x^ + 4x. 

14. x^ - X — 7. (Plot points for x = -4, -3, -2, -1, 0, 1, 2, 3, 4, 5.) 

15. X* + 2x - 5. (Plot points forx = —4, -3, ~2, -1, - 0, 1, 2, 3.) 

16. x^ (Plot points for x = —2, —1, — J, 0, h, 1, 2.) 

17. The amount of usable power develoi)e(l by an ordinary dry-cell battery 
with given voltage depends upon the external resistance. 

(a) Use the following data to graph the power as a function of the resist- 
ance. 


Resistance 
(in ohms) 

0 

.01 

1 

.02 

.03 

.04 

.05 

.08 

.12 

.16 

.20 

Power 
(in watts) 

0 

■ 

1 

lO.o 

11.1 

11.25 

10.7 

9.3 

8.2 

7.2 


(1>) Read from the graj)h the power developed when the resistance is 
.10 ohm. 

18. Under certain conditions, the range of a gun depKjnds upon its elevation 
(the angle its muzzle makes with the horizontal). 

(«) Use the following table to graph the range of a certain gun as a function 
of the elevation. * 


Elevation (in degrees) 

5 

10 

20 

m 

30 

35 

40 

45 

Range (in miles) 

1.7 

3.4 

6.4 

7.7 

8.7 

9.4 

9.8 

10.0 


(b) Use the graph to find the proper elevation for a range of 5 miles. 


* A series of broken lines is preferable if it is obvious that the function changes 
abruptly. 
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19. The volume of a gas under various pressures is given by the following 
data. 


Pressure (in pounds per square inch) 

2 

3 

4 

6 

8 

10 

12 

Volume (in cubic feet) 

20 

13.3 

10 

6.7 

5 

4 

3.3 


(а) Graph the volume as a function of the pressure. 

(б) What pressure is needed to produce a volume of 9 cubic feet? 

20. The following table gives the fuel economy of a certain automobile at 
various speeds. 


Speed 

(in miles per hour) 

0 

5 

! 

10 

1 

15 

20 

30 

40 

50 

60 

70 

Fuel economy 
(in miles per gallon) 

0 

12 

17 

19 

20 

19 

17.7 

16.1 

14.2 

I 


Graph the fuel economy as a function of the speed. 

21. The following table gives the number of radios in use in the United 
States at various times. 


Year 

1922 

1923 

1925 

1930 

1935 

1940 

1941 

1942 

19431 

Radios 

(in millions) 

.06 

1.0 

3.5 

12 

22 

29 

29.7 

30.8 



(а) Graph the number of radios as a function of time. 

(б) Read from the graph the number of radios in use in 1932. 

22. The following table gives the safe load for various lengths of a Douglas 
fir column 6 inches square. 


Length (in feet) 

6 

8 

10 

12 

14 

16 

Safe load (in tons) 

13.2 

12.2 

10.9 

9.4 

7.6 

5.6 


(а) Graph the safe load as a function of the length. 

(б) Read from the graph the safe load for a column of length 13 feet. 

23. The following table gives the population of the United States at 10-year 
intervals beginning with the first census in 1790. 
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Census year 

1790 



1820 

1830 

1840 

1850 

1860 

Population 
(in millions) 

3.9 

5.3 

H 

9.6 

12.9 

17.1 

23.2 

31.4 


Census year 

1870 

1880 

1890 

1900 

1910 

1920 

1930 

1940 

Population 
(in millions) 

38.6 

50.2 

62.9 

76.0 

92.0 

105.7 

122.8 

131.7 


(o) Graph the population as a function of time. 

(b) Use the graph to estimate the population in 1845. 

(c) When was the population 100 millions? 

24. The following table gives the Republican membership of the United 
States Senate following various biennial elections. 


Election year 


1920 

1922 

1924 

1926 

1928 

1930 

1932 

1934 

1936 

1938 

1940 

1942 

1944 

1946 

Number of Republicans 

59 

51 

54 

48 

56 

48 

36 

25 

17 ' 

23 

28 

38 

38 

51 


Graph the number of Republicans as a function of time. The points should 
be connected by a series of straight lines rather than a smooth curve. Why? 


37. Implicit functions. If x and y are the only two variables in- 
volved in an equation, then y is said to be an implicit function of x; 
also, X is an implicit function of y. For example, if 

3x + y = o, (1) 

then y is an implicit function of x (it is implied that for each value 
of X there is a corresponding value of y). Upon solving this equation 
for y in terms of x, we get 

y = — 3x + 5. 

Now y is expressed explicitly in terms of x. When the equation in- 
volving X and y is written in the form y = /(x), then we say that y 
is an explicit function of x. 
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Solving (1) for x in terms of we get 



Now X is expressed as an explicit function of y. Sometimes we can- 
not express one variable as an explicit function of the other. For 
instance, if 2 /^ + ?/^ + 2 /^ + 7x = ttx + 4, then y cannot be ex- 
pressed as an explicit function of x. Can x be expressed as an explicit 
function of yl 

A solution of an equation involving x and y is a pair of values of 
X and y that satisfies the equation. We can find a solution of such an 
equation by assigning a value to either variable and then computing 
the value of the other variable. 

Illustration 1. In the equation 2x-\-Zy = 8, let us set a: = 6. 
Then 12 + 32/ = 8, and y = Hence (x = 6, 2 / = “4) 'S ^ 
lion of the equation. If we set 2 / = 0, then x = 4. Hence (x = 4, 
2 / = 0) is another solution of the equation. How many solutions are 
there? 

38. Graph of an equation. The graph of an equation in two vari- 
ables X and y is the curve * containing those points and only those points 
whose coordinates satisfy the equation. Or, the graph is the totality of 
points whose coordinates (x, y) form solutions of the equation. 

A linear equation in x and y is an equation of the form 

Ax-\- By = C 

where A , B, and C are constants. In analytic geometry it is proved 
that the graph of every linear equation in two variables is a straight 
line. 

To graph a linear equation in x and y. 

1. Plot the point for which x = 0. 

2. Plot the point for which 2 / = 0. 

3. Draw the line determined by these two points. 

4. Check by finding a third solution and demonstrating that the 
corresponding point does lie on the line. 

* The word “curve” is usually used to include straight lines. 
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Example 1. Graph the equation 3x — 5t/ = 10. 

Solution. If X = 0, then y =~2. li y — 0, then x = Draw 
the line through these two points. To check, set x=“2. Then 
y=~^. (See Fig. 8.) 

The student should realize that every solution of the given equa- 
tion corresponds to some point on the line. 

Example 2. Graph the equation x = 4. 

Solution. Since y is not mentioned in the equation, its value can 
be anything. If ?/ = 0, then x = 4. If t/ = 3, then x = 4. All points 
lie on a line parallel to and 4 units to the right of the y-axis. 



Exercise 19 

Graph Ike following equations. 


1. 2x - 3y = 12. 

2. 4x 4- 5y = 

20. 

3. — 3x — y = 6. 

4. — X -h 4?/ = 8. 

5. 7x 4- 2y - 

8 = 0. 

6. X 4- 3y 4- 7 = 0. 

7. 5x - 3y + 18 = 0. 

8. 3y — 4x 4- 15 = 0. 

9, 3x — y = 0. 

10. X + y = 0. 

11. 4x 4- 3y = 

0. 

12. 7x — 5y = 0. 

II 

• 

14. X = — 3. 


15, 2x 4- 7 = 0. 

16. 4y - 9 = 0. 

• 

H 

II 

O 


18. y = 0. 


19. Given the equation 3x + 7y = 8. 

(а) Express y as an explicit function of x. 

(б) Express x as an explicit function of y. 

20. Given the equation 4x — 5y = 7. 

(a) Express y as an explicit function of x. 
{b) Express x as an explicit function of y. 
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39. Graphic solution of a system of two linear equations in two 
unknowns. A solution of a system of equations is a set of values of 
the unknowns that simultaneously satisfies each equation of the 
system. For example, the system 

|2x+3y= 11 
1 7x — = 23 

has the solution (x = 4, y = 1). 

To solve a system of equations means to find all its solutions or 
to show that it has no solution. The system 


fx + y = 3 
la: + 2 / = 4 

has no solution because it is obviously impossible to find two num- 
bers whose sum is 3 and also 4 at the same time. 

To solve a system of two linear equations in x and y graphically. 

1. Graph the two equations on the same coordinate system. 

2. Estimate the coordinates of the point of intersection of the graphs. 
These coordinates form the solution. 

When a system is solved graphically, the solution is apt to be 
only approximately correct because fractional values cannot be read 
accurately from a figure. 


Example 1. Solve graphically: 


12x + Sy = 25, 
7x - lOy = 28. 


66 


( 1 ) 

( 2 ) 
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Solvlion. The graphs of equations (1) and (2) are the lines h and 
h respectively. The two lines seem to cross at the point (2.5, — 1). 
Hence the graphic solution is (x = 2.5, y = — 1). 

Comment. The exact solution 
(which may be found by the 
methods of Art. 40) is (x = 2J-f, 
y = — which is approxi- 

mately (x = 2.516, y = — 1.039). 

It is obviously impossible for 
anyone to read the exact solution 
from the graph. For our purposes 
in this chapter, a graphic solution 
that comes within 0.2 of the exact 
solution will be considered satis- 
factory. 

The graphic solution of a pair 
of linear equations always leads 
to one of the three following situations. 

I. If the two lines intersect, the system has one solution and the 
equations are said to be consistent and independent. 

II. If the two lines arc parallel, the system has no solution and the 
equations are said to be inconsistent. 

III. If the two lines coincide, the system has infinitely many solu- 
tions and the equations are said to be dependent. Each solution of one 
equation is automatically a solution of the other, and therefore of 
the system. 

Exercise 20 

Solve graphically. Stale the nu7nber of solutions and identify each system as 
consistent and independent, inconsistent, or dependent. If there is only one 
solution, express each estimate to one decimal place. If there are infinitely 
many solutions, urite any two of them. 



X - 7 / = -5, 
Zx^ly = 14. 

Gx by = 10, 
2x — by - 14. 

3x + 2y =-12, 
X - y = 3. 


2 ( a: + 3y - 6, 
l2x+ y = 8. 

4 f 9y + 4x = 24, 

1 6y - 5x = 30. 

6. I 5x - 6 = 0, 
lx + 4y + 4 = 0. 



68 


CH. 6 


SYSTEMS OF LINEAR EQUATIONS 


7. J 

[ 22/ - 5 = 0, 

t y — 3a: + 3 = 0. 

Vi. 

|2x + 32/+ 6 = 0, 
\Ax -by + 10 = 0. 

9. • 

f a: + 22/ = 0, 

L3x -Ay = 16. 

10. 

1 X -1-2/ =-2.6, 

1 .7x — 7/ = —4.2. 

11. • 

f X - 2/ = 3, 

[2x - 2i/ = 5. 

12. 

f 3 x = 42/ -h 9, 

182/ = 6x — 18. 

13. \ 

' 2x + 32/ = 12, 

L 6x + 92/ = 36. 

14. 

f 2x - y = 4, 

1 X = -1- 1. 

15. 

' X + 32/ = 6, 

1 32/ = 3 — X. 




16. Graph the equation 3x + 2y = 12. Multiply both sides by 2 and graph 
the new equation. Classify the two equations as consistent and independent, 
inconsistent, or dependent. 


40. Algebraic solution of a system of two linear equations in two 
unknowns. The graphic method of solving a system of two equations 
in X and y usually gives results that are only approximately correct. 
If both equations are linear, an exact solution may be found by 
either of two algebraic methods, each of which involves a process 
called elimination. From the two given equations we derive several 
equivalent equations (Art. 28) the last of which involves only one 
of the unkno^v^ls. After finding the value of this unkno^vn, we sub- 
stitute it in one of the original equations to find the other unknown. 

I. Elimination by substitution. Solve one equation for one un- 
known in terms of the other and substitute this result in the other 
equation. 


Example 1. Solve by elimination by substitution: 

\Ax-\-2y=-\, (1) 

1 5x - 32/ = 7. (2) 


Solution. We shall eliminate y. Solve (1) for y in terms of x: 



Substitute this expression for y in (2): 



-Ax - 1 
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Multiply through by 2 to clear of fractions: 

lOx + 12x + 3 = 14, 

22j: = 11, 


X = 


To find y, substitute x = ^ in (3): 

-4^)-! -2-1 3 

2 = 

The solution of the system is (x = 2/ = “f)- 

Check. Substituting these values for x and y in the original equa- 
tions we get 

4a)+2(-f)--l, 

2 — 3 = — 1, True, 

and 5G)-3(-f) = 7, 

5- 4- = 7. True. 

M m 

Comment In choosing the unknown that is to be eliminated by 
substitution, avoid fractions whenever possible. For e.xample, the 
equation x + ‘Mj = 7 should be solved for x in terms of y rather 
than for y in terms of x. 

II. Elimination by addition or subtraction. Multiply each equa- 
tion by a properly chosen constant so that one unknown will be 
eliminated when these two derived equations are added or sub- 
tracted. 

Example 2. Solve by elimination by addition or subtraction: 

4x+2y=-l, (1) 

5x — 3y = 7. (2) 

Solution. We shall eliminate x. 

Multiply (1) by 5; 20x + \0y — —5. (3) 

Multiply (2) by 4: 20x — \2y = 28. (4) 

Subtract, (3) — (4): 22y = —33, (f)) 

Divide (5) by 22: y = — tf = — I- 

To find X, sub.stitute y = — J in either of the original equations. 

If we use (1), we get 4x -f- 2C— f) = — 1, 4x — 3 = — 1, 4x = 2, 

X = h. 
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The solution (x = i, 2/ = — f) should be checked in both original 
equations. 

Instead of eliminating x from the two given equations, we could 
have eliminated y by multiplying (1) by 3, multiplying (2) by 2, 
and then adding the two derived equations. 

If, in our attempt to eliminate one unkno^vn, the other unknown 
is also eliminated, then the two equations are either inconsistent or 
dependent. If the elimination results in a contradiction such as 
0 = 5, equations are inconsistent. If the elimination results in the 
identity 0=0, the equations are dependent. These facts will be dis- 
cussed more in detail in Art. 182. 


Frequently we encounter equations of the type 


a , h * « 

- 4- - = c. Al- 

X y 


thou^ this equation is not linear in x and y* the method of elimina- 
tion by addition or subtraction can be used in solving a system of 
two equations of this kind. It is advisable to avoid clearing of 
fractions until after the elimination has been performed. 


Example 3. Solve for x and y\ 


'^ 5 = 8 . 

X y 

X y 


Solution. We shall eliminate y. 

Multiply (2) by 3 : 

Add (1) and (3): 

16 


15 - 3 = 12 . 

X y 


— = 20, 16 = 20x, X = 

X 


15 

20 


4 

5 


Substitute | for x in (1): 


l4_3_o 5 3_ 5_27 

l + y-*’ 4 + ,-®’ y-^ 4- 


4’ 


y 

3 


( 1 ) 

(2) 


( 3 ) 


27’ ^ 9 


The student should check the solution (x = f , y = ^) in both of 
the original equations. 


• It is linear in - and -• 

^ y 
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Exercise 21 

Solve by elimination by substitution and check. 

, f X + 3y = 7, - / 4x + y = 10, 

** \2x + 5y = 11. I7x + Sy = 25. 

. j7x - 5y = \, . f 6x + 2(/ = 15, 

I3x + 3i/ = l. I4x-7i/ = 10. 


2x + 5?/ = 


4 f 7x - 5?/ = 
I3x + 3y = 


f2x- 
■ \5x- 


32/ = 4, 
6 y = 7. 

6y = 1 , 
by = 2 . 


Soiue 5i/ elimination by addition or subtraction and check. 

7 I X + 2/ = 10, ( X - Sy = 7, 

I X - 2/ = 8. \ X - 5?/ = 9. 


11 . 


2z-7y = 4, 
6x — 5?/ = 0. 

52/ + 2x = 1. 
42/ + 3x = 2. 


10 . 


12 . 


3x + 42/ = 0, 
5x + 62/ = 0. 

22/ + 4x - 5 
7?/ - 6x + 5 


5oiye algebraically by either method and 
or deyendent, check by graphing. 


15. 


17. 


19. 


21 . 


23. 


X + 4y = 1, 
3x~2y = 24. 


14. 

6x -h 7y = 3, 
8x4-92/ = 1. 


16. 

5x = Gy + 4, 

9y = 2x - 6. 


18. 

.3x -|- .ly = .9, 

.5x — .2y = .4. 


20. 

X 4- 2 / + 6 

2 

1 


2x 4- 2 / + 9 

1 

3 

22, 

X + 4y + 1 

1. 

5x 4- 3)/ 4 - 1 


X 22/ 1 

5 3 2’ 


24. 


25. 


27. 


20y -i- 12x = 60, 
9x + 152/ = 45. 

3x — 61/ = 7, 

4x - Sy = 9. 


check. If the equations are inconsistent 


f 3x + y = 1, 

\2x + 42/ = 5. 

J 5x - 3y = 11, 
\7x-h0y = 12. 

f 22/ = 8x - 3, 

\3y = 5x - 1. 

J .Ix + .5y = 1.4, 

1 .3x + .7y = 2.G. 

X + 2 / ^ 1 

4x + 52/ + 1 5’ 

x + 3 ^ 2 / + 1 

,x + 5 y -j-2 

f x + ^ = ? 

^4 8’ 

^ , 2 / _ 1 
12 6 4 

f 3x + 6y = 10, 

I 5x + IO 2 / = 20. 

r 7x = 2y + 10, 

I 6j/ = 21x - 30. 


26. 


28. 
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_ J8x + 20y = 25, 
2^* \2x+ oy = 12. 




30y j4x- 8 = 3?/, 
I6y + 16 = Sx. 




\ 


Solve for x and y. 



35. ■ 

lax + hy = a®, 

[bx ay = 6*. 


f 2ax -{- oy = 17a 4* 5, 
t ax 4- 3?/ = 9a + 3. 

37. • 

\ ax — by — 0 “^ + h'^ 

= 0, 

-j. j cx -4- ad = a{y 4- b), 
\ d(cx 4- ob) = ab{y 4* d) 

1 6x 4- — 2a6 

= 0. 


41. Three linear equations in three unknowns. A system of three 
linear ec^uations in three unknowns may be consistent and inde- 
pendent, inconsistent, or dependent. In this chapter we shall con- 
sider only the consistent and independent case, which has but one 
solution. 


Example 1. Solve for x,y, z: 


4x- 

0 

II 

+ 

(1) 

{ 6x + 

y — 4z = — 4, 

(2) 

[ 4x - 2y 4- 92 = 17. 

(3) 

Solution. We shall eliminate 

y from two pairs of equations. 


Add (1) and (2): 

lOx 4-2 = 6. 

(4) 

Double (2) and add (3): 

16x 4“ 2 = 9. 

(5) 

Subtract. (4) — (5): 

— 6x = — 3, X = |. 


Substitute x = 4 in (4): 

2=1. 


Substitute x = ^, 2 = 1 in (1) 

: 2-y+5= 10,y=-3. 



The solution is (r = ?/ = — 3, 2 = 1), which should be checked 

in all three original equations. 

To solve three linear equations in three unknowns. 

1. Decide hy inspection which unknown can he most easily eliminated. 
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2. Eliminate this unknown from one 'pair of the equations; eliminate 
the same unknown from another pair of the original equations. 

3. Solve the two derived equations for the two remaining unknowns. 

4. Substitute the values of the two unknowns found in Step 3 in the 
simplest of the original equations and solve for the third unknown. 

Comment. If one of the unknowns does not appear in one of the 
original equations, then eliminate this unknown from the other two 
equations. This reduces the original system of three equations to 
a new system of two equations in only two unknowns. 

To solve a system of four linear equations in four unknowns, use 
a method analogous to that for three equations in three unknowns. 


Exercise 22 


Solve and check. 

\2x-dy-^z= 0, 

I. s 3x + — 2 = 17, 

I X + ^ =5. 

f X +2=2, 

3. {2x-\-y — 4z= 0, 
i 3x + y + 52 = 14. 

f X + 5y + 62 = 11, 

5. \ X + 4y + 82 = 11, 
ix + 3i/ + 42 = 8. 

f 3x + 2i/ - 2 = 2, 

7. 4x + 7;/ + 22 = 12, 

I 5x — 3i/ + 2 = 1. 

[ 5x + 2y — 32 = 0, 

9. 6x - 3y + 82 =-4. 

1 7x + y — 52 = 1. 

f2x + 3j/+ 2 = 4, 

II . 3x + 4j/ + 22 = 6, 

i 2x — 5;/ — 32 = 4. 
f X + y + 2 = C, 

13. j + 4y = 3, 

i 2x + 5)/ =4. 

a — 26 — 3c — d = 5, 
3a + 6 + 4c + d “ 4, 
) 2a - 46 - c = 3, 
a + 56 =2. 


X + y + 2 = 4, 

2. 2x —2 = 0, 

4x — y + 22 = 7. 

3x + 4y + 2 = 4, 

4. 5x — 2y — 2 = 8, 

7x + 3y + 2 = 10. 

[ 3x + 2y + 42 = 4, 

6. \ X — 3y — 22 = 1, 

1 2x — 5y — 32 = 1. 

4x - 2y - 32 = 12, 

8. 5x + 2y + 22 = 0, 

7x + 2y + 42 = -4. 

f 6x + 7y + 92 = 6. 

10. { X + 2y + 32 = 2, 

1 4x + 3y + 52 = 0. 

f 7r + s + 3( = 23, 

12. 5r + 2s + 6< = 28, 

I 3r + 8s + 7( = 10. 

[ 2x - 7y + 5z = 3, 

14. 3x + 2y - 22 = 4, 

I 7x — 3y — 32 = — 7. 

f «+ 6+ c+ d = 2, 
, I 2a - 36 + 4c + d = 3, 

3a - 26 - 3c + d = 4, 

2a + 46 — 2c + 3d = c. 
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42. Stated problems. Our principal justification for learning how 
to solve a system of equations lies in the fact that many stated 
problems involve several unknowns and several conditions. When 
these conditions are translated into algebraic language, we may 
have two or more equations which must be satisfied simultaneously 
by a single set of values of the unknowns. 

If several unknowns are mentioned, represent each one of them 
by a different letter. Every verbal condition states or implies that 
two quantities are equal. Express this equality by means of an 
equation. After all conditions have been translated into equations, 
solve the system and check the results. 

The student should review Art. 30 before proceeding. 

Example 1. Working together, A and B can paint a house in 
30 hours. After they work together for 18 hours, A becomes ill and 
B requires 22 additional hours to finish the task alone. How long 
w'ould it take for each one to do the job alone? 

Solution. Let x represent the number of hours it takes A to paint 
the house alone and let y equal the number of hours required for 
B to do the job unassisted. 

Then - is the fractional part of the task performed by A in 1 hour, 


1 . 


and - is the part of the job accomplished by B in 1 hour. The part 

y /\\ 3Q 

of the task done by A in 30 hours is 30 (-1 or The job is finished 

if the sum of the fractional parts performed by the w’orkers is equal 


to 1. 



Hence, 

1 

(1) 


y 


and 

18, 18, 22 . 

“ T ”■ T — A- 

(2) 


y 


Solving this system by the method of page 70 gives us (x = 66, 
y = 55). 

Check. In (1), 30 + 

1 ^ IT = 1- True. 

+ 1 - 

IT + A = T True. 


In (2), 
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Example 2. In a certain “amateur” football game, a team exe- 
cuted 17 scoring plays for a total of 60 points. The total number of 
conversions and safeties exceeded the number of touchdowns by 1. 
No field goals were made. How was the scoring accomplished? 


SoliUion. Let t = number of touchdowns (each wnrth 6 points), 

c = number of conversions (each wnrth 1 point), 

5 = number of safeties (each worth 2 points). 


Then, 


f -f* c H" 5 = 17, 

6i c -f- 2s = 60, 
c H“ 5 = ^ “h 1. 


Solving, w'e get (i = 8, c = 6, s = 3), w'hich should be checked 
by the student. 


Exercise 23 

Solve and check. 

1. A grocer sold 3 quarts of milk and 2 pounds of butter to a customer for 
$1.90. Another customer paid S1.40 for 4 quarts of milk and 1 pound of 
butter. Find the price of 1 quart of milk and also of 1 pound of butter. 

2 . In playing a basketball game, a certain team scored 27 times for a total 
of 48 points. How many free throws were scored? How many field goals? 
(Each free throw counts 1 point. Each field goal counts 2 points.) 

3. A man presented to a bank cashier a check for x dollars and y cents. 
The cashier made an error and gave the man y silver dollars and x pennies, 
a total of 10 coins. Find tlie amount of the clieck if the cashier shortchanged 
himself to the e.xtent of $1.98. 

4. In a certain professional football game a team executed 12 scoring plays 
for a total of 43 points. The number of touchdowns and field goals was 
double the number of conversions. Find the number of touchdowns (6 points 
each), the number of conversions (1 point each), and the number of field 
goals (3 points each). No safeties were scored. 

5. Flying with the w'ind, an airplane traveled 200 miles in 2 hours. The 
return trip, against the wind, recjuired 2 j liours. Find the speed of the air- 
plane in still air and the speed of the wind. 

6 . A man rows 1 mile dowmstream on a river in 3 hour. He requires another 
^ hour to row back upstream to his starting point. Find the speed of the 
current and the rate the man can row in still water. 

7. A Democrat says to a Republican, “Give me one dollar and I'll have 
as much as you have.” Says the Republican, “No, you give me a dollar 
and I'll have twice as much as you.” How much did each man have? 
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8. If 8 furlongs plus 2 leagues equals 7 miles and if 2 furlongs plus 1 league 
equals 3i miles, find the number of miles in 1 furlong. In 1 league. 

9. A man weighing 180 pounds sitting on one end of a teeter board 6 feet 
from the fulcrum balances a woman and a small boy on the other side at 
distances of 8 feet and 4 feet respectively from the fulcrum. If the woman 
and the boy change places, the man must move 2 feet closer to the fulcrum 
to preserve the balance. Find the weight of the woman and that of the boy. 
Hint. See suggestion for problem 27, page 50. 

10. If 1 is added to both numerator and denominator of a certain fraction, 
its value becomes J. If 1 is subtracted from numerator and denominator of 
the fraction, its value becomes Find the fraction. 

11. If machines A and B work together, they can perform a certain task in 
20 hours. If A works for 5 iiours and B for 14 hours, the task would be half 
finished. How long would it take each machine alone to perform the task? 

12. A mixture of 3 parts peanuts and 1 part cashews sells for 44 cents per 
pound. A mixture of 5 parts peanuts and 1 part cashews sells for 40 cents 
per pound. Find the price of a pound of peanuts. Of cashews. 

13. Two track men run at constant speeds around a circular 660-foot track. 
When they run in opposite directions, they meet every 22 seconds. When 
they run in tlie same direction, the faster runner passes the slower one every 
110 seconds. Find the speed of each runner. 

14. The equation y = mx -|- 6 is satisfied by (x = 2, y = 3) and (x = 5, 
y = 9). Find the values of m and 6. 

Hint. Substitute the sets of values in the ecjuation and obtain 3 = 2m + 5 
and 9 = om + 6. Solve this system. 

15. A man invests 810,000 in stocks, bonds, and a savings account which 
draw interest rates of 61:, Z%, and 21, respectively. His annual return 
from the stocks and savings account Ls equal to the interest on the bonds. 
Find the three sums invested if the yearly interest is 8360. 

16. Working together, A, B, and C can perform a task in 2 days. If A and 
B work togetlier, they can do the job in 4 days. If B and C work together, 
they can perform the task in 3 days. How long would it take each man to 
do the job alone? 

17. In making a vacation trip, a man traveled by plane at 150 miles per 
hour, by train at 50 miles per hour, and by auto at 30 miles per hour. The 
entire trip covered 758 miles and required 7 hours. The traveler spent 2 hours 
more in the plane than on the train. Find the time spent in each vehicle 
of transpKjrtation. 

18. If the larger of two numbers is divided by the smaller, the quotient is 
5 and the remainder is 4. If the smaller is divided by the larger, the ratio 
is y\. Find the numbers. 

Hint. Recall formula (1), Art. 11. 
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19. The sum of the digits of a three-digit number is 14. If the digits are 
reversed, the new number is 594 less than the original one. The hundreds’ 
digit equals the sum of the tens’ and units’ digits. Find the number. 

Hint. Uh ls the hundreds’ digit, t the tens’ digit, and u the units’ digit, then 
the number is (lOOA + lOf -b w)* For example, 234 = 2(100) + 3(10) + 4. 

20. A three-digit number is equal to 19 times the sum of its digits. If the 
digits are reversed, the new number exceeds the original one by 297. The 
tens’ digit is one more than the sum of the hundreds’ and units’ digits. 
Find the number. 

43. Solution of two linear equations by determinants. Every 
system of two linear equations in x and y can be written in the 
following general form. 

ax-\-by = Ey (1) 

cx-h dy = F, ( 2 ) 


where a, b, c, d, E, F are any numbers. 
We shall eliminate y by subtraction. 

Multiply (1) by d: adx + bdy = Ed. 


Multiply (2) by b: 
Subtract: 


bcx + bdy = Fb. 
adx — bcx = Ed — Fb. 
x{ad — be) = Ed ~ Fb. 


X = 


provided {ad — be) is not zero. 

By a similar process, we obtain 


V = 


Ed- Fb 

ad — be’ 

(3) 

aF — cE 

(i) 

“ — * • 

ad — be 


Equations (3) and (4) represent the solution of the general sys- 
tem [(1), (2)]. These results can be most easily remembered by 

means of the following useful device. The symbol ° ^ is called a 

determinant. The numbers a, b, c, d are the elements of the de- 
terminant. The determinant is said to be of the second order because 
it contains two (horizontal) rows and two (vertical) columns. The 
value or expansion of this symbol is defined to be {ad — be), i.e., 

Q b y m • 

= ad — be. 

The elements a and d form the principal diagonal of the determinant. 
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We can say that the value of a second-order determinant is equal 
to the product of the elements in its principal diagonal minus the 
product of the elements in its other (secondary) diagonal. 


Illustration 1. 
Illustration 2. 


5 

3 

4 
9 


= 5 • 7 - 3 • (-6) = 35 + 18 = 53. 
= 4 -(-2)- 9*0=-8. 


Having defined the value of a determinant, we now see that 
equations (3) and (4), which represent the solution of the system 
[(!)» (2)], can be written in the form 


E b 


a E 

F d 


c F 

a b 

f y — 

a b 

c d 


c d 


provided the denominator determinant, which is called the deter- 
minant of the coefficients, is not zero. If this determinant is zero, 
the system is either inconsistent or dependent. These exceptional 
cases will be discussed more fully in Art. 182. 

Our results can be stated in the following rule. 

Cramer’s rule. Each unknovm is equal to the quotient of two de- 
terminants: 

1. The denominator (in each case) is the determinant of the coeffi- 
cients. 

2. The numerator, for any unknovm, is obtained from the de- 
nominator by substituting the constant terms for the coefficients of this 
unknown. 

Comment. It is to be understood that before applying Cramer’s 
rule, we must write the equations in a symmetric arrangement like 
the system [(1), (2)], with the constant terms alone on the right side. 

Example 1. Solve by determinants: 5y -j- 15 — 0, 

[ 4i/ - 3 j + 16 = 0. 

Solution. Rewrite the equations in standard form with the con- 
stant terms on the right side: 


2x — 5y = — 15, 
Sx- 4y= 16. 
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Apply Cramer’s rule : 



60+ 80 ^ 140 
-8+15 7 



32 + 45 
7 



Exercise 24 


Solve for x and y by using determinants. 


(J 

f 3x H- 4i/ = 7 , 

\ 5x + 61 / = 8 . 

2. 


/ 4x - 3y = 10, 

\Qx + 2y = 15. 

4. 

3 ^ 

/7x + 8(/ = 0, 

\32/ + 2x =-10. 

6. 


/ 8x - 7 j/ = 30, 

I5x - 4(/ = 21. 

f 7x + 3y + 2 = 0, 
I3x - 7i/ + 5 = 0. 

f 6x - 8(/ = -1, 

1 3x — 6?/ = 5. 


Problems 7 to 20. Solve problems 7 to 20 in Exercise 21 by using deter- 
minants. 


44. Third-order determinants. The symbol 


fli 

hi 

Cl 

Qi 

6., 

Ci 

(I3 

63 

C3 


is a determinant of the third order and is defined to be equal to 

Qlb2Cz + hlC2fl3 + CiQ-ibz — G 362 C 1 — 63C2fll — C3fl2hi.* 

Notice that each of the six terms is the product of three elements, 
one from each row and, at the same time, one from each column. 


• The symbol oi means “a with the subscript one.” It is usually read “a sub 
one,” or merely “a one.” The symbols oi and oj can represent any ni>’^l>ers, 
such as 4 and —7. Subscripts are frequently used to simplify the no. .\on. 
In this case each a represents an element in the first column while its subscript 
indicates the row. 
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The expansion may be remembered by use of the adjoining diagram. 
Re™te the first two columns to the right of the determinant. 
IMultiply as indicated by the 
arrows and ( 1 ) write the product 
of the three elements \\'ith no 
change of sign if the arrow 
points downward, and ( 2 ) wite 
the product of the three elements 
^\^th a change of sign if the arrow 
points upward. 

This method of expansion 
applies to third-order deter- 
minants but not to those of 
higher order. 

Illustration 1. 

1 2 -3 

4 5 0 

6 7 8 

= l-5'8 + 2'0-6 + (-3)4-7 - 6.5-(-3) - 7’04 - 8'4-2 

= 40 + 0 - 84+ 90 - 0 - G4 =-18. 

45, Solution of three linear equations by determinants. Every 
system of three linear equations in x, y, and z can be written in the 

form 

[ QiX + biy + Ci2 = di, 

a >x 4 - b^.y + ca = d 2 j 
Qsx 4" bsy 4" CiZ = daj 

where the a’s, 6 ’s, c’s, and d’s are any constants. If the method of 
Art. 41 is applied, we get 

_ dih-^Cj 4 " 4 ~ ^ 363^1 dih3C2 d2hiC3 

^ QibiCz 4“ azbiC2 4" 02^3^1 — GibiCi aibzCz a2&iC3 

provided the denominator is not zero. 

We notice that the denominator is the expansion of the deter- 
minant of the coefficients. The numerator can be obtained from 
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the denominator if the a’s are replaced by the corresponding d's. 
Hence we can write 


di 

h 

Cl 

d2 

b2 

C2 

d. 

b3 

Cz 

Oi 

6i 

Cl 

02 

b2 

C2 

03 

hz 

Cz 


Using the same method, we find that 


Oi 

di 

Cl 


Ol 

bi 

di 

02 

d2 

C2 


1 

62 

d2 

Oz 

dz 

Cz 

^ — 

! 03 

63 

dz 

Ol 

bi 

Cl 

y ^ 

, «! 

bi 

Cl 

02 

b2 

C2 


02 

b2 

C 2 

03 

63 

Cz 


O 3 

bz 

Cz 


We conclude that Cramer’s rule can be used in solving a system 
of three linear equations in three unknowns. 

2j + 3?/ + 62 = 1, 

Example 1. Solve by determinants: j + y — 2 = 0, 

ox 2y 2 = 2. 

Solution. Apply Cramer’s rule. 

1 3 C 
0 1-1 

_ 2 2 1 _ 1-6 + 0 - 12 + 2 - 0 _ __ 1 
^ tT "2-15+ 12 - 30+ 4 - 3 -30 " 2* 

1 1 -1 
5 2 1 
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Exercise 25 


Solve by use of determinants. 

\ x-\- y 2 = 5, 

1. 2z + 3y - 42 = 0, 

1 5z + — 72 ss 3. 




[ X + y + 22 = 1, 

4x - y + 2z = 2, 
I I — 3y — 62 = — 1. 

2x + 3y + 2 = 1, 
' 3x — 4y — 52 = —4, 
4x + 5y — 32 = 1. 


(2x - y - z = 1 , 

2. 3i - 4y - 22 = 5, 
i X — 2y — 32 = —4. 



f 3x 4 - 4y + 52 = -1, 
|2x-3y =2, 

i 3x + 2y + 42 = 0. 


( 5x - y + 2z = 2, 
6. 4x - 2y + 32 = 2, 
i 3x — 3y + 52 = 3. 


Problems 7 to 14. Solve problems 7 to 14 in Exercise 22 by using deter 
minants. 
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46. Positive integral exponents. In Art. 9 we formulated the fol- 
lowing dehnition for the case in w^hich w is a positive integer: 

= a . a • a • • • to m factors. 

The symbol o’” is read “the mth power of a” or “a to the mth.” 
We call a the base and m the exponent. 

As a consequence of this definition, we can prove the follow'ing 
Laws of Exponents. It is understood that all exponents are positive 
integers. 

[1] . O'* = 

To multiply two pow’ers of the same base, hold the base and add 
the. exponents. 

[2] (o'")" = 

To find a power of a power of a certain base, hold the base and 
multiply the exponents. 


[3a] 

Qtn 

— = 

a” 

(m > n). 


a”' 1 


[3bl 

Qn Qn-m 

(m < n). 

141 

(aby = 
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Proofs. For [1] 

=, {a • a • a • • • to m factors)(a • a • o • • • to n factors) 

= a ‘ a • a ••• to (m n) factors = a”''"". 

For [2] 

(a”*)" = a"* • a” • a" • • • to n factors 

— ^m+m+m+ ... to n terns — 

For [3a] 

a"' _ h •h,' • ’K* a • * • a (m factors) 

a'' ~ ‘ (n factors) 

= a ■ a ■ a • • • to (m — n) factors = a””". 

For [4] 

(aby = {ab){ab){ab) • • • to n factors 

= (a • a • a • • • to n factors) (6 • 6 • 6 • • • to n factors) 

= a"6". 



7 • 7 • 7 • • • to n factors 
0 0 0 

0 ♦ g • g • ♦ • to w factors __ 

6 • 6 • 6 • • • to n factors d'* 


It is important to guard against the common habit of inserting 
parentheses mentally when there is no justification for this. For 
example, —7* means “the negative of the square of 7,“ which is 
“49. But (—7)2 means “the square of —7,” which is 49. 


Exercise 26 


Evaluate. 

1, 

2. (-3)2. 

3. (-2)2. 

4 . -2\ 

5. i ■ 4^ 

6. ih • 4)2. 

7. (-1)2. 

8. {-ly. 

Perform the indicated operations 

by using the laws of exponents. 

9. a-a\ 

10. 

11 . r-ttK 

12. 2"*'22-". 

13. (a'^y. 

14. (x^*. 

15. (r5^)2. 

16. (26)2. 

17. (3xt/3)^ 

18. {.3tf22’)2. 

19. i-oc^d^y. 

20. (-.Ixy)^ 
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37. Compute the value of when x = 5. 

38. Compute the value of — wlien x = 2. 



47. Roots. We say that A is a square root of B [[ = B. Every 

positive number has two real square roots, one positive and the 
other negative. For example, the square roots of 49 are 7 and —7 
because T- = 49 and (— 7)^ = 49. 

If a certain number is negative, it has no real square root because 
the square of a real number (positive, negative, or zero) cannot be 
negative. In Art. 59, we shall show that every negative number 
has two square roots which are called imaginary numbers — to dis- 
tinguish them from real numbers. For the present, when we en- 
counter a square root of a negative number we shall merely call it 
an imaginary number, i.e., it is not positive, negative, or zero. 

We call A a cube root of BM A^ = B. If n is any positive integer, 
we say that 

i4 is an nth root of 5 if A'* = S. 

Thus — 2 is a cube root of — 8 because (— 2)^ = — 8. And 5 is a fourth 
root of 625 because 5^ = 625. 

In Chapter 15 we shall prove the following statements. 

Every number (except zero) has n distinct nth roots, some or all 
of which may be imaginary. 

If n is odd, every real number B has only one real nth root, which 
IS positive when B is positive, and negative when B is negative. 
Thus the real cube root of 125 is 5; the real fifth root of —32 is —2. 

If n is even, every positive number B has exactly two real nth roots. 
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one positive and one negative, with equal absolute values. Thus 

the two real sixth roots of 64 are 2 and —2. 

If n is even and B is negative, all the nth roots of B are imaginary 
numbers. Thus the two square roots of -81 are imaginary numbers. 
The principal nth root of B is defined to be 

(1) the positive nth root of B if B is positive, 

(2) the negative nth root of B if is negative and n is odd. 

We do not define the principal nth root of B if B is negative and 

n is even. 

Illustration 1. The principal square root of 49 is 7. The principal 
cube root of - 125 is - 5. All sixth roots of - 1 are imaginary 

numbers. 

48. Radicals. We shall use the symbol to represent the prin- 
cipal nth root of a.* The integer n is called the order (or index) of 
the radical while a is called the radicand. If the index is 2, we 
write rather than to indicate the square root of a. 

lUustraiim 1. ^10,000 = 10. ^=2. v^ = -2. 
is imaginary. 

lUustration Since the symbol V25 means the pnn^al square 
root of 25, it can represent only one number. Thus v25 - 5, and 
not -5. But -v^=-5, and ±V^ = +5. Hence the two 

square roots of 25 are V^25 and — or 5 and —5. 

By the definition of an nth root, we have 

(■^)" = a and v^= a. 


Exercise 27 


State the two square roots of each number. 

1. 121. 2. 1. 3. 

State the "principal square root of each number. 
5. .36. 6. 7. 81. 


4. .09. 

8. 16. 


* To avoid ambiguity and confusion, we shall restrict ourselves to posiove 
values of a when n is even. 
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Stale the principal cube root of each number. 

9. -125. 


13. VTu. 
17. 

21 « — 


1 

T? 


Find the value of each power. 
25. (y/Tm)\ 

27. 

29. 

31. (^-7a62)3. 


10. 

^ 1 

11. 

8 

TT- 

12. 

216. 

, the 

■ value of each radical. 



14. 

■^1000. 

15. 

« 

1 

16. 


18. 

v^. 

19. 

v'.ooie. 

20. 


22. 


23. 

VlOyie 

24. 



26. (v^- 1492) 3. 
28. 

30, (-v Ict) 6. 
32. ( — v^— ozV)®. 
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49 Fracbooal exponents. In Art. 46 we defined the symbol a” 
or the case in which m is a positive integer. As a consequence of 
this defimtion, we were able to prove the five laws of exponents 
At this stage of our discussion, a fractional exponent has no 
meamng. For the sake of uniformity we shall define it in such a 
way that all fractional exponents shall behave exactly as do the 
pasitive integral exponents, i.e., in accordance with the five laws. 

If ai is to obey law [1|, we have 

= a' = a. 

Hence ai is a quantity which when multiplied by itself is equal to a. 
Therefore a’ must be the * square root of a: 

^ = y/a. 

In general, c" must be the * wth root of a: 


a" = \^a. 

If is to obey law [IJ, 

~ = a2 


define it to be the principal root. 
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Since is one of the three equal factors of a-, it must represent the 
cube root of a- : 


All fractional exponents will obey law [1] if we define * 

[6al 0" = 

— n/ — 

[6b] a-^ = V a"*, 

where m and n are positive integers. Either of these forms may be 
used but in some cases one of them is more convenient than the 
other. The symbol is read “the mth power of the nth^root 

of a.” The symbol is read “the nth root of a to the mth.” 

Illustration 32^ = ^ = 2. using [6b]. 

Illustration 2. 25^= (V^)^ = 5^ = 125, using [Ga], which is 
preferable in some numerical evaluations. Noti ce the involved 
computation if [6b] is used: 25^ =V2^ ='\/l5625 = 125. 

It is possible to show that definition [Ga] is consistent with all five 
laws of exponents. We shall assume without proof that these laws 
hold for all positive rational exponents. 

Illustration y y^o j 


50. Zero as an exponent. If a® is to obey law [1], 

flOgn = a(H-r, = or flOgn = an 


Q 

Divide through by a": ~ 

Another explanation : since a” is unchanged when multiplied by 
a®, we must conclude that 

[7] a® = 1 ^ 

This means that the zeroth power of any number a is equal to 1, 
provided a is not zero. We shall attach no meaning to the symbol 0 . 

Illustration 1. 5« = 1. (-f)" = 1- 6(f)" =6-1 = 6. 7i" = 7. 

1 « i 

•The two definitions are equivalent because (v^)" = (o’*)" = o'* = (o’") 
= v''^. We rule out the case in which a is negative and n is even. 
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51. Negative exponents. If a-'* is to obey law [1], 

Q-n^n _ Q-n+n = ^0 ^ 2. 
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Di\nde through by a"; 

[ 8 ] 




0” 


This means that a is the reciprocal of a^ Moreover, a negative 

power of a fraction is equal to the corresponding positive power of 
the reciprocal of the fraction: 


^ W/ a- 4^ (Vip 23 8 

Illustration 2. (|)-3 = (|.)3 = 

It follows from [8] that in a fraction, any factor of the numerator 
may be transferred to the dcno7nmator {or vice versa) if the sign of the 
exponent of the factor is changed. 

sH 


Illustration S. 


s^x 


Example 1. Simplify (rewrite without negative exponents and 

reduce to a simple fraction): — T^r ~, — • 

a • + o “3 

Solution 1. 

__ga2^ Q _ 5 a%^ 

a-2-|_5-3 J_ J_ 63 + gg a' b^-\~ a'^~ b^-\- a’’ 

63 a-63 

Solution 2. We see by inspection that negative exponents can be 
eliminated by multiplying top and bottom by d?¥. Tins gives 

5a“'a263 5^63 


5a63 


Incorrect sohuion. 


(a-2 + 6-3)a263 b^ + a2- 
5n-> 


5(«^ + 6^) 

• oince a ^ IS not a factor of tho 


a ^ + 6“'^ a 

denominator, the foregoing principle does not apply to the given fraction. 
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Example 2. Simplify 


.2b-^cy 


Solution. 



276« 


Exercise 28 


Evaluate. 




• 

CD 

2. 8*. 

3* (^)^- 

4. (A)i 

5. 27^. 

6. 32^. 

7. 100*. 

8. (1,000,000)*. 

9. 

10. (.125)*. 

11* (^V)^‘ 

12. (D*. 

13. s{~iy. 

14. (-7)0. 

15. 460. 

16. -6(1)0. 

1 

17. 

p 2 

18. (8^)'. 

19. 7-^ 

20. 5-2. 

21. (-3)-“. 

22. (-4)-^ 

23. (i)-2. 

24. (f)-2. 

25. 16-^. 

26. (-1000)-*. 

27. 81-*. 

28. 4-*. 

29. 

30. (i 0.0 0 o') 

31. (^)-*. 

32. (ft)-*. 

33. 27 - 18 ■ 

3-2. 

io-< 


Express witkoiU negative exponents. 



35. x-K 

36. 

37. 4a->. 

38. 6j/-2. 

a* 

5-6 

40. — • 

S-2 

«• rt-.- 

6-2 

42. — • 
ac * 


44 



43 

3a-2c 



PFni€ without 

a denominator by using negative exponents. 

45. ^3- 

py2 

(1.02)2 


a 

43- r-; — 

6 4* c 

IFn'te unUou/ fractional exponents by uelng radicals. 


49. a^. 

50. X*. 

51. 


52. 7(cy)^. 

53. 5a*. 

54. 

6x'*. 

Tf n;(€ without radicals by using fractional exponents. 


55. 

56. 57. 

^(x + y)*. 

58. Sv 'a - c. 
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Perform the indiaited operaliom and simplify. {Write vrithoui negative or zero 
^xpoTterUs. Reduce fractions to lowest terms.) 


59. 

x^x. 

60. 2/Oi/6. 


61. 2‘2‘-'. 

62. 

io^*+no‘-^*. 

63. 

X* 

6 

64. 4- 


65. — 

a^h 

66. 

x^y^ 

x^ 

67. 

20xi 

5x^ 

68. 

21j/^ 


69. (x?)”. 

70. 


71. 

(3x“^)2. 

72. (lOx- 

1^2)3. 

73. (162^6«)i. 

74. 

(64x’^»)^. 

75. 

(a36')-5. 

76. (r-‘s“ 

.3)-2, 

77. (2a-'6)-3. 

78. 

(5xj/-8)-<. 

79, 

(4a-^)-’. 

80. (49x- 


81. (125x-®)“^. 

82. 

(320-^0) -J. 

83. 

12x-'|/2 

84 

-7 

24a*6'3 

86. 

2a-‘6-= 


16x3-i/-< 

.550^6 

-A 

o5* — • 

42a«6-« 

8a-%^ 


87. (3-1 + 6-J)-*. 

88. 

6-> + 3-* 

2-3 

90, (2a-* + 6->)-». 

91. 

7a-J6-2 

a-3 - 5®’ 

93. 

4x-* 

94. 

x‘’ -t- x"’. 

96. 

97. 

/ x" 5)/2 y* 

\5x-V 

bx^y-V 

99. 

\27xW 

100. 

/9a36'*y 

\25a-*6V 

102. 

VlOx^y-^y 

103. 

fla^Y 

U"J ' 


89. 

92. 


^-2 

(3a)-2 + 56-i* 

3^"' + 

{x + y)-i 



104. (2x-^i/‘)‘. 


Expand and then simplify without eliminating negative exponents. 

105. (e- + e-y. 106. ( 5 * + 

107. (a^ - 365)(a^ - 26’). 108. (a’ - 76’)*. 

109. (li - yi){xi + xiyi + yi). no. (ai + 2il)(a? - + 46 ?). 

Perform the following long divisions without eliminating negative exponents. 

111. (6i-3 + 14 j:- 2 -I- I9x-1 + 5) (Sx-* + 1). 

112. {2x~^ + + 3x“* — 1 -f- 4x) fx-* — 1). 

113. (xi - 3xi + x*^) (x’ + 1 - x"^). 
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114. (40x" + 21i^ - 27i + 5i* - 3) (5i^ - 3). 

115. Write as a power of 2; 

(a) 2" + 2". Q>) 8 ■ 4". 

116. Identify as true or false and give reasons: 

(a) 3"52'‘ = 75". ib) {a^ + - a® + o*. 

Express each of the folUming numbers as an integer times a power of 10. 

117. 0.000 000 17. 

17 17 


(c) 2 • 16^. 
(c) 


Solution. 0.000 000 17 — 

118. 0.000 000 009. 

120 . 93 , 000 , 000 . 


_ = 17(10-*). 

100,000,000 10* 

119. 0.000 000 000 04. 

121. 25,000,000,000,000. 


Write in ordinary notation. 

122. 2.6(10"). 123. 67(10"). 124. 48(10-‘»). 125. 1.6(10- )• 

' 52. Properties of radicals. The form of a radical can be changed 
(without altering its value) by use of the following properties. 

Property 1. <''5b=v^v^, 

i.e. the nth root of a yroducl is equal to the product of the nth roots of 

its factors. 

Illustration 1. V?* = -2a^ 

A most common mistake is to assume that 
ro the sum of two numbers. It is not g^eral^rue ^th^at^^ a^+ ^ 

7^"=^^'= I « =3 + 4= 7. 


Property 2, 




16 


^6 
X 


Illustration 2. 

Property 3. 

This is read “the mnth root of a is equal to the mth root of the ntn 
root of fl)” etc. 

• .\gam we restrict ourselves to a positive radicand when the order is even. 
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lUusiration 3. = V v^l25 = VE, 

Illustration 'V^v^ = = v^a. 

These three properties can be proved by converting the radicals 
to expressions involving fractional exponents and then applying 
the laws of exponents. For property 1, 

= (ah)" = = I/a v^. 

For property 2, 



For property 3, 

va = a"" = a" "* = (o'*)'" = Wa, etc. 

53. Simplifying a radical. If a radical of order n contains a radi- 
cand that is a perfect nth power, we can simplify the radical by 
using the relation = a. In this case the expression is said to be 
rational. If the radical sign cannot be removed, we simplify tlie 
radical by performing the following operations wliencver possible. 

(1) Reducing the order. This is accomplished by using jiropei ty 3; 



lllustraiion 1. v^49xV = ^ VdOr-y = 

(2) Removing factors from the radicand. In the case of a radical 
of order n, express the radicand as the product of two factors, one 
of which is a perfect ath power. Then remove this factor from the 
radicand by using property 1. 

Illustration 2. 


\/63uV = • la =V9aVv7u = 

(3) Rationalizing the denominator. It is usually desirable 1o con- 
vert a fractional radicand to one that is integral. In a radical of 
order n, multiply the numerator and denominator of the radicand 
by some quantity that will make the denominator a perfect nth 
power. Then apply property 2. 
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Illustraiion S. 

\7y y7y 7y \492/2 V49i/2 7i/ \ 7?/ / 

4 / "^ _ 4 / g 23:^y^ _ 4 / 2 ^^ ^ J_ 

'V 8xy2 “ V 8xy2 * 2x3^2 \j igxy 2x2/ ^ ’ 

If large numbers are involved, it is wise to find the prime factors 
of these numbers before determining the quantity by which we 
multiply numerator and denominator.* 


Illustration 4- 

3 / 135 ^ ^ 3/ 3^ -5a^.2^.^ ^ W 5.2..7.a^ 
\784x» \24 . 72 ■ 22 • 7 • X \2^7^x^ 


Exercise 29 


Reduce the order of each radical. 

1. 2. 

5. v/lOOOx^. 6. 


3. 

7. v^j2+2x+r 


4. 





Remove factors from radicand. 
9. V^. 

11. Viel/i®. 

13. 

15. 


17. ^48xV. 

19. - t/2)(x + y). 

21. V4x2 + 16. 

23. 



10. Via 
12 . Vt^ 

14. V^. 
16. V-48x4. 


18. VsOx^ 

20. V(x 4- + y^)‘ 

22. Vgx’ + 64. 



• See Ex. 2, Art. 18. 
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ADDITION AND SUBTRACTION OF RADICALS 
Rationalize denominators. 



Simplify and then compute to three-decimal accuracy hy use of Table /. 


65. Vct. 66. VT75. 67. 

69. 70. 71. >^25. 



72. 


73. The area of a triangle with sides a, b, c, is V 4 (s - o)(s - b)(a - r) 

wilh siders! 


54. Addition and subtraction of radicals. Two radicals can be 
added only if they are of the same order and have the same radicand. 
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The expression (V2-\-Vd) cannot be simplified. Likewise, 
(V7 cannot be reduced to a more simple form. 

To simplify an expression involving the sum of several radicals, 
first simplify the radicals themselves, and then combine them when- 
ever possible. 

Illustration 1. 

3V20x+'^^ +v^25x2+Vl44x® 

= 3 • 2V5i + 2^ - 3^ + VvHP + 12x3 

= eVSx + 2-^ — f'^+v^ + 12x3 

= (6 + l)v^ + (2 - + 12i’ 

= yVEi + + 12x3. 


Exercise 30 


Simplify. 

1 . iVi + 2V^. 

3. Vis +V^. 

5. Vis -Vl2. 

7. V75 - 13Vj. 

9. Vie + sVj +V4. 


2 . 4 V 7 -V7. 

4. V24i3+\/^. 

6. V 45 -V 5 OO. 

8. Vio - 7 V^. 


10. X 



X* r \ 3 

r3 —Viij 


13. V2bz^ + 25 -Vl6x2 + 16 - Vx* + 1. 

14 . V 75 -V^ -VI +V|. 

15. Va'6“c3 +Va26V3 +Va>*6ci 

16. V (a + 6)^ — Va^ 4- — Va6^ + 6^ 

+ >y32 4.>^-V36. 


•4 




A 


18. V 32 - 
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19. +VT25 +\^ +>^135. 



55. Multiplication of radicals. Two radicals of the same * order 
may be multiplied by use of property 1 : 

<y^<yb= v'i6. 

Illustration 1. Vs Vo = V 18 = 3V2. 

Illustration 2. 

(8+vTr)(5- 3vTI) = 8-5- 8-3VuH-5\/n-3Vrr vTT 

= 40 - 24vTT+5vTI- 33 = 7 - 19v1T 

Exercise 31 


Perform the indicated multiplications and simplify. 


1. V 5 VlO. 2. 5 VS 
5. 6. Vl V2. 

9. 

11. ^ab'^c^ \ \ a^bc. 

13. (V^ -Vy)=. 

15, (5>/2 4-V'G)2. 

17. (3 -V7)(3+V7). 

19. (Vu -V7)(V5 -Vl). 

21. (5+V3)(8 -V2). 

23. ( 3 V 7 + V5)2 + (V7 - 3v/5)=. 

24. 

25. ( 1-7 +V2)(x - 7 -V2). 

/ 3 4-V5\/ 3 -V5\ 




26, x4- 


X + 


3. 4. 

7. (on/^)3. 8. (10'/3)^ 

10. (2aVlbx)3. 

12 . 

14. (4 - 3v^)2. 

16. (Vx +'s/i/)('s/x — ■n/]/). 

18. (3 -^)(4 -V5). 

20. V3(V2 +V 3 +V6). 

22. (7 +V3)(l + SVS). 


27. Find the value of 5x^ — 13x — 1 if x = 1 — V2. 


* Sec Art. 57 for the case in which their orders are different. 
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28. Find the value of — 5a: + 3 if x = 


5 -vl3 


29. Show by use of substitution that — “ is a root of the equation 

4x2 - 6x + 1 = 0. 


^ b \/ ^2 _ 4 flC 1 

30. Show by use of substitution that r is a root of the 

2a 

equation ax^ + ox + c = 0. 

56. Division of radicals, rationalixing denominators. Two radicals 
of the same * order may be divided by use of property 2: 

_ "ia 

<yb ~ Vb’ 


Illustration 1. 




Illustration 2. 


</2x 

VI ^ 
VI 


2x 


153 
3 '3 


■v/i5 

3 


If a radical occurs in the denominator of a fraction, we can 
rationalize the denominator (free it of radicals) by multiplying the 
numerator and denominator by a suitable quantity. 

VO V5 \/l5 

Illustration = 

Illustration J,. ^ ^ ^ ^ 

2 2 ^/6 2V6 V6 

Illustration 5. = — = . —7= = 

v'g VB Vb h 3 

In obtaining a decimal approximation for an expression involving 
radicals, it is desirable to have the denominator free of radicals 
before performing the computation. Notice, in Illustration 5, the 


Illustration 5. 


labor involved in computing 


v/fi 2.449 


as in contrast to the 


simplicity of computing = .816. 


* See Art. 57 for the case in which their orders are different. 
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If the denominator of a fraction is a binomial in which one or 
both terms are of the form aVb, multiply the numerator and de- 
nominator by the denominator with the sign of the second term changed. 
This rationalizes the denominator. 


Illustration 6. 

5 V 7 +V 3 ^ 5a/7+V^ V7+v^ 

V 7 -Vz~ v^-V 3 '\/ 7 -f \/3 

^ 5v^v/7+ 5 v7\/3+V3 v7+\/3V3 

(V7)=-(V32) 

35 + 5v^ + + 3 38 + 

7-3 “ 4 

19 + 3V^ 

2 


Exercise 32 


Perform the indicated divisions. Rationalize all denominators. 


1 . 

5. 



9 

v' 8 ^ 





2. 

•^22 

3. 

v7 





4. 



Ml 


vT4 


V 5 


10 

7. 

v] 


4 

6. 

V 5 


8. 



\ -21 


\'71x^ 


Vljf/ 

10. 

1 

11 . 

» / ' 

12. 

J V 


V 14 


vUx 


V2yz 

14. 

V a*x^ 

15. 

1 

16. 

Vfl +V6 

5 , 

\ ax^ 

2v3 +V7 

Va — v'5 



Vj -V 5 



4 4-V3 

2 +v^ 



Vo -l-Vo 

V 2 



6 - 2 V 5 

3 -V 5 ' 



v^O - 2V3 

4>/;3 - 5 V 2 



1 

V 3 4 -V ^2 - 1 


• Hint: Multiply top and botUun by V3 +V2 + 1. 
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Use Table I to compute to three decimal places the valve of each of the following 
expressions before and after rationalizing the denominator. 




1 

V2’ 

1 

2VIO 


24. 

27. 5-^- 28. 

5 + 2V7 


14 

1 

2V3 - V2 


57. Changing the order of a radical. Two or more radicals having 
different orders may be reduced to radicals having the same order. 
This is accomplished by the use of fractional exponents. The com- 
mon order of the radicals is the L.C.M. of their original orders. 

Example 1. Arrange according to size; v^, 

Solution. The L.C.M. of the orders 2, 3, and 6 is 6. 

x/5 = 5^ = 5^ =v^ 

■^u = 11^ = ii« 

Since 121 < 125 < 130, it follows that 

<VE <v^l30. 

To multiply or divide two radicals with different orders, first 
change them to the same order, then apply property 1 or property 2. 

Illustration 1. 

</2x = (2x)h‘ = (2i)Ai^ = 

a® 
a® 


Illustration 2. 


^{2xy 

Va^ f.in} a- 





a 


58. Miscellaneous operations on radicals. A root of a radical 
may be simplified by use of property 3. 

Illustration 1. 

V 49“^ 100.c^ = vTo V -^I00x» = 7^^1001^= 7vl0x^ 

= 7x2vT0x. 

A factor can be introduced under a radical sign. 

Illustration 2. 2a 8a^ y/^a = V40^. 
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This operation, which does not simplify the radical, can be used 
in comp^ing the size of two quantities. For example, 5\/3 is larger 
than 6v2 because dVs = VtS, whereas 6\/2 = \^. 


Exercise 33 

Change both radicals to the same order. State tchich radical is the larger. 

1. V2, \''6. 2. Vl, 3. Vs, 4. \/4, 

Perform the indicated operations and simplify. 

5. y/a \^. 6. 'v'^. 7. v'2 \ 2. 8 


9. V2^. 


10 . 



11 . 


17. 




Vx 
Simplify. 

21 . 

24. ^81 >^4^. 


18. 




15. 


19. 


vTo 


8 . 

12 . 

16. — . 
Va2 

VTo 


20 . 




22 . 

25. 


23. •^27vfe 
26. '^64vi2ox® 


Introduce all coefficients under the radical signs. 
27. lOxV^. 28. 2a\^^. 


3x / - 


31. xv'a - x2. 


29. 5a2v 2a2. 
32. 2x3 \/2?. 


33. Find the decimal value of 2vT5 after introducing the 2 under the 
radical. 


59. Complex numbers. It has been demonstrated (Art. 47) that 
a negative number cannot have a real square root. In order to solve 
certain kinds of equations (such as + 1 = o), we introduce a 
new type of number — an imaginary number. For our convenience 
we shall use the letter i to designate V^. Then i is a number 
whose square is — 1. 

Definition. 

Consequence. 


1 =V-1. 
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Square roots of negative numbers can be expressed in terms of the 

imaginary unit i. Thus and = 

\/7 V^\ = iV 7 . Such numbers as V— 9, and are 

called pure imaginary numbers. In general, 


A pure imaginary number is a square root of a negative number . 

Illustration 1. The two square roots of -9 are ± V-9 = ±Zi. 

In solving the equation + 34 = 0,* we obtain as one of 

the roots x = 3 + 5f. Notice that if 3 + 5t is substituted for x in 
the equation x^ — 6x + 34 = 0, we get 


(3 + 50' - 6(3 + 50 + 34 = 0 
9 + 30i + 251-2 - 18 - ZOi + 34 = 0. 


If is replaced by — 1, we obtain 

43 H- 30f - 30t - 43 = 0. 

This shows that 3 + bi is a perfectly good root of the equation pro- 
vided we understand that i is a number whose square is —1. A 
number (such as 3 + 50 that is the sum of a real number and a 
pure imaginary number is called a complex number. In general, 

A complex number is a number of the form a + bf, where a and 6 
are real numbers and i = ^ — 1. If a = 0, the complex number 
a-\-bi becomes bi, a pure imaginary number. If 6 = 0, the complex 
number aA- bi becomes a, a real number. Hence we see that real 
numbers and pure imaginary numbers are special cases of complex 
numbers, li b 7 ^ 0, the complex number a + is called an imag- 
inary number, t 

Before performing any algebraic operations on complex numbp 's, 
we should write them in the form a-\- bi. Thus, — 7 — v“81 — 
— 7 — \ — 1 = — 7 — 9f. This procedure is suggested to avoid 

mistakes such as V— 3 y/—Z = V (— 3)(— ^ = 3. This_J| 

obviously incorrect because, by the definition of square root, 


* See Art. 63. . . ^ 

t It is unfortunate that the term “imaginary” was applied to these numoers. 

In a certain sense, is no more imaginary than -1. A negafive 

furnishes a convenient way to indicate a debt or a deficit. So>callea imaging 
numbers are very useful in science, especially in the theory of alternating c 
rents in electricity. 
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is a number which when multiplied by itself becomes — 3. The correct 
way to handle this is 

= iV3 ■ iVs = Si^ =-3. 

The result agrees ^\ith the definition of square root. 

In performing algebraic operations on complex numbers, treat i like 
any other letter, but replace (whenever it appears) mth —1. 

Illustration 2. 

(2 + 3t) + (5 - 90 = (2 + 5) + (3 - 9)i = 7 - Gj. 
Illustration 3. 

(2 + 30(5 - 90 = 10 - 3f - 271* 

= 10 - 3i -b 27 (since i^=- 1) 

= 37 - 3l 

To compute positive integral powers of i, remember that 2 ? = — 1. 
Hence 

(i2)2=(_l)2= 1 

= i* • i = i 

i^=i*'i^= 1(-1)=-1 

j-23 = j20 . ^ = _ jT, 

Obviously any positive integral power of i is equal to one of the four 
quantities: 1, —1, i, — t. 


Exercise 34 

Express in terms of i. 

1. 2. >/^. 3. 4. 

5. V^. 6. v^. 7. 8. 

State the two square roots of each number. 

9. — 121. 10. — 11- -fi;- 12. 13. 

Perform the indicated operations and simplify. 

13. (4 + 90 + (- 1 - 70- 14. (3 + 0 - (2 - 50- 

15. (8 - 50“. 16- (8 + Oi- 

17. (7 - 0(4 + 0 - 18- (2 - 60 (- 7 + 0- 
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19. (5 + 3i)(5 -3i). 20. (1 + 

21. i\ 22. i”. 

23. 24. 

25. Find the value of — lOx + 26 if x = 5 + i. 

26. Find the value of x^ + 12x + 37 if x = —6 + i. 

27. Show by substitution that — 3 + 2i is a root of the equation 
x2 + 6x + 13 = 0. 

28. Show by substitution that J — Zi is a root of the equation 
4x^ — 4x + 37 = 0. 

29. Show by substitution that | + iV5 is a root of 9x^ — 12x + 49 = 0. 

30. Show by substitution that — 1 — is a root of x® = 8. 

Express each of the following complex numbers in the form a + hi and state 
the values of a and b. Identify the number as real or imaginary. If the number 
is realy classify it as rational or irrational. If the number is a pure imaginary, 
identify it as such. 


31. } -v/-lG. 

32. 

1947. 

33. -44. 

35. 1 +v'2. 

34. 

36. 

V-28. 

-f +V-100. 

37. V'-oO. 

38. 

5 

39. 0. 

40. 



Exercise 35 

(Miscellaneous problems on exponents and radicals.) 

Simplify. 



1. (A)^- 

64i 

4 • 

3. -8^. 

4. (-125)1 

5. (100x‘“)^. 

6. (27x2')l. 

7. 36“i 

8. 100“^. 

9. (i)-^. 

10* (^V) 

sr- 

\x“/ 

13. 28 - 3 ■ 4l 

14. 10 ■ 64^. 

15. 6® + 48 • 2-\ 

16. 28 - 18 • 3-2. 

17. r® - 8~5. 

18. 0^ - 
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19. (1)-^ 
22. 16 - 


25. 


28. 


1 - 25x-^ 
5-1 + x-2 



31. 


Veo 


34. 


\^2a6-‘ 

\/32a®6-® 


”• HI - 4 

40. x'a/— + v^. 

X 

43. (2\/7 - 3Vn)2. 


45 






,48 


128x» 


81 

49. V^. 

51. (2r2^)3. 


53, V36x-*« + 9. 

55. \^. 


57. 


59. Reduce 


1 


20 , 


23, - 



21 . 3-2 + 4 - 2 . 


5x-i 


26. 


29. 


(7x)-‘ + 9y-2 
1 

x« + 9x-i + x-2 
2 


32. 


v8 


24. 


27. 


30. 


(g + 6)-^ 

a-2 + 6-2 




v6 

5/ 


V18y 


33. 


V 44x7/' 


35. V3xy >/21x. 


38. -V'^. 


36. v''4x2f/ V Gx2^. 


39. v^88x« - x3 


41. 


8 -V2 

4 -V2 


42. 


6 - V 49 
5+V49' 

44. (\/2+\/6)(7+V3). 


46. 


48. 


f52x'^ 


!/ 


.10 


4 l 32xY’ 
xY 


50. v^9x‘^ 


52. (5a^VxV)V 
54. \^8 + 04x-^ 


56. 




58. V(e‘ - e-^)2 + 4e®. 




1 2l_ 


+ 1 + 


60. Reduce ^ 

1 — X2 


Vx2 + ij 
1 

(1 - x2)T 


to Vr 


+ 1 . 
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60. Quadratic equations. A quadratic (or second-degree) equation 
in X is an equation that can be written in the form 

ax“ + bx + c = 0, 

where a, h, c are expressions that do not involve x, and a 0. The 
following are examples of quadratic equations m x\ 

7x2 - 8x - 9 = 0. 3x2 + = 0. 4x2 = 11. 6x2 = Q. 

What are the values of a, b, c in each equation? 

61. First-degree term missing. To solve a quadratic equation in 
which the first-degree term is missing, first solve for x 2 , then extract 

square roots. 

Example 1. Solve for x: 4x2 _ 7 q 
Solution. 4x2 — 7 


X2=l 



The double sign + (read “plus or minus”) indicates that the two 
roots of the equation are + 
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Example 2. Solve for x: 3a;2 + 5 = 0. 


Solution. Zx^ = — 5. 



The roots of this equation are the pure imaginary numbers — 

, -zVTs ^ 

and — 


62. Solution by factoring. The following principle is useful in 
solving certain kinds of equations. 

// the product of two or more quantities is zero , then at least one of 
the factors tnust be zero* Thus if uv = 0, we must conclude that 
either u - 0 or y = 0. 

To solve a quadratic equation by factoring. 

1. Make one side of the equation equal to zero by transposing terms. 

2. Factor the other side of the equation (if possible). 

3. each factor equal to zero and solve the resulting linear equations. 

Example 1. Solve for x: 36 = 60x + 24. 

Solution. 36^2 — 60z — 24 = 0. 

Zx^ ~ ox — 2 = 0. 

(3i+ l)(x- 2) = 0. 

3x + 1 = 0 or X — 2 = 0. 

The roots are x = — J- and x — 2. 

Check for X =-^: 36(-^)2 = 60(-§) + 24. 

36(i) = - 20 -h 24. 

4=4. True. 

Check for X = 2: , 36(2)2 = 60(2) + 24. 

36(4) = 120 + 24. 

144 = 144. True. 

• Note that the product must be zero. If uv = 6, no conclusion can be drawn 
as te the values of « or y independently. For example, u can be 3 or 6 or 10, in 
which case p is 2 or 1 or ^ respectively. 

Note also that it is the product of the quantities that must be zero. If the swm 

of two quantities is zero, it does not necessarily follow that one of the.se quantities 
IS zero. ^ 
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Example 2. Solve for x: 3x^ = 2x. 

Solution. Sx^ — 2x = 0. 

x(dx — 2) = 0. 

X = 0 or 3x — 2 = 0. 

The roots are x = 0 and x = f . The student should check the roots. 

Incorrect solution. 3x^ = 2x. Divide both sides by x; 3x — 2, 
X = In the incorrect solution, the root x = 0 was lost. See Art. 28, 

111. 4. 

If both factors give the same root, the equation is said to have 
a double root, i.e., it has two equal roots. Thus the equation 
x- - lOx + 25 = 0 has 5 as a double root. 


Exercise 36 


Solve for x and check if directed by the instrucUtr. 


1. 5x2 = 55. 

3. 3x2 + 48 = 0. 

5. x2 + 15 = 3 - x2. 

7. 2x2 + 11 = 5x2 7. 

^'4 X 10 5x' 

11. 16r2x2 + §2 = 


2. 7x2 = 14. 


4. 

6 . 

8. 




4x2 + 12 = 0. 

2x2 - 5 = 6x2 + 4. 
4x2 = 3 - xK 

^ _i. J- = 1 - 
6 4x X 2 

ah? — a — x2 + !• 


Solve for x by factoring. Check all roots. 

13. x2 - 5x - 6 = 0. 14. 

15. x2 + 11x4-28 = 0. 16. 

17. 40x2 - 48x + 8 = 0. 18. 


19. x(7x + 5) = 2. 

21. 9x2 _|_ 60x + 100 = 0. 
23. 3x2 + 5 = iQx. 

25. 4x2 _ 5x. 

27. 8x2 + 3x = 0. 



x + 2 1 

x2-5x + 4'^x-l 



31. x2 + 186x + 4562 = o 




24. 

26. 





x2 - 5x + 6 = 0. 
x2 + 2x - 15 = 0. 

18x2 + 42x + 12 = 0. 

4x(x — 1) + 1 = 0. 

5x2 _ 32x + 21. 

—11x2 = 18x + 7. 

9x2 = 6x. 

2x - 7x2 = 0. 

x2 + 6x + 9 x2 + 3x X 
48a2x2 — 8a6x — 62 = 0. 



ART. 63 


SOLUTION BY COMPLETING THE SQUARE 


109 

63, Solution by completing the square. A quadratic equation 
can be solved by factoring, only if one side is factorable when the 
other side is zero. A quadratic equation can always be solved by a 
process called completing the square. 

The expression x- + qx will become a perfect square if we add 

4 

This gives x^ + gx + ^ which is the square of ^ The terra 


that was added 


is which i 


is the square of half the coefficient of x. 


Illustration 1. To complete the square of x^ — Jx, add f)]- = 
[- il" = A- This gives x^ - |x + ^ or (x - f )2. 

Note that this method applies only when the coefficient of x“ is 1. 

To solve a quadratic equation in x by completing the square. 

1. Place all terms involving x on the left side. Place all other terms 
on the right side. 

2. Divide through by the coefficient of x-. 

3. Add to both sides the square of one-half the coefficient of x. This 
completes the square on the left side. 

4. Write the left side as a perfect square. 

5. Take the square root of both sides, using the double sign on the 
right side.* 

Example 1. Solve for x: Sx- + 6x — 5 = 0. 

Solution. 8x- + 6x = 5. 

.r2 4_ 3 r — -5- 
^ ^ t-T — 8- 

The coefficient of x is Half of J is §. Add (f)- to both sides. 

x^ + lx+ iir = f + ^, 

(x + §)^ = n- 

x+^s=±l 

Hence a:=-§+| = f=J. 


T= — -t — — 10 g 

8 8 ~ ^ 1- 

The .student should check the roots | and — J. 

• If the double .'^ign is ased on both sides, the four resulting equations are 
equivalent to the two equations that develop from Step 5. 
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Example 2. Solve for x: Sx* + 2 = 8x. 

Solution. 5x2 _ =—2. 

Half of — f is — Add (— 1)^ = ^ to both sides. 


X^-#X+M=- 1 + 


“ !■ 


6 



- ir = A- 



4 , V6 

^ = 5±-r‘ 

The .h„. reef „ i±^ end 


i+Ve 


The approximate roots, correct to three decimal places, are 

^ = 1.290 and ^ = 0.310. The student should 

5 5 

check one of the exact roots. 


Exercise 37 

Solve for X by completing the square. Check as directed by the instructor. Use 
Table I to approximate irrational roots to three decimal places. 


1. x2 - lOx 4- 22 = 0. 

3. x2 + 2x - 6 = 0. 

5. x2 - 8x + 25 = 0. 

7, x2 _ i2x - 864 = 0. 

9. 9x2 + 6x - 35 = 0. 

11. x2 - 3x - 1 = 0. 

13. 3x2 = 4x + 1 . 

15. 12x - 9x2 = 104 ^ 

17. 2x2 - 5x + 1 = 0. 

19. 4x2 + 12x - 5 = 0. 

21. Given the equation x2 — 2x — 
X. (6) Solve for x in terms of y. 

22. Given the equation y^ — Oy + 
X. (b) Solve for x in terms of y. 

23. Solve for s = Vot + ^gtr. 


2. x2 + 6x - 1 = 0. 

4. x2 - 12x + 31 = 0. 

6. x2 — 4x + 5 = 0. 

8. x2 + 8x - 384 = 0. 

10. 25x2 - 20x - 12 = 0. 

12. x2 + 5x + 2 = 0. 

14. 2x2 = 4x + 1. 

16, 4x — 4x2 = 101. 

18. 5x2 + 3x - 4 = 0. 

20. 6x2 - 3x - 2 = 0. 
y2 _ e == 0. (a) Solve for y in terms of 

x2 5 = 0. (a) Solve for y in terms of 
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64. Solution by the quadratic formula. We shall now solve the 
general equation + 6x + c = 0 by completing the square. This 
will provide us with a formula which may be used to solve any 
quadratic equation. 

or* + + c = 0. 

ax^-\-bx = — c. 

fib c 

H — T = 

a a 


/AY = A_ _ £. 


'a ^ \2a) 4a2 a 

__ — 4flc 

2a) - 4a2 


(• - B' = 


x-\- 




V — 4ac 


4a2 


6 , Vb^ — iac 
^ 2a ~ 2a 


X = 


~ h ± — 4ac 

2a 


The roots of the general quadratic equation 

ax^ + hx + c = 0 


are 


X = 


— b± \ b- — 4ac 
2a 


This is the quadratic formula. It should be memorized. 

To solve a quadratic equation by use of the quadratic formula, 
write the equation in the standard form ax^ + + c = 0, list the 

values of a, b, c, and then substitute in the formula. 

Example 1. Solve for x: 3x^ = 8x + 5. 

Solution. Sx^ — 8x — 5 = 0. 

In this case, a = 3, 6 = — 8, c = — 5. The formula gives us 


X 


-(-8) ±V(-8p-4(3)(-^ 


8 ±VT24 


6 


2\/3T 


G 


6 


3 
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Exercise 38 


Solve for x by using the quadratic formula. Check as directed by the instructor. 


1. + 3x + 1 = 0. 

3. - 30x + 216 = 0. 

5. - Iftc + 34 = 0. 


2. - 7x + 4 = 0. 

4, x^ + 2ix + 119 = 0. 

6. + 8a: + 41 = 0. 


7. + 2x = 3. 

9. 2x^ = 5a: + 1. 

11. a:^ — X + 1 = 0. 

13. 4a:^ — 4a: — 1 = 0. 

15. - 4a: - 2 = 0. 

17. 3a:2 + 2x - 2 = 0. 

19. Sx^-\-7hx + h^-l=- 0. 

21. Solve for y in terms of x: 2x^ 

22. Solve for x in terms of ?/: x^ • 


8 . lOa:^ = iix - 3, 

10. 3x* = 5a: + 1. 

12. a:2 - 7x + 13 = 0. 

14. 2a:2 - 6a: - 1 = 0. 

16. 2a:2 — 4a: — 3 = 0. 

18. 3i2 + 4a: - 6 = 0. 

20 . bh'hc'^ -6hx - 2 = 0. 
- 5xj/ -h + 4a: - y = 7. 
Sxy + y^ -x-\-2y = 4. 


65. Solution of quadratic equations. If a quadratic equation con- 
tains no first-degree term, it should be solved by extracting square 
roots (Art. 61). A quadratic equation should be solved by factoring 
only if the factors can be easily recognized. All other quadratic 
equations should be solved by completing the square or by use of 
the quadratic formula. The method of completing the square is 
usually quicker in case the coefficient of is 1, especially if the 
coefficient of x is an even number. For example, the equation 

— 4a: — 396 = 0 can be solved more quickly by completing the 
square than by the quadratic formula. This equation should not be 
solved by factoring because the factors are not easily recogmzed, 

66. Stated problems. In solving a stated problem we sometimes 
encounter a quadratic equation. The two roots of this equation 
should be checked against the conditions of the original problem 
rather than in the resulting equation. Sometimes one or both solu- 
tions must be rejected because they lack interpretation in the light 
of the given problem. 

The student should review .\rt. 30 before proceeding. 
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Example 1. A ship leaves port at noon and sails east at 10 miles 
per hour -\nother ship leaves the same port at 1 p.m. and sails 
north at ‘K miles per hour. When are the ships 50 miles apart? 

SoliUio- 


Let t = number of hours that elapse between 1 p.m. and 

the instant when the ships are 50 miles apart. 
Then !(• + lOi = number of miles first ship is east of port. 

And 20t = number of miles second ship is north of port. 


The Pythagorean theorem gives us 

(10 + 100 ^ + ( 20^)2 = 502 , 
which reduces to 

5/2 -h - 24 = 0. 

The roots of this equation are 
t=2 and 

The solution i = 2 is acceptable because it 
satisfies the conditions of the problem. The solution t = — 2-| rnu.st 
be rejected because the position of the second boat is not defined for 
negative values of t. 

We conclude that the ships are 50 miles apart at 3 p.m. 



Exercise 39 

Solve by the most convenient method. 


1. 

i2 - 16 = 0. 

2. 

+ ] 

16 = 0. 


3. 

— IGx = 0. 

4. 

7x2 = 

0. 


5. 

10a:2 + 501 - 140 = 0. 

6. 

12x2 - 

- 36x - 120 = 

0. 

7. 

x2 - 14r + 65 = 0. 

8. 

2x2 + 

6x — 3 = 0. 


9. 

3j 2 - 4x - 8 = 0. 

10. 

4x2 - 

4x - 7 = 0. 


11. 

+ l.Qx - .36 = 0. 

12. 

.5x2 _ 

■ .7x — .255 = 

0. 

13. 

2 2 

Solve fory: ^ = 1. 

or 0^ 





14, 

Solve (a) for i/, ' 

(6) for r. 





15. Solve for s — 

16. Solve for r: V — itr^h. 
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Solve for x and check all roots. 






15 


^ -Uo. 


— 1 — 6 1 — 3 2 

7 


_ + ^ + i = 0. 

x2-5x + 6 x-2^3 

^ + ^ + ? = 0. 

x2-3x + 2^x-12 


11 5x 


17 


4x - 8 4x + 8 2x2-8 




X + 4 X + 2 
x2-x-2'^x + l 




4x2 _ 1 
x2 — 6x + 8 



- 2 ^ 0 . 


23. A rectangle has an area of 288 square feet. Find its dimensions if the 
length exceeds the width by 2 feet. 

24. One leg of a right triangle is 4 feet less than the hypotenuse. The other 
leg is 8 feet less than the hypotenuse. How long is the hypotenuse? 

25. A cement sidewalk is to be laid around a rectangular garden that is 
20 feet long and 12 feet wide. Find the width of the walk if its area is to 
be 144 square feet. 

26. A rectangular lawn is 40 feet long and 30 feet wide. A boy cuts the gra^ 
by starting on the edge and mowing around the perimeter. How wide will 
the mowed strip be when half of the lawn has been cut? 

27. The sum of the squares of three consecutive positive integers is 302. 
Find the integers. 


28. Find two consecutive odd integers whose product is 399. 

29. An airplane traveled 48 miles with the wind and then returned to its 
starting point against the wind. The wind velocity was 20 mph. If the 
round trip required 1 hour, find the plane’s airspeed (speed in still air). 


30. A motorboat required 1 hour to travel 8 miles upstream and 6 miles 
back on a river whose current flows 3 mph. How fast can the motorboat 
travel in still water? 

31, A man traveled 60 miles by auto and then covered the remaining 
490 miles of his journey by plane. The plane’s speed was 100 mph greater 
than that of the auto. If the entire trip required 5 hours, find the speed of 

the auto. 
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32. A train travels 100 miles in 50 minutes less time than it takes a bus to 
cover the same distance. Find the speeds of the two vehicles if the train 
moves 20 mph faster than the bus. 


33. A railroad track crosses a highway at right angles. A train is 8 miles 
from the intersection and approaches it at 2 miles per minute. An auto is 
7 miles from the crossing and is leaving it at 1 mile per minute. In how many 
minutes will the train and auto be 10 miles apart? 

34. A ship leaves port at 2 p.m. and sails south at 10 mph. Another ship 
leaves the same port at 4 p.m. and sails west at 10 mph. When are they 
60 miles apart? 

35. The number of diagonals of an n-sided polygon is — 3). How many 
sides has a polygon with 65 diagonals? 

36. The area of the L-beam in Fig. 12 is 10.25 square inches. Find x. 

37. A group of people rented a hall 
for S30.‘When two people decided not 
to participate, the share of each of the 
others was increased by S0.50. How 
many people were in the original 
group? 

38. A rectangular piece of tin is 
twice as long as it is wide. From 
each corner a 3-inch square is cut. 

The sides and ends are turned up to 
form an open bo.x with a capacity of 
648 cubic inches. Find the dimen- 
sions of the piece of tin. 

39. If an object is thrown vertically upward with a velocity of I'o, then at the 
end of t seconds its distance above the starting point is 

s = vd - 

where s is in feet, co is in feet per second, and ^ = 32 appro.ximately. 

A bullet is shot vertically upward from the earth with a velocity of 96 feet 
per second. In how many seconds will the bullet be 128 feet above the 
ground? Explain the two solutions. 

40. If an object is thrown vertically downward, the formula in Prob. 39 
becomes 

where s is the distance below the starting point. 

(rt) A dive bomber traveling 480 feet per .second vertically downward 
releases a bomb 1024 feet above the earth. How long will it take the bomb to 
reach the earth? (6) How long would it take the bomb to reacii the earth if 
it had been released by a bomber flying in a horizontal plane? 


M 







12 '^ 



no. 12 
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41. A grocer paid S40 for several bushels of fruit. After discarding 3 bushels 
that spoiled, he sold the remainder at a profit of 40 cents per bushel. How 
many bushels did he buy if he gained S4 on the transaction? 

42. An army 3 miles long is marching 4 miles per hour. A messenger leaves 
the rear and runs to the front of the column. He returns immediately to 
the rear and arrives there exactly 1 hour after he left. How fast did the 
messenger travel? 

67. Equations involving radicals. An irrational equation is one 
that contains the unknown in some radicand. In solving an irra- 
tional equation that involves square roots, it is usually necessary 
to square both sides of the equation. This operation may lead to 
extraneous roots (Art. 28, III). Whenever an equation is squared, 
all results should be checked by substitution in the original equation. 

Illustration 1. The only root of the equation x-3 = 2isx=5. 
If both sides are squared, we get — 6x + 9 = 4, the roots of 
which are x = 5 and x = 1. The value x = 1 was introduced by 

squaring. 

To solve an irrational equation involving square roots. 

1. Isolate the most complicated radical by placing it alone on 

one side of the equation. 

2. Square both sides of the equation. This eliminates the radical 
that was isolated. 

3. Repeat Steps 1 and 2 until all radicals have been eliminated. 

Solve the resulting equation. 

4. Check each value in the original equation. 

A similar method applies to radicals of higher order. 

Example 1. Solve: S'n/x -|- 4 = x. 

Solution. SVx = X — 4 

Square: 9x = x^ - 8x + 16. 

x2 - 17x 4- 16 = 0; (x - l)(x - 16) = 0. 

The possible roots are x = 1 and x = 16. 

Check for X = 1 : 3 vT -|- 4 = 1 

7=1 False. 

Hence x = 1 is an extraneous root. 

• Or raised to any positive integral power. 
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Check for x= 16: SVle-h 4 = 16 

12 + 4 = 16 True. 

Co7iel}m(m. The only root of the given equation is x = 16. 

It should be remembered (Art 48) that or ai means the 
"positive square root. 

Example 2. Solve: y/Ax~\- 1 + = 3. 

Solution. V4x + 1 = 3 — Vx — 2 

Square: (V4x -|- 1)2 = (3 

+ 1 = 9 — bv'x^— 2 + X — 2 
Isolate radical: 3x — 6 = — bVx — 2 

Divide by 3: x- 2=-2\/x^ 

Square: — 4x+4 = 4x — 8 

x2 - 8x + 12 = 0; (x - 6)(x - 2) = 0. 

The student should check both possible roots and show that x = 2 
is the only solution. 


Example 3. Solve: V3x -}- 3 = Vx^-f- 3 -j-VJ. 


Partial solution. 


Square: 

Isolate radical: 
Square: 


3x + 3 = x +3 + 2V ^ + 3)x + x 
X = 2\/x2 -f' 3 x 
x 2 = 4x2 4 . i 2 x. 


The student should finish the problem and show that the 
X = 0 and x = — 4. 


roots are 


Sometimes we can tell by inspection that an irrational equation 
has no root. For example, the equation VSi + 7 = -2 cannot have 
a solution because the left side must be positive or zero by our defini- 
tion of va (Art. 48). It cannot equal —2. 

If an equation involving radicals is not an irrational equation, it 
can be solved without squaring. For example, 3x2 _ ^ 0 

should be solved by factoring; x(3x - VS) = 0. Hence x = 0 or 
5 V 5. Is it necessary to check these values to see if anv are 

extraneous? 

If an equation involves fractional exponents, it can sometimes be 
solved by taking the proper power of both sides of the equation. 
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Example 4. Solve; (llx — 6)^ = 8. 

Solution. Take the ^ power of both sides of the equation. 

[(llj- 6)^]^ = 8^. 
llx - 6= 16. 

llx =22, X = 2. 

This value satisfies the given equation. 


Exercise 40 


Solve. 

1. V2j + 3 = 5. 

2. Vllx -2 = 4. 

3. 2x + 4 V 7 = 0. 

4. 2x = 6 V 5 , 

5. Vs — X = —3. 

6. Vx + 7 + 5 = 0. 

7. x^ = 3xV2. 

8. x^ + 2xVn = 0. 

9. oVx + 1 = 4^1 -^2. 

10. 3V'4x + 3 = 2 V 8 X + 7. 

11. 3Vx+ 10 = X. 

• 

1 

II 

H 

13. Vx + 1 = V3x - 1. 

14. Vx + 4 =V2x+ 1 + 1. 

15. V2x + 5 -V2x + 1 = 1. 

16. V3x - 5 =V3x - 1 - 1. 

17. VSx + 1 =V2x -1 + 1. 

18. V'2x - 2 = Vx + 6 - 1. 

19. oVo: + 1=3 + 2V4x + 1. 

20. V 4 - 3x - V2 - X = 2. 

21. V7x + 4 =V5x +1-3. 

22. V2x - 5 = Vqx +1 + 3. 

23. VGx - 4 = Vx - 1 +V2x. 

24. V2x + 4 = V5x + 7 -V'x-T 

25. Vx + 5 = VCx — Vx — 1. 

26. VVx + 3 +\'x - 5 = 2. 

27. 3Vx +Vx - 4 = 2Vx -f- 0 . 

28. V2x + 1 = V6x + 2 -v2x. 

29. V'2x + 5 +Vx + 2 = 4. 

30. X’ = 32. 

31. x^ = 10,000. 

32. (2x + 1)^ = 27. 

33. (3x - 1}^ = 4. 

34. Solve for y. x^ 


68. Equations in quadratic form. The equation 

ax^ bx c — 0 
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IS said to be a quadratic in x. An equation involving x is said to hp 
a quadratic in 1/ if it can be written in the form 

ay^ + by + c = 0, 

^•here y is some function of x, and a, b, c do not involve x. 
Illustration 1. 

- 3x). 

^ ^ 72 - 0 js a quadratic in because 

X + X -20=0isa quadratic in because x-^ = {x~^y^ 

Example 1. Solve for x: (x= - 2xY - I3x= + 26x + 40 = 0. 

Solution. Group terms; (x= - 2x)2 - I3(i2 - 2x1 + 40 - n ti ■ 
is a quadratic in (x= - 2x). Let y L 1 2I 

2/2 - 132/ + 40 = 0 
(y - 8)(2/ - 5) = 0 
2/ = 8 or 2/ = 5. 


Since y = x^ - 2x, 

x2 — 2x 
X- — 2x — 8 
(x - 4)(x 4- 2) 


X = 


8 

0 

0 

4,-2 


•2 _ 


x^- 2 x 
2 x+ 1 

X — 1 
X 


5 

6 

± V 6 

1 ±V 6 . 


The roots are 4, -2, 1 + Vo, 1 - Vq. 

Example 2. Solve for x: 2x~'‘ — IVx-^ — 9 = q 

Solution. This is a quadratic in x"-. Let y = x~^. Then x~^ 

22/- - 172/ - 9 = 0. 

{y - 9){2y + 1) = 0. 


y-. 


2 / = 9 
x”2 = 9 

X2 = 1 
•^ 9 

X = +1, 


y = -h 

x-=-l 
x= = -2 
X = + iV2. 


The roots are i iV2, ~iV2. 

Sometimes a higher degree equation can be solved by factoring. 
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Example 3. Solve for x: = 1000. 

Solution. Transpose to make right side zero: x® — 1000 = 0. 
Factor: (x — 10)(x^ + lOx + 100) = 0. 

Set each factor equal to zero: 

X = 10, X = — 5 + 5i V^. 

The third degree equation x^ = 1000 has the three roots: 

10, - 5 + 5iV3, - 5 - 5tV3. 


Exercise 41 

Solve for x by reducing to a quadratic equation in some new variable. 
1. - 15x2 _ 16 = 0. 2. + 2x2 - 8 - 0. 

3. x^ - 81 = 0. 4. 16x-^ - 17x-2 + 1=0 

5. X-* - lOx-2 +9 = 0. 6. x-2 - 3x-> - 10 = 0. 

7. x^ + xi - 6 = 0. 8. X -Vx - 20 = 0. 

9. x^ - 5x^ + 6 = 0. 10. x^ - 3x^ + 2 = 0. 

n. (x2 - 3x)2 - 2(x2 - 3x) = 8. 

12. (x^ - 10x2)2 _ 2{x* - 10x2) _ 99 = 0. 

13. (x2 - 6x)2 + 12x2 _ 72a: + 35 = 0. 

14. 9{x2 + 4x)2 + 2x2 + 8x = 11. 


15. ^ 


x2 - 12\2 /'x2 - 12 


2x + 3 


!)• + ..( 


2x + 3 


) ^ “• 


16. - 9 + 14 = 0. 

- m ^ 

18. ^2x - ~J - 0 ^2x -^ = 27. 

19. (x2 + 7x + 4)2 + 8x2 + 56x + 44 = 0. 

20. (x2 - 3)(x2 - 4) = 6. 


.2 _ 


21 . 


X + 5 




x2 — 7 X + 5 1 

Hint. Let y = — ; then 


X + 5 


x2 - 7 y 
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'j + 7 
1 + 1 



' x + 1 
x-h7 



23. = 1. 


(x* — 4xy — 4x 


24. 


4x2 


5x 


(x2-6)2 X2~6 


+ 1 = 0. 


Solve for x by factoring. 

25. x3 - 10x2 4- 24x = 0. 
27. x2 = 1. 

29. 27x2 + 64-0. 


26. 5x2 _ 2ix* 4- 2x = 0. 
28. x2 + 8 - 0. 

30. 8x2 ^ 125^ 


69. Character of the roots. When we encounter a quadratic 
equation, it sometimes happens that we are not interested in the 
values of the roots but rather in their character. Are the roots real 
or imaginary, equal or unequal, rational or irrational? 

In Art. 64 we proved that the roots of the equation 


are 


+ hx + c = 0 



— b + V y — 4 qc 
2a 


and 



— b — \/i>2 __ 

2a 



The quantity b= - 4ac which appears under the radical sign is called 
the discriminant of the quadratic equation (1). If a, b, c, are real 
numbers, the character of the roots can be determined by merely 
finding the value of the discriminant. A careful examination of ri 
and r 2 leads to the following conclusions. 


If 

The roots of ax^ 4- bx + c = 0 are 

b® — 4ac < 0 
b^ — 4ac = 0 
b2 — 4oc > 0 

imaginary and unequal 
real and equal 
real and unequal 


If a, b, c are rational and b^ 4ac is a perfect square or zero, the 
roots are rational. 
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Equation 

Discriminant 

Character of the roots 

x2 + 3x + 7 = 0 

1 

11 

1 

imaginary and unequal 

9x2 _ 30x + 25 = 0 

(-30)2 _ 4(9)(25) = 0 

1 

real, equal, and ra- 
tional 

3x2 - ox - 2 = 0 

(-5)2-4(3)(-2) = 49 

real, unequal, and ra- 
tional 

2x2 - 7x + 1 = 0 

II 

1 

real, unequal, and irra- 
tional 


70. Sum and product of the roots. The sum of the roots of the 
equation ax~ + bx c ^ 0 is - the product of the roots is -■ To 
prove this, recall that 


^ _i_ 


h- - 4ac . b y/b^ - ^ac 

—— and r.=-^ ^ 


Adding, we get 


, 6 b _ 2b _ b 


=(-a’-( 


Sv ^ Z. _ 

) 4a- 


b^ — 4ac 4ac _ c 
4a2 “ 4a2 a 


Multiplying, we obtain 

/ bV fVb^ - 4acV - 4ac _ ^ ^ 

' I 2aj \ 2a j 4a2 40^ 40^ a 

These results are useful in checking the roots of a quadratic 
equation. 

Example 1. Without solving, find the sum and product of the 
roots of 81- = 2x + 3. 

Solution. Write in the standard form ax‘ bx c = 0: 

8x2 - 2x - 3 = 0. 

, b -2 1 

Sum of roots = = ^ — t* 

a o -1 

c —3 3 

Product of roots = - = ~ “ o* 

a 8 o 
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Example 2. Given the equation + 2kx — Sx ~ 3k = 0, where 
I is the unknown. Determine the value of k so that; 

(а) The roots \vill be equal. 

(б) The product of the roots vnll be 10. 

(c) One root will be the negative of the other. 

(d) One root will be 3. 

Solution. Write the equation in standard form : 

6a:2 + (2k — 8)x — 3k = 0. 

Then a = 6, 6 = — 8, c= — 3k. 

(a) The roots will be equal if 6^ — 4ac = 0. 

Discriminant = (2fc — 8)- — 4(6)(— Sit) = 0. 

4&2 + 40fc + 64 = 0 
k^ 4* 10^: H- 16 = 0 

k = — 2 or k ~ — 8, 

(h) Product = - = = 10, = — 20. 

d 0 

(c) If one root is the negative of the other, their sum must be 

u h 2k~ S ^ , 

zero. Hence = — =0, k 4. 

a 6 

(d) If 3 is to be a root, the equation must be .satisfied by x = 3; 

6(3)2 + {2k ~ 8)3 - 3^' = 0, = - 10. 

The student should check these results by substituting the vari- 
ous values of k in the original equation and then finding tlic roots 
of the several equations. 

71. Forming an equation when the roots are given. If the roots 

of a (UKutraiic equation are ri and r^, the equation can he written in 
the form 

(x - TiXx ~ 72) = 0, (1) 

or x2 - (ri + T2)x + rir2 = 0. (2) 

The truth of this statement can be established by solving the first 
equation. 



j^24 CH. 8 QUADRATIC EQUATIONS 

Example 1. Find a quadratic equation whose roots are | and — 

Solution. (x- + = 0. 

Multiply through by 2 • 3 to clear of fractions. 

2(x — ^)3(a: + !■) = 0. 
i2x - l)(3x + 4) = 0. 

6x2 + 5x - 4 = 0. 

Example 2. Find a quadratic equation whose roots are 3 +V5 
and 3 — V5. 

First solution. [x — (3 H-'V^)][x — (3 — v^)] = 0- 

-^][x - 3 + Vsi = 0. 

(x - 3)2 - (Vsy = 0. 
x2 — 6x + 4 = 0. 

Second solution. ri + rs = (3 +V^) + (3 — "n/S) — 6. 

= (3 + V5)(3 - V5) = 9-5 = 4. 

Substitution in (2) gives us x^ - 6x + 4 = 0. 


Exercise 42 

Use the discriminant to determine the character of the roots. Do not solve 

I. - 3x - 2 = 0. 2. 2x“ - X + 5 = 0. 

3. 4x2 _ 20x + 25 = 0. 4, Sx^ - 6x + 1 = 0. 

5. 5x2 = 2x - 3. 6. 4x2 + 6 = Hx. 

7. - x2 + 3x + 7 - 0. 8. 25x2 = 40x - 16. 

9. 5x2 = 7. 10 . 7x2 = 2x 

Find the sum and the product of the roots without solving. 

II. 3x2 + lOx -i- 8 = 0. 12. 4x2 - X - 14 = 0. 

13. - 2x2 - 7x + 4 - 0. 14. - 6x2 + 7x - 8 - 0. 

15. 5x2 - 11 = 0. 16. 8x2 = 9x. 

17. i2 = 3x + 4. 18. 6x = 7 - 2x2. 


Form a quadratic equation that has the following roots. 

19 . 7 , 9 . 20 . - 6 , 0 . 21 . 8 , 

22. 5, 5. 23. 4, -f 


24 . I 


-3. 

S' 
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GRAPH OF A QUADRATIC FUNCTION 


25. 

_1 

2» T* 

26. 

±3Vi 

27. 

5 ±V6. 

28. 

±42. 

29. 

- 7 ± r. 

30. 

2 ± 5i 

3 

31. 

3 ± I'Vo 

2 

32. 

- 4 ± 32V2 


33. Given the equation + 4 j: - 1 = 0, where x is the unknown. 

Determine the value of k so that: 

(а) The roots will be equal. 

(б) The sum of the roots will be — 

(c) The product of the roots will be 
{d) One root will be 1. 

34. Given the equation - 2kx + k 0, where x is the unknown. De- 
termine the value of k so that: 

(o) The roots will be equal. 

(6) The sum of the roots will be f. 

(c) The product of the roots will be 7. 

{d) One root will be 2. 

35. Given the equation 2x^ - Ax - k = 0, where x- is the unknown. De- 
termine the value of k so that: 

(а) The roots will be equal. 

(б) One root will be 10. 

(c) One root exceeds the other by 10. 

(d) One root is five times the other. 

36. Given the equation 3i“ -1- Qkx -|- A: + 2 = 0, where x is the unknown. 
Determine the value of k so that: 

(а) The roots will be equal. 

(б) One root will be 0. 

(c) One root is the reciprocal of the other. 

(d) The sum of the roots will be equal to the product of the roots. 

72. Graph of a quadratic function. A quadratic function of x is 
an expression of the form ax^ + ba: + c, where a, b, c are constants 
and a 9^ 0. 

The student should review Art. 35 before proceeding. 

Example 1. Graph the following quadratic function of x: 

-f 4x + 2. 

Solution. Let y represent the function of x: 

y - —x^ + 4x + 2. 
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Paragraph 2 of Art. 35 suggests a procedure in selecting the values 
to be assigned to x. 



The graph of — -f- 4x + 2 is shown in Fig. 13. 

Example 2. Graph the following quadratic function of x: 

3x2 _ 6a; _ 4. 

Solution. Let y represent the function of x: 


y = 3x2 - 6x - 4. 

The student should prepare a table of values and verify the graph 



FIG. 13 no. 14 

The curves in Fig. 13 and Fig. 14 are called parabolas. 

In analytic geometry it is proved that 

The graph of the quadratic function + 6x -j- c is a parabola 
that opens upward if a is positive, and downward if a is negative. 
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73. Graphic solution of a quadratic equation. 

Example 1. Solve graphically; Zx^ = 6i + 4. 

Solution. IVIake the right side equal to zero by transposing terms: 



( 1 ) 

( 2 ) 


, and then graph this function (Fig. 14). From the curve we see that 
2 / IS 0 (the curve crosses the x~ 


axis) when x is -.5 and 2.5, 
approximately. Notice that when 
y = 0, equation (2) reduces to 
equation (1). Hence the graphic 
solution of the given equation 
yields the roots -.5 and 2.5, 
approximately. 

Since the graphic solution of 
a quadratic usually gives only 
approximations for the real roots, 
it is generally better to solve al- 
gebraically. The graphic method 
is discussed only because it indi- 
cates a means of approximating the 
roots of higher degree equations. 

Illustration 1 and Fig. 15 ex- 
emplify the three possibilities 
that may occur in solving a 
quadratic graphically. 



Illustration 1. 


I 

II 

III 


Equation 


.2 _ 

.2 _ 


2X-I-5 
2x4- 1 
2x-4 


0 

0 

0 


Discriminant 


-16 

0 

20 


Roots 


imaginary 
real, equal 
real, unequal 


Graph of left side of 
equation 


cloe.s not meet x-axi.s 
is tangent to x-axis 
cuts x-axis in two 
points 
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74. Maximum or minimum value of a quadratic function. In 
Fig. 13, the highest point on the parabola is ( 2 , 6 ). We say that the 
function — 2 has a maximum value of 6 when x= 2. 

The function 3x^ — 6 x — 4, whose graph is shown in Fig. 14, has 
a minimum value of — 7 when x = 1. The maximum or m i nimum 
value of a quadratic function can be found by completing the 
square. 

Example 1. Find the minimum value of 5x^ — 6 x + 4. 

Solution. 

Let y — 5x2 — 6 x + 4 

= 5(x2 — fx) + 4 
= 5(x2-fx + *) + 4-| 

- 5(x - 1)2 + 

For real values of x, the expression 5(x — f )2 is always positive or 
zero. Its minimum value of zero occurs when x = f. Hence the 
given function Sx^ — 6 x + 4 has a minimum value of ^ 35 ^ when x = 5 . 

Example 2 . A theater operator discovered that when he in' 
creased the admission charge from 40 cents to 45 cents, the averse 
daily attendance dropped from 1200 to 1100. Find the admission 
charge that ^vill produce the maximum daily income, assuming that 
each increase of 1 cent in price will result in a decrease of 20 in 
daily attendance. 

Solution. 

Let X = number of cents the original price should be 

increased. 

Then 40 + a: = number of cents in the new admission charge. 
And 1200 — 20x = average daily attendance. 

If I designates the average daily income (in cents), 

/ = (40 + x)(1200 - 20x) 

= -20x2 4 . 40 O 2 : + 48,000 
= _20(x 2 - 20x) + 48,000 
= — 20 ( 1 * — 20x + 100) + 48,000 + 2,000 
=:-20(x- 10)2+ 50,000. 
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The expression — 20(a: — lO)* is always negative or zero. Its maxi- 
mum value of zero occurs when x = 10. Hence 7 has a maximum 
value of 50,000 cents or $500 when x = 10. The admission charge 
should be increased to 50 cents. 


Exercise 43 


Graph the following quadratic functions of x. 

1. x* - 2x - 2. 2. Jx2. 

3. ix2 - 4. 

4. x2 - 2x + 1. 

5. 2x2 ^ 8^.^ 

6. x2 4- X + 2. 

7. x2 + 2x + 1. 

8. -2x2. 

9. 9 - x2. 

10. — js 4- 4x — 4. 

11. -x2-4xH-l. 

12. - 2x2 _ 3^ 

Solve graphically. 

13. x2 - X - 6 = 0. 

14. x2 4- 2x 

-8 = 0. 

15. x2 4- 3x - 7 = 0. 

16. x2 = 4x 

-2. 

17. 2x2 4- X = 4. 

18. — x2 4- 6x — 8 = 0. 


Use the discrimimni to determine if the graph of the function cuts the z-axis 

in two points, or is tangent to the x-axis, or does not meet the x-axis. Do not 
graph the function. 


19. x* + 12i + 36. 

22. 9x2 _ 30a: + 25. 


20. 3x2 + 7a: 4- 2. 

23. 2x2 - 3x - 4. 


21. 5x2 + X + 2. 
24. x2 - 2x + 6. 


Find the n^mum or minimum value of each of the following quadratic 
functums of x. State the corresponding value of x and tell whether it gives a 
maximum or minimum. 


25. 3x2 + 6x - I 26. - 2x2 _ _j_ 3 _ 

27. - x2 + 8x + 3. 28, x2 - 6x + 2. 

29. Find two numbers whose sum is 20 and whose product is a maximum. 

30. Find two numbers whose sum is 20 so that the sum of the squares of 
the numbers is a minimum. 


31. Find the dimensions of the rectangle of maximum area that can be 
enclosed by 100 feet of fence. 

32. One side of a rectangular plot of land is adjacent to a river - 400 feet of 
lencing are available for the other three sides. Find the dimensions of the 
plot having the largest area. 
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33. A plot of land forms a right triangle whose legs are 80 feet and 100 feet. 
Find the dimensions of the rectangular building with maximum floor area 
that can be built on the lot if the structure is to face the 100-foot side. 

34. A man owns a large building containing 80 apartments. If he charges 
S40 per month rent for each apartment, he can keep them all rented. For 
each dollar added to the rent, he will have one vacancy. What should he 
charge to obtain the maximum return? 
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Systems of equatiom 
involving quadratics 


75. Quadratic equations in two unknowns. The degree of a term 
involving several letters is the sum of the exponents appearing on 
those letters. (The exponents must be positive integers.) For 
example, b^y is of degree 3; is of degree 7; — 9ii/ is of second 
degree. (See Art. 17.) 

The degree of an equation is the same as that of its term (or 
terms) of highest degree. Thus, + xy^ + 7i/ = 8 is an equation 
of degree 4. 

A quadiatic equation is an equation of second degree. 

The general quadratic equation in x and y is 

Ax^ + Bxy + + J5x + + F = 0, 

where A , B, C D, 2, and F are constants and at least one of the 
coefficients A, B. C is not zero. The second-degree terms are Ax-j 
Bxy, and Ci/. The first-degree terms are Dx and Ey. The constant 
terrii F i« of degree zero. 

76. Cue linear and one quadratic equation. A system consisting 
of one line-' *• equation and one quadratic equation can always be 
solved by e’.mination by substitution. Solve the linear equation for 
one unknowTi in terms of the other and then substitute in the 
quadratic equation. 

Example 1. Solve the following linear-quadratic system: 

2x + 3^ = 1, 
x^ — bxy — 8y2 -f = 0. 


(1) 

(2) 

131 
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SoliUion. Solve the linear equation for x in terms of y: 

1 - 32 / 


X = 


( 3 ) 


Substitute in the quadratic equation: 

- r n - 3y 


J - 5 2/ - 82/' + 6!/ = 0 


— 82/2 + 62/ = 0 


2 / ''V 2 

1 — 62/ + 9 ?/^ 52 / — 152/2 

4 2 

1 - 62/ 4 - 92/2 - lOy + 302/2 - 322/2 _|_ 247 / = 

72/2 + 8y+ 1 = 

(y+l)( 72 /+l) = 0 ; 2/=-l,-f 
Substitute in the linear equation ( 3 ). For y = — l, x = 


0 

0 

1 + 3 


= 2. 


For y = —4, 2; = 


1+3 


1=5 
2 ^ 


The solutions are 


(x = 2, 2/ = - 1) and (x = 

Each solution should be checked by substitution in both of the 
given equations. 

In choosing the unknown to be eliminated, it is advisable to avoid 
fractions if possible. For example, the linear equation Qx — y ~ 7 
should be solved for y in terms of x: y = 6 x — 7 , rather than for x 


in terms of y: x 


__ y + 7 

6 



Exercise 44 



3. 

5 . 


r X -f- y - 3, 

12x2 -if - lOx + 12 = 0. 

Jx +2y = 5, 

\ X* — xy — = 5. 

/ 2x — y + 3 = 0, 

\ 4x* + xy — y’^ -f 19x — 3 = 



f 3x + y = 1, 

I 5x2 + 4j.y 4 . y2 + ^ 2. 




6 . 

8 . 


f 2x + y = 3, 
i 3x2 + xy + y2 = 9. 

r X - 5y -2 = 0, 

\x2 — 3xy — lly* — 8y + 3 = 0. 

U-2y = 7, 

1 xy = 4. 

;2x - y-2 = 0, 

1 X* — y — 5 = 0. 
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{x -Zy +2 = 0, 

- 2xy - + 6 = 0. 

[3x + 4y = 12, 

\xy + 6!/ = 12. 

, ]3x - 2y = 1, 

’ \ X* + 6xy — 4i/* — 3i/ = 0. 





fx + 2/ = 4, 

1 x“ — Zxy + 5i/* — 2x = 62. 

/2x -32/ = 1, 

\ X* - XI/ - !/* + 1 = 0. 

f 4x + 5i/ = 0, 

\ X* - xy - 3i/’ + 2x + 1/ = 0. 


/2x -5i/ = 1, 

\ 4x2 — _ 2^2 — 8x + 15?/ + 3 = 0. 


f2x +3y = 1, 

\2x2-5xi/-9?/2 + 7i/-2 = 0. 
f 5x + 3?/ = 8, 

\ x 2 - X?/ - ?/2 - X + 3 i/ + 1 = 0 . 


/3x +5y = 7, 

\ x2 + 2x?/ + 1/2 - 6x + 5 = 0. 



i/tnL Solve the first equation for y in terms of x and substitute in the second. 




xy = 

- xy + 2 y 2 = 


6 . 

12 . 


77. Two quadratic equations. If we attempt to solve a system of 
two quadratic equations by eliminating one unknown, the result is 
usually a fourth-degree equation in the other unknown. 



y+3 = 0, 
4?/ + 0 = 0. 


Subtract to eliminate x2: xy — y' x Zy — 2 = 

y- - ?,y + 2 

Solve for x: x = • 

y + 1 



Substituting in the first equation and simplifying, we get 

y*- Uf-\-Sy^-~ ^y-\-0 = 0 . 

At present we have not learned how to solve equations of degree 
higher than two. Accordingly, in this chapter we shall confine our- 
selves to certain special cases (Arts. 78, 79, 80) which are solvable by 
quadratics. 

A system of two quadratic equations ordinarily has four solutions, 
some or all of which may be imaginary. 
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78. If one unknown can be eliminated by addition or subtraction, 
the system can be reduced to one equation, either linear or quad- 
ratic, involving only one unknown. 


Example 1. Solve: 


f 4xy + 2y2 - 32/ - 12 = 0, 
1 6x1/ + - 52/ - 13 = 0. 


Solution. We shall eliminate x. 


( 1 ) 

(2) 


Multiply (1) by 3: I2xy + 6^^ — 9y — 36 = 0. 

Multiply (2) by 2: 12xy + 4y- — lOy — 26 = 0. 

Subtract: 2y^-{- y ~ 10 = 0. 

(2/-2)(2y+5) = 0; 2 / = 2, -f. 

Substitute in either (1) or (2). l( y = 2, x = f . If y = — f , x = 
The solutions are 


(x = ^,y= 2) and (x = |, ?/ = — 

which may be indicated by (f, 2); (|, — -f). 

The student should demonstrate that each solution satisfies both 
of the given equations. 


Exercise 45 


Solve. 


1. 

j 4x2 + = 41^ 

\4x2 - !/2 = 9. 

2. 

(x^ + 3/= 17. 

1x2 + 2^2= 15^ 

3. 

f 5x2 _ 6^2 + 21 = 0, 

14x2 - 7?/2+ 8 = 0. 

4. 

r 2x2 _|_ 7y2 _ 13 = 0, 
13x2-41/2-34 = 0. 

5. 

fx2 + y2 = 36, 

\ 2/ = x2 - 6. 

6. 

fx2 + 7/2 -13 = 0. 

1x2-7/ - 7 = 0. 

7. 

f a:2 + 4i/2 = 24, 

{21/ + X = 12. 

8. 

(2x2- 7/= 1, 

15x2 + 2^ = 2. 

9. 

1 2x2 _j_ 

\4x2 + 7x1/ — X = 11. 

10. 

/ 3X7/ + 2/ + 47/ = 9, 

1 5X7/ + 7/2 27/ = 8. 

11. 

f 7xy + 8/ + 33 = 0, 
[2xJj-h3/ + 3 =0. 

12. 

( x2 + 6x7/ = 16, 

1 5x2 _ g^ = 4 

13. 

f 3x2 - y2 _ 3y + 7 = 0. 

1 5x2 _ 2/ - 4y + 13 = 0. 

14. 

/ x2 - 7/2 _ 3 j. + 1=0, 

14x2 — 5^2 _ _ 15 = 0. 

15. 

f x2 - Gxy + 2x -I- 3(/ - 8 = 0, 

1 x2 — 8x^ + X + 4y + 6 = 0. 

16. 

f 3x2 + _ 7^ -j_ 4y = 6, 

1 2x2 + 4xy - 5y2 + 3y = 4. 
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79. If all terms involving the unknowns are of second degree, we 
eliminate the constant terms and then solve two linear-quadratic 
systems. 


Example 1. Solve: 


f 5x^ + 7xy — 4y' = 10, 
lllx2+15ji/-9y= = 25. 


( 1 ) 

( 2 ) 


Solution. We shall eliminate constants . 

Multiply (1) by 5: 2ox~ + 35xy — 20^- = 50. 

Multiply (2) by 2: 22^2 + ZOxy - ISy^ = 50. 

Subtract: 5xy — 2y^ = 0. (3) 

Factor; * (i + 2y)(3x — y) = 0. 


X + 2y = 0. 

3x — y = 0. 

X =-2y. 

y = 3x. (4) 

Substitute in (1); t 


20y2 - I4y2 - 4y2 = 10. 

5x2 _|_ 2112 - 36x2 = 10 . 

y~ = 5. 

x2 =-l. 

y = ±V5. 

X ~ ±i. 

y = VZ. y = — 

1 

II 

* 

II 

H 

Substitute in (4): 


X = — 2 V 5 . X = 2'\/5. 

y = Zi. y = — 3t. 


The solutions are (— 2V^, "n/s), (2'n/5, — Vs), (i, 3t), {~i, ~3i). 
Each of them satisfies both of the original equations. 


If one equation of the system contains no constant term, we solve 
this equation for x in terms of y, as in (3) of Ex. 1, and then substi- 
tute in the other equation. 


80. Symmetric equations. An equation is symmetric in x and y 
if the equation is unaltered when x and y are interchanged. The 
following quadratic equation is symmetric in x and y: 

5x2 ^ (jj-y _|_ 5^2 _ 7 j. _ 7y 8 = 0. 

A system of two quadratic equations that are symmetric in x and 
y can be solved by setting x equal to u + y, and y equal to u — v. 


* If the expression is not factorable, solve for x in terms of y by use of the 
quadratic formula or by completing the square. 
tOr in (2). 
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2xy — 13x - 13y + 56 = 0, (1) 

Example 1. Solve: 3^2 + 8x + 8 j/ - 88 = 0. (2) 

Solution. Let x=u+v, y = u — v. 

Then (1) becomes — 13u + 28 = 0. (3) 

And (2) becomes 2u^ + + 4u — 22 = 0. (4) 

Eliminate v from (3) and (4) by addition: 

3u^ — 9u + 6 = 0. 

Divide by 3 : — 3u + 2 = 0. 

(u — l)(u — 2) = 0; w — 1, 2. 

Substituting w = 1 in (3) or (4), we get y = ±4. Similarly w = 2 
gives V — ± Vq. Hence the solutions of the system [(3), (4)] are 

{u — I, \u=l, fw=2, fw=2, 

1 y = 4. ly=— 4. 1 y= V6. ly= — V^. 

Recalling that x = w + y and y ~ u — v, we see that the solu- 
tions of the given system are 

(x=5, y=-3), (x=-3, y=5), 

(x= 2 +V 6, y = 2 -V 6), (x= 2 -V 6, y = 2d-V6). 

Notice that the solutions are symmetric in x and y. 


Exercise 46 


Solve. 


IL 


x2 + 2xy + 2y2 = 20, 

2x2 + 6xy + 7y2 = 60. 

x2 - 2xy + 3y2 = 12, 
x2 -f xy = 24. 

2x2 _ _|_ y! = 2, 

X- - Ixy + 2if = 5. 

9x2 + ^y_ y2= 12, 

3x2 _ 2xy + 2y2 = 60. 

4x2 + xy — y2 = 8, 

4X2 _ -Jj-y 3^2 = 0. 

x2 + y2 — 3x — 3y = —2, 
2xy — X — y = 2. 

x2 + y2 - &x - 8y = -22, 
XU — 4x — 4y = —13. 


10 . 


12 . 


f x2 - 3x7/ - y2 = -12, 

\ 2x2 _ jjy — —36. 

f x2 + xy = 4, 

Ixy - y2 = -6. 

f 6x2 + xy + y2 = 4, 

1 17x2 + 2y2 = 8. 

/ x2 + xy + 2y2 = 4, 

\x2 +3y2 = 7. 

f 2x2 + jy _ 4y2 = Ig, 

I4x2 + 3xy - 10y2 = 0. 

/ 3x2 + 2xy + 3y2 = 28, 

1 2xy — 3x — 3y = —14, 
/x2 + y2 — 3x — 3y4- 2 

\ 2xy — ox - 5y + 10 


13. 


14. 
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ixy + 3y2 = 22, 

I + y® - 3x1/ - 3x — = 3. 

f 5x2 - 2xi/ 4* _j_ y = 24, 

16x2+ iiy =_3. 


81. Graphic solution. In order to graph a quadratic equation in 
X and y, solve the equation for one variable in terms of the other 
and then proceed as in Art. 35. 

The graphic solution of a system involving quadratic equations 
is obtained by graphing both equations on the same coordinate sys- 
tem and then estimating the coordinates of the points of intersection 
of the graphs. Only real solutions appear on the graph and these 
will usually be only approximations. A point of tangency indicates 
a double solution. Solutions involving imaginary numbers cannot 
be obtained graphically. 

Example 1. Solve graphically: 

Solution. Equation (1) is of the first degree. Its graph is a straight 
line (Art. 38) passing through (0, 1) and (3, 0). 

In equation (2), set x = 0 and 
find y = ± "x/lS = ± 4.2. Then set 
2 / = 0 and find x = ±3. The four 
solutions (0, vTs), (0, — 's/lS), 

(3, 0), (—3, 0) represent four 
important points on the curve. 

To obtain ot her point s, solve 
for y: y = ±V\S— 2x^. As.sign 
values to x and compute corre- 
sponding values for y. Such pairs 
of values are given in the follow- 
ing table. 


X 


- 4 

m 

-2 

- 1 

0 

1 

0 

3 

4 


rBBSS 


imag . 

0 

± 3.2 

m 


m 

m 

n 

1 

ilDMg . i 

1 



The resulting oval-shaped curve is called an ellipse. The straight 
line and the ellipse are shown in Fig. 16. 



X + 32/ = 3, (1) 

2X2 + = 18. 
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Approximating the coordinates of the points of intersection, we 

find Pi(x = 3, 2/ = 0) and P 2 {x = —2.7, y = 1.9). 


Example 2. Solve graphically: 



( 1 ) 

(2) 


Solidion. In equation (1), set a: = 0 and find y = ± = ±3.6. 

Then set y=0 and find a: = ±Vl3. To get additional points, 
solve for y and prepare a table of values. 


X 


D 

BEB 

B 

B 

1 

0 

1 

2 

3 

3.6 

4 


y=±Vl3-x* 


imag* 

0 

±2 

±3 

±3.0 

±3.6 

±3.5 

±3 

±2 

0 

imag» 



The curve is a circle. 

In equation (2), 2 / is a quadratic function of x; hence the graph is 
a parabola (Art. 72). 


X 


-3 

-2 

-1 

0 

1 

2 

3 


1 

H 

II 


8 

3 

0 

-1 

0 

3 

8 



From the graphs (Fig. 17) 
y = Z) and {x = — 2, y = 3). 

The algebraic solution (Art. 78) 
gives ( 1 = 2 , y=Z), (x= — 2, 

y = 3), (x = iVz, 2 /= -4), 
{x=—iVz, 2 /= “4). Notice 
that the imaginary solutions do 
not appear on the gmph. 

Example 3. Graph the equation 

- 2y^ = 4. 

Solution. Set x = 0 and find 

= t = y^±iV2. 

This means that the curve does 
not meet the 2 /-axis. Set 2 / = 0 and 
find X = ±2. To avoid fractions 
and negative radicands, we solve 
for X in terms of y rather than 


we read the real solutions (x = 2, 
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for y in terms of x\ x = ± V2y- + 4. Assigning values to y and 
computing corresponding values of x, we get the following table. 


X = ± V2y2 + 4 


±4.7 

±3.5 

±2.4 



±3.5 

±4.7 


y 


-3 

-2 

-1 

0 

1 

2 

3 



The curve is called a h 5 T)erbola and consists of two parts or 
branches (Fig. 18). 




Example 4. Graph the equation xy = — 4. 

4 4 

Solution. Solve for y: y = — -• If x = 0, y = — -■ Since division 

by zero is ruled out, we see that the value of y does not exist when 
X = 0, i.e., the curve does not meet the y-axis. The student should 
prepare a table of values and verify the hyperbola shown in Fig. 19. 


Exercise 47 


Solve graphically. 






I + 7/ ^ 25, 

[4x + 3y = 25. 

f 1 / = I* - 2x - 5, 
\z + ij = 1. 

/y*-x^ = 7, 

\2z - y = 1. 

fx’ + y* = 20, 

I xy = 8. 


x2 + y2 = 9^ 

X - y = 5. 

3x' + y» = 12, 

3x - 2y = 3. 

xy = 6, 

X - 2y = 4. 
x* + 2y^ = 43, 

X* - y* = la 
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9. 

f 2 x 2 + y' = 30^ 

1 y = 6 - x 2 . 


10 . 

/ x 2 + y 2 = 16, 

1 X = y2 - 4. 

11 . 

f x 2 + 2^2 = 10 ^ 

1 i2 + y2 = 36. 


12 . 

f y = x2 - 4x, 

\ y = - x 2 + 6 . 

Solve algebraically. 




13. 

( x 2 + 2 t /2 + x — 12 

\x2 - 3y2 - 9x + 23 

= 0 , 

= 0 . 

14. 

f x 2 + y 2 - 8 x - 8 y = 20 , 
1 xy + 4x + 4y = 40. 

15. 

( 2 x 2 _ _|_ 5y2 _ 3 . _ 2 f/ = 

\ 2x + 4y = 

10 , 

5. 


16. 

f x2 + xy + y2 = 49, 

\ x 2 — y 2 = 35 , 



> 

17. 

X + y + 2 = 4, 

3x - y + 2 = 2, 
x 2 + y 2 + 2 * = 10 . 


18. 

x2 + 3y2 - z2 = 4, 

X2 + y2 + 22 = 14, • 

X + y = 3. 

19. 

f X® 4- y^ = 26, 

\ X + y = 2 . 





Hint. Divide the first equation by the second. Solve the resulting equation 
simultaneously with the linear equation. 

20. For what values of the constant k will the line y = 2x khe tangent to 

the circle = 20 ? 

Hint. Eliminate y by substitution. The resulting equation in x must have 
equal roots, i.e., its discriminant must be zero. 

21. Find the dimensions of the rectangle whose area is 205 square feet and 
whose perimeter is 92 feet. 

22. One side of a rectangle is 3 feet longer than the side of a square. The 
area of the rectangle is twice that of the square. The perimeter of the 
rectangle exceeds that of the square by 10 feet. Find the dimensions of 
the two figures. 

23. Each of two rectangles has an area of 288 square feet. One rectangle is 
6 feet longer and 4 feet narrower than the other. Find their dimensions. 

24. A rectangle is 12 feet long and o feet wide. Find the dimensions of a 
second rectangle whose area is twice that of the given rectangle and whose 
perimeter is twice the given rectangle’s perimeter. 

25. The altitude of an isosceles triangle is 24. Its perimeter is 64. Find the 
sides of the triangle. 

26. Two machines together can perform a certain task in 2| hours. One 
machine working alone can perform the task in 2 hours less than the other. 
Find the time it takes each machine alone to perform the task. 
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27. The sum of the reciprocals of two numbers is The product of the 
numbers is 24. Find the numbers. 

28. A sum of $1000 is divided into two parts which draw simple inte’-est 
at the same rate. At the end of two years one part amounts to ^28; at the 
end of four years the other part amounts to $624. Find the rate of interest 
and how the original sum w’as divided. 

29. In two hours a motorboat goes 9 miles downstream on a river and 
returns to its starting point. Its rate downstream is five times the rate of 
the current. Find the rate of the current and the speed of the boat in still 
water. 

30. A speed boat requires Ij hours to go 20 miles upstream and return to 
its starting point. The same boat can go 15 miles upstream in \ hour. Find 
the rate of the current and the rate of the boat in still water. 

31. A circular park is surrounded by a sidewalk which, in turn, is enclosed 
by a paved driveway whose width is four times that of the sidewalk. Tlie 
area of the sidewalk is 2145jr square feet; the area of the driveway is 
9080 t square feet. Find the width of the sidewalk and the radius of the 
park. 

32. Two circles are tangent externally and have a combined area of 
ISOtt square feet. If the distance between their centers is 16 feet, find the 
radii of the two circles. 

33. Two cities are 120 miles apart. Two autos start at the same time, one 
from each city, traveling toward the other city. They meet at the end of 
1 hour and 12 minutes. The slower auto reaches its destination 1 hour after 
the faster auto does. Find the rates of the two autos. 

34. Two airplanes leave simultaneously, one going from airport A to air> 
port B, the other traveling from B to A. After they meet, the first plane 
requires hours to reach B. The second plane arrives at A 3| hours after 
they meet. How long were they in the air before they met? 

35. At noon a motorcycle traveling GO mph passed an auto going in the 
same direction. At 2 p.m. the motorcycle met a second auto going in the 
opposite direction with the same .speed as the first auto. The motorcycle 
was 35 miles away when the two autos met. Find the speed of the autos 
and the time at which they met. 

36. An auto leaves a point B for a town 36 miles away. Five minutes later 
a motorcycle, sent to overtake the auto, leaves B with a speed of 60 mph. 
After overtaking the auto, the motorcycle returns to B and arrives at 
exactly the same time that the auto arrives in the town. Find the speed of 
the auto. 
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82. Ratio. The ratio of a number a to another number h is the 


a 


quotient The ratio of a to 6 is also written a : b. Every ratio 


is a fraction; any fraction may be considered as a ratio. The ratio 
of two concrete quantities has no meaning unless the quantities 
are of the same kind. For example, we do not speak of the ratio of 
4 feet to 6 dollars, but the ratio of 4 feet to 6 feet is or f. Two 
like quantities must be expressed in terms of the same unit before 
we compute the ratio of one quantity to the other. Thus, the ratio 
of 9 inches to 2 feet is ^ or J. 


83. Proportion. A proportion is a statement that two ratios are 
equal. In the proportion * n r. 


a 

b 


c 

d 


the quantities b and c are called the means; a and d are called the 
extremes. The quantity d is called the fourth proportional to a, b, 
and c. If we clear of fractions in (1), we get ad = be. This result is 
frequently stated as, ‘‘the product of the means is equal to the 
product of the extremes.” 

All quantities in a proportion need not be expressed in terms of 
the same unit. For example, 

4 feet 10 cents 
6 feet 15 cents 


* This is sometimes vrritten a : b 

142 


c : d and is read “a is to 6 as c is to 
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then X is called a mean proportional between a and b. 

Clearing of fractions, we have x- = ab; x = ± v^. Hence a mean 

proportional between two numbers may be obtained be extracting 
the square root of their product. 

It ^ then X is called the third proportional to a and 6. 


Exercise 48 


Express each ratio as a fraction and simplify. 

1^*2 -> 7.1 


Find the ratio of the given quantities. 

3. 4 pounds to 6 ounces. 4. 12 quarts to 3 pints. 

5. 120 feet to 1 mile. 6. 10 houi-s to 2 days. 


Solve for x. 



3i - 8 _ 53; + 4 

x-^2 ~ 4x- I 


8 l±I-7 
®'x + 2-9' 



Qj + 5 
4x + 3 


Find the mean proportional between each of the following pairs of numbers. 
11. 2 and 32. 12. and 1000. 

13. 4 and 9. 14. and a’. 


Find the fourth proportional to each of the following sets of numbers. 

15. 2,5,0. 16. 3,4, ]. 

If two polygons arc similar, (n) their corresponding sides are proportional, and 
(6) their areas are proportional to the squares of any two corresponding sides. 

17. A man Oj feet tall stands 30 feet from a lainppo.st. If the man’s shadow 
is 10 feet long, how liigh is the light above the ground? 

18. A flagpole casts a 52-foot shadow at the same time that a near-by 
3-foot stake casts a sliadow 4* feet long. How higli is the flagpole? 

19. The sides of a quadrilateral are 4, 5, 6, and 8 inches. The shorte.4 side 
is decrea.sed by 1 inch. By how much must the other sides be decreased to 
obtain a similar (juadrilatcral? 
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20. Two similar triangles have areas of 18 square feet and 50 square feet, 
respectively. The smaller triangle has a base 6 feet long. Find the base of 
the larger triangle. 

21. A quadrilateral with sides 3, 4, 6, and 10 inches has an area of 12 square 
inches. Find the area of a similar quadrilateral whose longest side is 
15 inches. 

22. On a certain map, 3 inches represents 40 miles. Find the actual dis- 
tance between two towns if the measured distance on the map is 5§ inches. 


Given the proportion 


a c 
b~d* 



derive the following proportions. 






a b c + d 
~b ^ d 


This proportion is said to be obtained from (1) by 
inversion. 

This proportion is said to be obtained from (1) by 

alternation. 

This proportion is said to be obtained from (1) by 
composition. 


Hint. Add 1 to both sides of (1). 


26. 


a - 6 _ c - d This proportion is said to be obtained from (I) by 


division. 


Hint. Subtract 1 from both sides of (1). 

0 + 5 c d This proportion is said to be obtained from (1) by 


27. 


a — b c — d composition and division. 


Hint. Divide 25 by 26. 


29. 


a kb c kd 


OQ 21 - Si 

53 “ ^3' y u 

30. Given ^ ^ = y. prove that 

Hint. Let^ = - = I ^ k. Then a = kb, c = kd, e = kf. 
b d f 

84. Direct variation. Let x and y be two variables and let k be 
any constant. If 

1/ = foe, 

we say that 

y varies directly as x. 
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Other expressions having the same meaning are, varies as x/’* 
“y is directly proportional to x,” and “y is proportional to x.” The 
constant k is called the constant of variation or the factor of propor- 
tionality. 

Illustration 1. The circumference of a circle varies directly as the 
radius because c = 27rr. In this case the constant of variation is 27r. 

Illustration 2. The distance s traveled by a body falling from rest 
varies directly as the square of the time t of descent. This means 
that s = kt^. The value of k depends upon the units used. If 5 is in 
feet and t in seconds, k is approximately 16. Then s = 16^*. 


85. Inverse variation, // 



we say that 

y varies inversely as x. 

Illustration 1 . Boyle’s law states that at a fixed temperature, the 

k 

volume of a gas ^’aries inversely as the pressure: v = -• 


86. Joint and combined variation. If y = kxz, we say that y 
varies jointly as x and 2 , i.e., y varie.s directly as x and directly as 
z, or y varies directly as the product of x and 2 . 

Illustration 1 . The area A of a triangle varie.s jointly as the alti- 
tude h and the base b because .4 = Ihb. 


The several types of variation may be combined. 

Example 1. Given: y varies directly as the cube of x and inversely 
as the square of 2 . 

(а) Write the equation of variation. 

(б) How does y change if x is doubled? 

(c) How does y change if 2 is doubled? 

Solution. 

kx^ 




* The statement "y varies dirootly as x" is som-^times written y x x. 
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( 6 ) If X is doubled, then becomes (2a:)* or 82 :*. Hence the right 
side of (1) is multiplied by 8. Therefore, if x is doubled, y is multi- 
plied by 8. 

(c) If 2 is doubled, is multiphed by 4, and y is multiplied by 


Example 2. The safe load of a beam supported at both ends 
varies jointly as the breadth and the square of the depth and in- 
versely as the length between the supports. A pine beam 2 inches 
wide, 6 inches deep, and 12 feet long can safely support a weight 
of 400 pounds. 

(а) Find the safe load of a beam of the same material 4 inches 
^ide, 10 inches deep, and 16 feet long. 

(б) Find the depth needed for a pine beam 3 inches wide and 
20 feet long if it is to support a load of 640 pounds. 

Solution. Write the general equation of variation; 



Determine k by setting L = 400, b = 2, d = Q, I = 12; 


400 


k{2W) , 200 


Write the equation of variation for pine beams; 



200 hd^ 
3 ’ I 



This equation, or formula, can be used only if L is in pounds, h is 
in inches, d is in inches, and I is in feet. 

(a) Substitute the data in (1); 



200 4(10^) 
3 * 16 


1666| pounds. 


(6) Substitute in (1); 



200 

3 ‘ 20' 


= 64 ; d = % inches. 
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Exercise 49 

Translate each statement into an eqxialion and then insert the value of the con- 
stant of variation. 

1. The area A of a circle varies directly as the square of its radius r. 

2. The area A of a cube varies directly as the square of its edge E. 

3. The area A of a trapezoid varies jointly as its altitude h and the sura 
of its bases, 6i and 62. 

4. The volume V of a cylinder varies jointly as its altitude h and the 
square of its radius r. 

Write the equation of variation. Determine the constant of variation from the 
given data. Rewrite the equation, inserting the value of the constant of variation. 

5. W varies directly as x and inversely as IT’’ = 6 when x = i and d = 5. 

6. U varies jointly as x and U = 8 when x = 5 and t = 9. 

7. R varies inversely as s and t^; R = § when s = 6 and t = 2. 

8 . jS varies directly as u^ and inversely as w and z*; 5 = 20 when u = 2, 

u> = 4, and z = 3. 

9. If 1 / varies directly as x^ and V? and inversely as z^, write the equation 
of vai iation. How does 1 / cliangc (u) if x is doubled, (6) if i is doubled, (c) if 
z is doubled, (d) if x, t, and z are doubled? 

10. If i\/ varies directly as r and inversely as s and t^, write the equation of 
variation. How does .1/ change (a) if r is halved, (6) if s is lialved, (c) if t 
is halved, (d) if r and t arc halved and s is doubled? 

11. If jj varies directly as and if y = 40 when x = 2, find the value of 
X when y = 135. 

12. If F varies inversely as F, and if F = 90 when I = 3, find tlie value of 
I when F = 10. 

13. If w varies directly as x^ and inversely as t, and if u) = CO when x = 3 
and t = 10, find the value of w when x = 4 and / = 8. 

14. If 2 varies jointly avS r and and inversely as F, and if z = 96 wlien 
r = 4, s = 3, and t = 2, find the value of z when r = 0, s = 8, and I = 4. 

15. If M varies directly as x and inversely as y- and z, and if M ~ 100 when 
a: = 3, y = 2, and 2 = 7, find the value of 2 when M = 200, x = 4, and 

y = 1. 

16. If y varies directly as 2* and if y = 40 when x = 3, find the value of 
y when X = C. 
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17. The cross-sectional area of a properly designed chimney varies directly 
as the amount of coal used per hour and inversely as the square root of the 
height of the chimney. A chimney 100 feet high connected with a furnace 
using 5 tons of coal per hour has a cross-sectional area of 30 square feet. 
Find the proper cross-sectional area for an 81-foot chimney connected with 
a furnace using 3 tons of coal per hour. 

18. The horsepower required to drive an airplane varies directly as the 
cube of the speed. If a plane uses 240 horsepower when traveling 200 mph, 
find the horsepower needed to drive the plane 300 mph. 

19. The horsepower that a shaft can safely transmit varies jointly as its 
speed and the cube of its diameter. A 4-inch shaft making 120 rpra can 
transmit 96 horsepower. Find the horsepower that can be transmitted by 
a 3-inch shaft of the same material when it makes 160 rpm. 

20. The altitude of a cone varies directly as its volume, and inversely as 
the square of the radius of its base. If a cone with altitude 5 and radius 6 
has a volume of 60ir, find the altitude of a cone having a radius of 9 and a 
volume of 547r. 

21. The weight of a body on the surface of a planet varies directly as the 
planet’s mass and inversely as the square of the planet’s radius. If a 
co-ed weighs 100 pounds on Earth, what would she weigh on Mars, whose 
mass is ^ that of Earth and whose radius is 2000 miles? (Assume Earth’s 
mass as 1 and Earth’s radius as 4000 miles.) 

22. The electrical resistance of a wire of given composition varies directly 
as its lengtli and inversely as the square of its diameter. A copper wire 
90 feet long with a diameter of 0.06 inch has a resistance of 0.26 ohm. 
Find the length of a copper wire with a diameter of 0.08 inch if it has a 
resistance of 0.39 ohm. 

23. The volume of a gas varies directly as its absolute temperature and 
inversely as the pressure to which the gas is subjected. A certain gas con- 
fined in a cylinder occupies a volume of 200 cubic inches when the absolute 
temperature is 300° and the pressure is 40 pounds per square inch. Find 
the pressure needed to reduce the volume of the gas to 160 cubic inches 
when the temperature is 312°. 

24. The time of oscillation of a pendulum varies directly as the square root 
of its length. If a pendulum 36 inches long makes one oscillation in 0.96 
second, how long is a pendulum that makes one oscillation in 0.48 second? 

25. “If a hen and a half lays an egg and a half in a day and a half,” how 
long will it take 6 hens to lay 12 eggs? 

26. The number of horsepower developed by an engine varies jointly as 
its piston displacement and its speed. An engine with a piston displacement 
of 320 cubic inches develops 144 horsepower at a speed of 3600 rpm. Find 
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the horsepower developed by an engine with a piston displacement of 
280 cubic inches when its speed is 3000 rpm. 

27. The safe load for a circular wooden pillar varies directly as the fourth 
power of its diameter and inversely as the square of its length. A 6-in. 
pillar 12 feet long can safely support a load of 3.4 tons. Find the proper 
diameter for an 8-foot pillar made of the same material if it must support a 
weight of 2.4 tons. 

28. The force of the wind against a perpendicularly placed flat surface 
varies directly as the surface area and the square of the wind velocity. 
The force on a sail having an area of 10 square feet is 6 pounds when the 
wind blows 12 mph. Find the force on 8 square feet of sail when the wind 
velocity is 15 mph. 

20, The amount of heat developed in an electric circuit varies jointly as 
the resistance, the time of flow of the current, and the square of the current, 
A toaster using a current of 3 amperes and having a resistance of 40 ohms 
produces 1728 gram-calories in 20 seconds. How long will it take a flatiron 
using a current of 5 amperes and having a resistance of 24 ohms to produce 
the same amount of heat? 

30. Kepler’s third law of planetary motion says that the square of the time 
required for a planet to revolve about the sun varies directly as the cube 
of its distance from the sun. The distance from Neptune to the sun is 30 times 
the distance from the Earth to the sun. How many years does it take Nep- 
tune to revolve about the sun? 


Translate each equation into a statement in the language of variation. 


31. A 


srr* 



32. ij = 


Isf^' 


33. If r varies inversely as s, and s varies inversely as t, show that r varies 
directly as t. 

34. If V varies directly as w, and w varies directly as x, show that v varies 
directly as x. 

35. If y varies directly as x, and if y = 6 when x = 2, graph the equation of 
variation. 

36. If y varies inversely as x, and if j/ = 2 when x = 4, graph the equation 
of variation. 



I 



87. Arithmetic progressions. If a set of numbers is arranged in a 
definite order, it is called a sequence. The numbers in the sequence 
are called terms. An arithmetic progression is a sequence of number? 
each of which (after the first) is obtained from the preceding num- 
ber by adding a fixed quantity called the common difference. For 
example, the sequence 1, 4, 7, 10 is an arithmetic progression in 
which the common difference is 3. The common difference can be 
found by subtracting any term from the following one. 

88. The nth term of an arithmetic progression. Let a be the 

1st term and let d be the common difference. Then the 2nd term is 
a + d; the 3rd term is a + 2d; the 4th term is a + 3d. In each term 
the coefficient of d is one less than the number of the term. Let n 
represent the number of terms and let I designate the nth term. 
Then / = ^ _ l)^/. [1] 

Illustration. In the A.P.* 7, 3, - 1, • • •, we have a = 7 , d = -4. 
The 20th term is Z = 7 + 19(-4) = 7 - 76 =-69. 

In the progression 7, 3, — 1, • • •, the three dots (to be read an 
so on”) indicate that the sequence is to be continued indefinite y. 

89. The sum of the terms of an arithmetic progression. Let *S 
represent the sum of the n terras of an A.P. If we write the terms 
in natural order and then in reverse order, we get 

* Arithmetic progression. 

150 
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= a + (a + d) + (a + 2 d) + . . . + (2 - 2d) + (^ _ d) + ; 
2+ (Z-d)+ (Z-2d)+...+ (a + 2d) + (o + d) + a.’ 


Add the two equations: 

(a + 0 + (a 4- Z) + (a + /) 4- 


• « 


to n terms = n(a + 1). 


n 




[ 2 ) 


Example 1. Find the sum of 20 terms of the A.P. 5, 8, 11, • • 

We know a = 5, d = 3, n = 20. Using [1], we got 
I 54-19 3-62. Then using [2), we obtain 5=-y(5+62) = 670. 

If we know any three of the quantities I, a, n, d, S, we can find 

the remammg two quantities by using formulas [1] and [2] either 

successively or simultaneously. The value of n must always be a 
positive integer. Why? ^ ® “ 


^^Example 2. In a certain A.P., d=2,l=ll,S= 35. Find o 


Solution. Substitute in [1]; 

11 = ad- (n- 1)2. 

Substitute in [2] : 

35=^ (a +11). 

T^solve these two equations simultaneously, solve the first for a 
a - 13 - 2n. Then substitute in the second equation: 

35 = ^ (13 — 2n + 11). 

- 12ft + 35 = 0; n = 5, 7. 

For n = 5, a = 13 - 2ft = 13 - 10 = 3. 

For ft = 7, a = 13 - 14 = - 1. 

The two progressions are 

3, 5, 7, 9, 11 
1| 1> 3, 5, 7, 9, 11. 


and 
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If we eliminate I from [1] and [2], we get 

S = ^ [2a + (n - l)£fl. [3] 

This formula is convenient but not necessary. 

90. Arithmetic means. The terms of an A.P. that lie between 
two given terms are the arithmetic means between these terms. 
Thus, in the A.P. 3. 7, 11, 15, the arithmetic means between 3 and. 

15 are 7 and 11. 

Example 1. Insert three arithmetic means between 7 and 10. 

Solution. We must form an A.P. having o = 7, 1 = 10, and n = 5 
(since there are three means and the two given terms). Use formula 
[1]; 10 = 7 + 4d; d = f. The progression is 

7, 7f, 8i 9i 10. 

The required means are 7f, 8|, 9|. 

If a single arithmetic mean is inserted between two numbers, i 
is called the arithmetic mean of the numbers. Let i be the anth- 
metic mean of the numbers a and h. Then a, x, b, is an A.P. ca 
that the common difference may be obtained by subtractmg^ny 

term from the follo^ving one. Hence x— a=b — x, or x— 2 

Therefore the arithmetic mean of two numbers is one-half of then- 
sum. This is commonly called the average of the two numbers. 


Exercise 50 


Which of the follomng sequences are arithmetie progressionsf Continue each 
A.P. to two additional terms. 


1. -5, -1,3. 
3. 36, 25, 16. 


^111 
69 39 2 * 


4 . Zx - 8y, 2x - iy, X. 


Use formidas to find I and S for each of the foUming progressions. 


5. 3, 10, 17, • ■ • to 30 terms. 

6. 1.05, 1.10, 1.15, • • • to 13 terms. 

7. 6, 5.97, 5.94, • • • to 10 terms. 
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8. 7, 3, —1, • • • to 12 terms. 

9. 10, 8j, 6f , • • • to 16 terms. 

10. 2, • to 11 terms. 

V&e /ormito to jiind the required quarUilies for each arUhmtic progression, 

11. Given d = 6, n = 61, i = 319; find a and S. 

12. Given d = —2, n = 42, i = 0; find a and S. 

13. Given n == 5, ? = 3, S = 16; find a and d. 

14. Given a = —3, n = 10, 5 = 330; find d and 1. 

15. Given a = 37, n — 6, 5 = 117; find d and 1. 

16. Given a = 5, i = 7, 5 = 54; find d and n. 

17. Given a = 3, d = 2, 5 = 195; find n and 1. 

18. Given a = 2, d = — §, 5 = 6; find n and L 

19. Given d = 3, n = 7, 5 = 28; find a and 1. 

20. Given d = —6, n = 8, 5 = 0; find a and I, 

21. Given d = §, i = 3, 5 = 10; find a and n. 

22. Given d = 4, i = 23, 5 = 33; find a and n. 

23. Given a = 382, d = 5, i = 777; find n and 5. 

24. How many terras are in the A.P. 1.8, 2.5, 3.2, • • ■, 39.6? 

25. Insert three arithmetic means between 5 and 10. 

26. Insert five arithmetic means between 7 and 9. 

27. Insert four arithmetic means between 3 and 12. 

28. Insert two arithmetic means between —2 and 10. 

29. Find the arithmetic mean of 1492 and 2060. 

30. Find the arithmetic mean of 7806 and 854 1 . 

31. Find the sum of all even integers from 136 to 544 inclusive. 

32. Show that the sura of the first n positive integers is in{n -|- 1). 

33. Show that the sum of the first n positive odd integers is nK 

34. Find the value of x for which 7, j + 8, 5x is an A.P. 

35. Derive a formula for 5 in terms of d, n, 1. 

36. Derive a formula for 5 in terms of a, d, 1. 

37. Find the 1st term of an A.P. in which the 23rd term is 444 and the 

9l8t term is 478. 

Hint. Consider 444 as the 1st term of another A.P.; then find d. 

38. Find the sum of the first 10 terms of an A.P. in which the 3rd term is 9 
and the 7th term is 25. 
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39. In rolling down a hill, a barrel travels 1^ feet in the 1st second, 4| feet 
in the 2nd second, l\ feet in the 3rd second, and so on. How far does it 
travel in 20 seconds? 

40. Thirty-six logs are to be piled in layers, the top layer to consist of 
1 log, the next layer 2 logs, the 3rd layer 3 logs, and so on. How many logs 
should be placed in the bottom layer? 

41. A man saved a total of S8250 in 10 years. In each year, after the first, he 
saved $50 more than he did in the preceding year. How much did he save 
in the first year? 

42. Find the sum of aU multiples of 11 between 100 and 1000. 

91. Geometric progressions. A geometric progression is a se- 
quence of numbers each of which (after the first) is obtained by 
multiplying the preceding number by a fixed quantity called the 
common ratio. For example, the sequence 2, 6, 18, 54 is a geometric 
progression in which the common ratio is 3. The common ratio can 
be found by dividing any term by the preceding one. 

92. The nth term of a geometric progression. Let o be the 1st term 
and let r be the common ratio. Then the 2nd term is or; the 
3rd term is ar^; the 4th term is ar^. In each term the exponent of r 
is one less than the number of the term. Let n represent the number 
of terms and let I designate the nth term. Then 

/ = ar"”'. [^1 


Illustration. In the G.P.* 5, - 10, 20, • • •, we have a = 5, r - - 2. 
The 8th term is I = 5(— 2)^ = 5(— 128) = — 640. 

93. The sum of the terms of a geometric progression. Let S 
represent the sum of the n terms of a G.P. Then 

5 = a + ar -f ar2 -I- f- or"-- + (1) 

Multiply both sides by r: 

rS= ar-{-ar- + ar^~\- h + or". (2) 

Subtract (2) from (1): 

S — rS = a — ar". 

5(1 — r) = a — ar". 



• Geometric progression. 
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Since or'* = r{ar~^) = rl, we may rewrite [2], 

a — 7l 


155 


S = 


1 - r 


[ 3 ] 


Example 1. Find the sum of six terms of the G.P. 8, 16, 32, 
SoMim. We know a = 8, r = 2, n = 6. Using [2], we get 

q _ 8-8(2)^ _ 8 - 512 


• • • 


1 - 2 


-1 


= 504. 


Example 2. In a certain G.P., a = 96, Z = 3, >S = 189. Find r 
and n. 

Solution. Substitute in [3] to find r: 

96- 3r 


189 = 


1 — r 


189 - 189r = 96 - 3r; 93 = 186r; r = 

Then substitute in [1] to find n\ 

3 = geci)--; = A = A = (1)5. 

Hence n — 1 = 5; n = 6. 

The progression is 

96, 48, 24, 12, 6, 3. 

If we know any three of the quantities S, n, a, r, I, we can find the 
remaining two quantities by using formulas [1], [2], [3], with the 
restriction that n must be a positive integer. 

94. Geometric means. The terms of a G.P. that lie between two 
given terms are called geometric means between these terms. 

Example 1. Insert two geometric means between 16 and 54. 
Solution. We must form a G.P. with a = 16, ? = 54, and n = 4. 
Use formula [1]; 54 = lOr^; = .y.- ^ ~ progression is 

16, 24, 36, 54. 

If a single geometric mean is inserted between two numbers it 
is caUed a geometric mean of the numbers. The student should 
show that if a, :r, 6 is a G.P., then x = Hence a geometric 

mean of two numbers may be obtained by extracting the square 
root of their product.* 

be;tfthe numbr(Art 83)“ 
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Exercise 51 


Which of the follomng sequences are geometric pro^essuynsf Continue each 
G.P. to two additional terms. 


1, 4, -20, 100. 

3. 3, 3 V 2 , 6. 

5. 81, 54, 36. 

7. (1.05)2, (1.05)^ (1.05)^ 


2. 10, -5, 1. 
4. 2, .2, .02. 

6. h i f • 

8. 9, 3, 0. 


Use formulas to find I and S for each of the following progressions. 


9. 3, 6, 12, • • • to 7 terms. 

11. 7, -21, 63, • • • to 6 terms. 

13. 768, -384, 192, • • • to 8 terms. 
15. 7, 70, 700, • • • to 6 terms. 

17. i, i i ■ • ■ to 5 terms. 

18. 1, (1.03), (1.03)2, ... to 40 terms. 


10. 1024, 512, 256, • • • to 11 terms. 
12. I, 4, 12, • • ■ to 5 terms. 

14. 8, -16, 32, • • • to 8 terms. 

16. 3, -.3, .03, • • • to 7 terms. 


Hint. Find from Table IV that (1.03)^® — 3.1670. 


Use formulas to find the required quantities for each geometrie progression. 

19. Given r = 6, n = 4, ^ = 108; find a and S. 

20. Given r = -i n = 7, Z find a and S. 

21. Given r = -2, n = 5, S = 33; find a and I 

22. Given r = 3, n = 4, 5 = 80; find a and 1. 

23. Given a = 2, r = -3, S = 122; find n and I 

24. Given a = 5. r = 2, 5 = 635; find n and 1. 

25. Given a = A, I = 324, 5 = 484; find r and n. 

26. Given a = 6, i = - 384, S == -306; find r and n. 

27. Given r = i = 1, S - 127; find a and n. 

28. Given r=-SJ = 972, S = 732; find o and n. 

29. Insert two geometric means between 5 and 10. 

30. Insert four geometric means between 96 and —3. 

31. Insert two different sets of five geometric means between \ and 16. 

32. Insert two different sets of three geometric means between ^ an 
10 , 000 . 

33. Find a geometric mean of 16 and 25. 

34. Find a geometric mean of J and 64. 
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35. Derive a formula for S in terms of r, I, n. ' 

36. Find the 7th term of a G.P. in which the 2nd term is -486 and the 
otn term is 144. 

37. For what values of i does i - 4, i - 2, 2i - 1 form a G P l- 

• - 1. ■ - s. « - »■. 0. , „d 


Hint. 


a — ar 
1 -r 


=* a(l + r + r*). 


tournament there are three prizes totaling S61. The 1st 

Ld rhfvduTof p”-- 

Given 3* = 6561, find the sum of the first 15 positive integral powers 

tnA P ^ 'v'ith alcohol. Twenty gallons are drawn off 

rpnl 20 gallons of the mixture are drawn off and 

hppn continues until 4 drawings and replacements have 

been made. How much alcohol remains in the final mixture? 

42. The midpoints of a square are connected to form a 2nd square whose 

^f t^7th Srd square, and so on. Find the perimeter 

of the 7th square if the first square has an area of 64 square inches. 

95. I^te geometric progressions. A geometric progression in 

which the number of terms increases mthout limit is called an 

infinite geometric progression. 

Let A and B be two points that are two miles apart (Fig. 20) 
ouppose that an automobile starts 
at A and travels half the distance 
to H in 1 minute. Assume that in 
the 2nd minute it goes half as far 
as it did in the 1st minute. Sup- 

pose that in the 3rd minute it travels half the distance it covered 

m the 2nd minute. If this continues indefinitely, the distances 

traveled by the automobile, minute by minute, form the folloHini; 

mfiniteG.P.: ^ 

1 1 
2i 



no. 20 


i 

4’ 


1 

8> 


A though the car is always approaching B, it wili never reach it 
We can say, however, that the automobile will, in time, reach any 
designated point that is between A and B, regardless of how doss 
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the point is to B. For example, the point which is only mile 
from B is reached and passed by the car in the 1 1th minute because, 

using S = ^ with a = 1, r = n = 11, we have 



Hence at the end of the 11th minute the auto is only xAt 
from B. Since we can make the sura of the infinite G.P. come as 
close to 2 as we please, we say that the limit of its sum is 2. This is 
written lira Sn = 2, and is read, “the limit of the sum of n terms 

n— ►x 

as n becomes infinite is 2.” 

In the general infinite G.P. 


a, ar, ar-, • • •, 

if I r I < 1,* we can make r" come as close to 0 as we please by taking 
n sufficiently large. This is written lim r" = 0. We have then 


lim iS„ = lim 


a — ar" 
1 — r 




For brevity we write: 
7/ I r I < 1 m a G.P., 




Example 1. Find the limit of the sum of the infiinite G.P. 

2 i ^ • • • 

Solution. Use [4] with a — 2 and r = 



96. Repeating decimals. If a real number can be expressed as the 
quotient of two integers, it is called a rational number. A repeating 
decimal is one in which the figures repeat themselves after a certam 


• I r 1 < 1 is read “the absolute value (Art. 5) of r is less than 1.” It means 
that r is between — 1 and 1 : — 1 < r < 1. 
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point. All repeating decimals are rational numbers. For example, 

• • 

the repeating decimal 2.4135135 • • • (sometimes written 2.4135) * 
is equal to The student should check this by division. 

Example 1. Express the follo^\^ng repeating decimal as the quo- 
tient of two integers; 1.4272727 • • •. 

Solution. 

1.4272727 • • • = 1.4 + (.027 + .00027 + .0000027 H ). 

The terms in parentheses form an infinite G.P. in which a = .027 
and r = .01. For these terms 

„ ^ .027 .027 _ 27 ^ 3 

1 - .01 .99 990 110‘ 

The given number = + tttt “ iH- 

It can be shown that if one integer is divided by another integer, 

the result is either an ending decimal or a repeating decimal. For 

• • 

example, f = .375, whereas -f = .142857. Nonending, nonrepeating 
decimals form the class of irrational numbers. 


Exercise 52 


Find the limit of the sum of each infinite G.P. 

1. 6,2, §, 2. 100,20,4,.... 


5. .9, -.09, .009, • • .. 


4. 9, —3, 1, . . .. 

6. 2, V2, 1, • • •. 


Express each repeating decimal as the quotient of two integers. 


7. .222 • . •. 

10. .4545 • ■ 

13. 1.23G36 • ■ -. 

16. .801801 • • •. 


8 . .777 . . .. 

11. 3.4242.... 


9. .1818 . . .. 

12. 2.5151 • . .. 


14. 5.67272 • 

17. 1.234234 


15. .495495 • • •. 

18. .285714 • . .. 


19. The limit of the sum of an inGnite G.P. is 20. Find the first term if the 
ratio is 5 . 

20. The limit of the sum of an infinite G.P. is 40. Find the common ratio if 
the first term is 44. 


• The dots over the figures indicate that these figures together with those 
between them constitute the repealing part of the decimal. 
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21. A ball is dropped from a height of 20 feet. Each time it strikes the ground 
it rebounds f of the height from which it last fell. How far will it travel 
before coming to rest? 

22. A wheel is making 90 revolutions per second. In each subsequent 
second it makes | as many revolutions as in the preceding second. How 
many revolutions will it make before stopping? 


97. Hannonic progressions. A harmonic progression is a sequence 
of numbers whose reciprocals form an arithmetic progression. Thus, 
h h iV is a harmonic progression because 2, 5, 8, 11 is an A.P. 

Example 1. Find the 9th term of the harmonic progression 3, 2, 

I; * • •• 

Solution. The reciprocals of these terms form the A.P. hh ‘ 
in which d= The 9th term of this A.P. is Z = ^ + 8(^) = 
Hence the 9th term of the given harmonic progression is f . 

The terms of a harmonic progression that lie between two given 
terms are the hannonic means between these terms. If a single 
harmonic mean is inserted between two numbers, it is called the 
harmonic mean of the numbers. 


Example 2. Insert three harmonic means between ^ and 

Solution. We shall first insert three arithmetic means between 10 
and 42. Using Z = a + (n — l)d, wth o = 10, Z = 42, n = 5, we 
get 42 = 10 + 4d; d = 8. 

The arithmetic progression is 10, 18, 26, 34, 42. 

The harmonic progression is 


Exercise 53 

Which of the following sequences are harmonic pTogressionsf Continue each 
harmonic progression to two additional terms. 

I* l> !• 2. 3. 12, 6, 4. 4. 9, 6, 4. 

5. Find the 20th term of the harmonic progression -f, A* iV* ' * *• 

6. Find the 12th term of the harmonic progression f » ‘ ’ *• 

7. Insert five harmonic means between 4- and 

8. Insert two harmonic means between 1 and 

9. Insert three harmonic means between ^ and f . 
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10. Find the harmonic mean of 3 and y. 

11. Derive a formula for the harmonic mean of a and h. 

12. Find the 1st term of a harmonic progression whose 7th term is and 
whose 10th term is I-. 

13. A plane flies from A to B with a speed of x miles per hour. Returning 
from B to A its speed is y miles per hour. Show that its average speed for 
the round trip is the harmonic mean of x and y. 

14. Find the value of x for which x,j + 2,x-l-5isa harmonic progression. 

Exercise 54 (Miscellaneous Problems) 

1. Find the next term of the progression 6, 8, 12, • • •. 

2. Find the next term of the progression iV. ’ ■ '• 

3. Find the next term of the progression 64, 48, 36, • • •. 

4. Find the next term of the progression 20, 24, 30, • • •. 

5. Find the 50th term and the sum of the first 50 terms of the progression 
-3, 7, 17, . • 

6. Find the 6th term and the sum of the first 6 terms of the progression 
-15, 30, -60, • ■ ■■ 

7. Find the lOth term of the progression i 

8. Find the 20th term and the sum of the first 20 terms of the progression 
95, 84, 73, ■ ■ •• 

9. Find the 5th term and the sum of the first 5 terms of the progression 
100, 30, 9, • • 

10, Find the 5th term of the progression 3, l|, f , • ■ 

11 A pile of posts consists of 16 layers. The top layer contains 5 posts; the 
2nd layer has 6 posts; the 3rd layer has 7 posts, and so on. How many posts 

are in the pile? 

12 In a certain lottery the tickets are numbered 1, 2, 3, and so on, and 
are drawn at random from a hat. The price of each ticket in cents is the same 
as the number marked on it. How much money is taken in if 40 tickets are 

sold? 

13. How many ancestors (2 parents, 4 grandparents, etc.) does a person 
have in the preceding 12 generations if each ancestor appears in only one 

line of descent? 

14. Each stroke of an air pump removes of the air in a container. What 
fractional part of the air remauis after 5 strokes? 



162 


CH. 11 


PROGRESSIONS 


15. Bread dough in a cup is rising fast enough to double its volume every 
minute. If the cup will be full at the end of 16 minutes, how many minutes 
will be needed before the cup is half full? 

16. A ball is dropped from a height of 9 feet. Each time it strikes the ground 
it rebounds f of the height from which it last fell, (a) How far has it traveled 
when it hits the ground for the fifth time? (6) How far will it travel before 
coming to rest? 

17. Twenty potatoes are placed in a straight line on the ground at inter- 
vals of 3 feet. A basket is in line with the potatoes and is 10 feet from 
the nearest one. What is the total distance traveled by a contestant in the 
potato race if he must start at the basket and gather, one by one, the 
20 potatoes? 

18. In a certain high school, a teacher begins with a yearly salary of $1700 
and receives an increase of $75 each succeeding year, (a) How much does 
a teacher make in his 12th year? (6) Find his total income in the first 
12 years. 

19. Find the sum of the first 40 positive integral multiples of 7. 

20. In rolling down an inclined plane, a ball travels 5 inches during the 
1st second. In each succeeding second, it travels 10 inches farther than in 
the preceding second. If the inclined plane is 60 feet long, how many seconds 
does it take the ball to reach the bottom? 

21. On its first swing, a pendulum bob travels 10 inches. On each succeeding 
swing, it travels | as far as on the preceding swing, (o) How far does it 
travel in five swings? (b) How far does it travel before it stops? 

22. Find a G.P. of 3 terms such that the sum of the first 2 terms is 10, and 
the third term exceeds the second by 15. (Tw'o solutions.) 

23. Given (1.03)'*® = 3.895, find the sum of the first 45 positive integral 
powers of 1.03. 

24. The reciprocals of the terms of an A.P. form a harmonic progression. 
What kind of a sequence is formed by the reciprocals of a G.P.? 

25. A man secures a loan of 85000. He promises to pay S500 of the principal 
at the end of each year until the debt is discharged. He also promises to 
pay, at the end of each year, 4% interest on the principal outstanding during 
that year. Find the total amount he pays in discharging his debt. 

26. A man bequeathed his estate of $24,000 to his six children in such a 
way that the eldest received $400 less than the second eldest, who received 
$400 less than the third eldest, and so on. How much did each child receive? 

27. A man about to take a new job is offered a choice of two propositions. 
In the first case he will be paid $2000 per year and get a $200 increase every 
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year. In the second case he will be paid SIOOO every six months and get a 
$50 increase every six months. Which proposition should he accept if he 
plans to stay 8 years? 

28. Write a sequence of three terms that is an A.P. and, at the same time, 
a G.P. 

29. Find an A.P. whose first term is 1, and whose first, second, and sixth 
terms form a G.P. 

30. Find two numbers whose arithmetic mean is 5 and whose harmonic 
mean is 




98. Induction. Induction is the process of reasoning by which one 
obser\^es a number of special cases and then draws a general con- 
clusion. For example, children, at an early age, notice that whenever 
an object is thro^vn into the air, it always falls to the earth. La 3 Tnen 
generalize these observations by saying, “what goes up must come 
down.” Scientists consider this phenomenon as a result of the law 
of gravity, which has been proved by induction, i.e., by many, 
many instances in which the law has been verified without a single 
exception. 

From a mathematician’s view’point, induction is not a satisfactory 
means of proof. The mere fact that the truth of a statement has 
been verified several times does not constitute a mathematical proof 
of its validity in general. Instead of saying that the law of gravity 
has been proved, it may be more truthful to say that it never has 
been disproved. 

Let us investigate the foUowng formula 

22 + 42 + 62-1 h (2n)2 - + 4n2 - 3n + 2. 


We find, 


forn = 1: 

22 = 1 + 4 _ 3 + 2 , 


4 = 4; True. 

for n = 2: 

22 + 42 = 8 + 16 - 6 + 2, 


20 = 20; True. 

for n = 3: 

22 + 42 + 62 = 27 + 36 - 9+ 2, 


56 = 56. True. 

164 
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From these three special cases, one might be tempted to say that 
the formula is true if n is any positive integer. We can see that 
induction has led us astray if we set n = 4 and obtain the contra- 
diction 120 = 118. In fact the formula is not true for any values 
of n except 1, 2, 3. 

99. Mathematical induction. Mathematical induction differs from 
ordinary induction in that it presents “an airtight case,” leaving 
no doubt whatsoever as to the validity of the conclusion. The prin- 
ciple involved is similar to that in the following analogy. Suppose 
that a number of freight cars are standing on a track. We can prove 
that all the cars can be moved if we establish these two facts: (I) the 
first car can be moved, and (II) each car in motion will (by a 
coupling) compel the following car to move. This type of reasoning 
is used primarily in proving theorems (formulas or statements) that 
deal mth a positive integral number (usually called n) of cases. 

Mathematical induction consists of two parts: 

Part I. A verification of the theorem for one special case, usually 
n = 1. Although not necessary, other verifications are desirable to 
familiarize the student with the meaning of the theorem. 

Part n. A proof that if the theorem is true for n = k, then it 7 nust 
he true for n = k + 1, i.e., if the theorem is true for any particular 
value of n, it must be true for the next value of n. 

Example 1. Prove by mathematical induction 

12 + 22 -h 3= -h • • • + n2 = ln(n + l)(2n + 1). 

Proof. Part I. Verify, 

forn=l: P = J(l)(2)(3) = 1. True, 

for n = 2: 12+2^= J(2)(3)(5) = 5. True. 

forn = 3: + 22 -h 32 = J-(3)(4)(7) = 14 ^rue. 

Part n. Let k represent any particular value of n. For n = k, the 
formula becomes 

12 2= -h 32 -f . . . -h /:2 = mj, 4. i)(2k + 1). (A) 

For n = k + 1, the formula is 

12 4- 22 -h 32 H + *2_|_ 1)2 

= Kk+ I)([k+ 1]+ l)(2[k4- l]-h 1) 

= ifk-f l)(k-f-2)(2k-h3). 


(B), 
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We must show that if the formula is true for n= k, then it must 
be true for n = fc + 1. In other words, we must show that (B) 
Mows from (A). The left side of (A) can be converted into the 
left side of (B) by merely adding (k + 1)^. All that remains to be 
demonstrated is that when {k + 1)^ is added to the right side of (A), 
the result is the right side of (B) : 


lkik+ l)(2fc+ 1)+ (^+ 1)- 

- (H- 1) [ **%'*' ^ + t + l] 

. 

_ (k -I- l)(2k^ + 7fc + 6) 

6 

= |(fc+l)(^ + 2)(2fc+3). 


We have thus established that if (A) is true, then (B) must be true, 
i.e., if the formula is true for n = k, then it must be true for 

n = A: + 1. 

By verification, we know the formula is true for n = 3. Therefore 
by Part II it must hold forn = 4 (using A: = 3 and A: + 1 = 4). 
Since the formula is true for n = 4, it must be true for n = 5, and 


so on for all positive integral values of n. 

The two parts of the proof are equally important. The “formula ' 
in Art. 98 illustrates that Part I mthout Part II does not consti- 
tute a proof. In terms of the freight-train analogy, we have moved 
the first three cars but failed to make certain that each car is 
coupled to the one behind. 

In the formula 


12 22 -f- 3^ -p • • • + = ln(n + l)(2n + 1) + 100) 

we can estabhsh Part II, but Part I is impossible because the 
“formula” is not true for any value of n. In this case each freight 
car is coupled to the next one but the first car cannot be moved. 

C(mment The term following the A:th term in a sequence 
found by replacing k with (A: -p 1) in the A:th term. Thus, if the 
term is (2A: — 1), the next term is {2[k -p 1] — 1) or (2A: -p 1). 
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Exercise 55 


Prove the following theorems by mathemaikal indnclion. 

1. l + 3'|-5-h'-- + {2n — 1) = n^. 

2. l + 2 + 3 + -*' + n = ^n(n + 1). 

3. 2 + 4 + 6+ -- - + 2n = n(n + 1). 

4. 3 + 7 + 11 + • ■ ' + (4n — 1) = n{2n 4- 1). 

5. — -h — + — H 1 = ^ 

l-2^2-3^3-4^ ^n(n + l) n + 1 

6. — + — + — H 1 5 = ^ 

l-3^3-5^5-7^ ^ (2n - l)(2n + 1) 2n + 1 

7. 1-2 + 2- 3 + 3- 4 + -- - + n{n + 1) = \n{n + l)(n + 2). 

8. l-2 + 3- 4 + 5- 6 + :- ‘ + (2” ~ l)(2n) = 3 rt(n + l)(4n — 1). 

9. P + 23 + 33 + • ■ ■ + n3 = \n\n + 1)2. 

10. 12 + 32 + 53 4* ■ • ■ + (2n - 1)2 = in(4n2 - 1 ). 

„.l+i + i + ... + l = 2:^. 

2 ^ 22 ^ 23 ^ ^2" 2" 


\ 

12 . 1 + 3 + 6 + • • • + - (n + 1) = - n(n -f l)(n + 2). 

13. 2 + 22 + 23 + . . . + 2" = 2(2'- - 1). 

(1 — 

14. a + ar + + • • • + ar--"* 

1 — r 

15. 1-3 + 2- 4 + 3- 5 + -- - + n{n + 2) = |n(n + l)(2n + 7). 

16. Prove that the arithmetic progression formula / = a + (n~l)riis true 
for all positive integral values of n. 

17. If n is any positive integer, prove that x" — y" is divisible by x — y. 

Hint. In Part II, use the identity x*'-'* — y*'*’* = x(x*^ — y*) -f i/(z — y). 

Notice that if x*^ - y‘ is divisible by x - y, then the right side of this 
equation is likewise, and so is the left side, x*"-"’ — y*^‘. 

18. If n is any positive integer, prove that x^- - 1 /" is divisible by x + y. 
Hint. In Part II, use the identity — y^*^ = x2(x2* — y 2 *) -j- y^>‘{x^ ~ 
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100. The binomial formula. The following expansions of various 
powers of the binomial (a + h) may be obtained by actual multipli- 
cation. 

(a + 6)^ == a + b. 

(a + 6)2 = 0 = + 2a6 + 

(a + 6)^ = a=* + 3a26 + 306^ + h\ 

(a + by = 4- 4 a ^6 H- 60^62 + 4ab^ + ¥. 

For n = 1, 2, 3, 4, we observe that the expansion of (a + 6)" has 
the following properties: 

1. The first term is a"; in each succeeding term the exponent of 
a decreases by 1. 

IL The second term is 7ia"**6; in each succeeding term the 
exponent of 6 increases by 1. 

III. If the coefficient of any term is multiplied by the exponent 01 
a and divided by the number of the term, the result is the coefficient 

of the next term. 

Illustration. In the expansion of (a + 6)*, the coefficient of the 
second term is 4. Using property III, we get = 6 for the coef- 
ficient of the third term. 

Assuming these properties are true for all positive integral values 

of n, we have 
169 
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(a + 6)" = O’* + na"-'h + a"-*62 

, n(n — l)(n — 2) 

+ — r ' o 0 ^ 0 ^ + • • • + 6'*, 

which is called the binomial formula. In Art. 104, we shall prove 
that it holds when n is any positive integer. For the present we shall 
use it \\ithout proof. 

For checking purposes it will be useful to remember these addi- 
tional properties of the expansion: 

IV. The sum of the exponents of a and h in each term is n. 

V. The number of terms is (n 1). 

VI. The coefficients are symmetric, i.e., the coefficients of the 
first and last terms are equal; the coefficients of the second term and 
the next to the last term are equal, etc. 

Example 1. Use the binomial formula to expand + 2yY. 
Solution. 

(1= + 2y)^ = (x^ + 5(x^-y(2y) + mx^-y{2yy + I0{x^y(2yy 

-y rYx^‘){2yy + (2yy 

= -b lOxV + 40xV -h S0x*r/ + 80xV -f 32y\ 


Example 2. Expand to four terms and simplify (r^ — 100“- 
Solution. 


- lOty^ = 


10 

= (,J)»+ 20(r^)‘’(-10<) +^Y^(r’)'*(-100'‘ 

+ (r>)‘’(- 100’ + • • • 

= - 200 r^’f -f 19 , 000 r «<2 _ 1,140, 000 r“i® -f- 


Notice that the binomial (r’ — 100 should be written as a sum be- 
fore the binomial formula can be used. 


101. Pascal’s triangle. The coefficients in the binomial expansion 
can be arranged in a clever pattern called Pascal’s triangle. Each 
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row of the triangle consists of the coeflScients in the expansion of the 
binomial to the left of the row. 

(a + hr 1 

(a +6)* 1 1 

{a + br 12 1 

(a + 6)' 13 3 1 

{a + hy 1 4 6 4 1 

(a-{-br 1 5 10 10 5 1 

(a+by 1 6 15 20 15 6 1 


Every row begins and ends ^vith 1. Each of the other numbers may 
be obtained by adding the two numbers that appear immediately 
above it, one at the left and the other at the right. Thus, in the 
seventh row 6 = 1 + 5, 15 = 5 + 10, 20 = 10 + 10, etc. 

102. Factorial notation. If n is any positive integer, the symbol n! 
(read n factorial) is defined to be the product of the integers from 1 

to n: 

n! = 1 • 2 • 3 • • • n. 

Illiistration. 5! = 1*2‘3*4*5 = 120. 

^ _ 1 •2*3‘4’5'6’7-8'9 _ g . g _ 72 
7!“ 1-2-3-4-5-6-7 

For convenience, we define 01 to be 1. 


Exercise 56 


Use the binomial formula to expand; then simplify. 


1. (a + by. 
4. (r - s)^ 


7. (25= + l)^ 

» / it \ ^ 

10 . 


-\y 


2 


13. {x* - lOyy. 

16 . (j + hr 


2. (a + by. 
5. (r^ - Oy. 


8, (lOx + y'^y 

■■ (r t)' 

14. (x^ - 

+ i) • 


3. (z - yy. 

6. - fj- 

9. (4x^ + byY- 
12. (3x - 2)*. 

15. (1 

18. (r + s + 0^- 


Hint. Consider (r + s) as a single term; (r + s + 0^ = ([r + ri + 0^- 
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Write the first four terms of each of the following expansions. 

19. (a + 6)«. 20. (x - y)'“. 21. {x^ - 2y)^. 

22. (x - ly. 23. (r® - 3>/0‘®. 24. (r^ + sfy*. 

25. (2 + ly. 26. 27. (x^ + 10!/)«. 

28. (x“ - 3i/)“. 29. (- c= + dT- 30. (- r-^ - 6->)’. 

31. Compute the value of (1.001)^> to four decimal places by expanding 
(1 + .001)“ to three terms and evaluating them. 

32. Compute the value of (1.02)'® to four decimal places by expanding 
(1 + .02)'® to four terms and evaluating them. 

33. Compute the value of (.OO)'^ to four decimal places by expanding 
(1 - .01)*= to four terms and simplifying. 

34. Compute the value of (.998)“ to four decimal places by expanding 
(1 - .002)“ to as many terms as necessary. 




103. The general term of the binomial formula. An examination 
of the binomial formula for (a -f- 6 )" shows that the term involving 

is 

nin - l)(n - 2 ) • • • to r factors 

1 • 2 ♦ 3 • • • to r factors * 


which is the same as 

n(n — l)(n — 2 ) 


Liil 


(2) 


Since the term involving is the (r + l)th term, the rth term is 

nin - Din -2) ■ • • to (r - 1) factors . 3 ) 

1 . 2 • 3 • • ■ to (r — 1 ) factors 

Either (1) or (3) may be considered as the general term of the 
expansion. Of the three formulas, the easiest to remember is (1). 
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Example 1. Write the 7th term of (3x + 1 /“)“. 

Solution. The 7th term involves the 6th power of y”. Using (1), 
we get 

3 4 

(dxYiy'^y = 210t8l2^)y^® = 17,010x^®^ 

104. The binomial theorem. The binomial formuhx for (a 4 1>Y 


is true if n is any positive integer. 

Proof. We shall use mathematical induction. 

Part 1. The formula has been verified forn = 1, 2, 3, 4. 

Part n. We shall show that if the formula is true for n = k, then 


it must be true for n = /: + 1. For n — k, 

(a + 6)^ = a* + ka^^h 4" * * * + 1 . 2 • • • (r - 1) 





k{k — 1) • ■ • (fc — r + 1) 

1 . 2 • • • r 




Multiply both sides of this equation by (a + b). On the right side 
of the resulting equation we shall exhibit only the first two terms, 
the last term, and the term involving b\ 


(a+6)*^‘ = 

f +a‘6+ • • • + 


a*'‘*’*+(fc+l)a*64- • • ■ + 


m-\) ■ ■ ■ (fe-r+l) . . . 

1 • 2 • • • r 

fc(fe-l) • • ■ ^ ^ ^ 

1 ■ 2 ■ ■ - (r-1) 

(fe+l)A --(^-r+2) . . . +6*+> 

1 • 2 • • • r 


We see that this result is exactly the same as the expansion o 
(a + by if n is replaced by (i + 1). (Compare the general term wth 
(2) in Art. 103.) This shows that if the formula is true for n - ft, 
then it must be true for n = ft + 1, regardless of what ft is. We 
have verified the formula for n = 4 ; hence it must be tme tor 
n = 5. Being true for n = 5, it must be true forn = 6; and so on 

for all positive integral values of n. 

* This line results when the right side of (1) is multiplied by o. 
t This line is the product of the right side of (1) by 6. 
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Comment. The simplification of the coefficient of the term involv- 
ing 6 *’ is performed as follows: 

kik — 1) • * • (fc — r 4~ 1) , k(]c — 1) ■*■(/: — r -f~ 2) 

1 . 2 • • ■ r 1 • 2 • • • (r — 1) 

_ k{k — 1) • • ■ (fc — r + 2 ) r fc — r + 1 ■ .1 

1 ■ 2 * • ■ (r - 1) ' L r 

^ k(k-l)--’{k-T-\- 2) [Mill 

1 . 2 ... (r - 1) L r J 

^ (fc+l)fc(A:- l)->-(A:-r+2) 

1 . 2 . . . (r - 1) • r 
^ {k+l)k"-{k-r+2) 

1 . 2 • • • r 


105. The binomial formula for negative and fractional exponents. 
If n is not a positive integer, the binomial formula for (a + 6)" gives 
an expansion with an infinite number of terms. It can be shown 
that the formula holds for all real values of n provided | 6 | < | a |. 
This means that as we include more and more terms of the expansion 
their sum will more closely approach the value on the left side. 
(Compare with Art. 95.) 


Example 1. Expand to three terms and simplify: (8 + y)^. 


Solution. 

(8 + y)S = 8» + I • 8-i • y + . 8-i . 1/2 + ■ . ■ 



Example 2. Approximate by using three terms of the 

binomial formula. 


Solution. 

(i + [-.05])i 

= li + 1 . i-4(- .05) H- H(- .05)2 + . . . 

= 1 + if-. 05) -^(.0025)+..- 
= 1 - .01 - .0002 + 

= .9898. 


• • • 
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Exercise 57 

1 . Find the 4th term of (a + u?®)". 

2. Find the 5th term of (a - V2)“. 

3. Find the 6th term of * 

4. Find the 8th term of (4r — 

5. Find the term involving if in (x - yYK 

6. Find the term involving in (a + 6)*^ 

7. Find the term involving in (x + y’®)®. 

8. Find the term involving x in (2x — y®)“. 

9. Find the middle term of (2x + 3y)®. 

10. Find the middle terms of (x* — 10)^ 

Expand to four terms and simplify. 

11. (1 + x)-^ 12. (1 + x)-2. 13. (I - x)-2. 14. (1 + x)'^. 

15 . ( 2 ;! + y)h, 16. (r« - 0^. 17. (25 + y)l 18. (100 - x“)i 

Approximate the following radicals by using the first three terms of the binomixd 
formula. 

19. 20. >/r08. 21. vT05. 

22. v'Toe. 23. 24. v^. 

.4pproxtmate the following radicals by using the first two terms of the binomial 
formula. 

25. 26. 27. v^. 28. (81.24)i 




106. Inequalities. An inequality is a statement that one real quan- 
tity is greater than or less than another real quantity. The statement 
a > b (read “a is greater than 6”) means that (a — 6) is a positive 
number. If a and b are plotted on the directed line in Fig. 21, then 

\ 1 i 1 1 1 ( 1 1 \ ► 

-4 -3 -2 -10 1 2 3 4 5 

FIG. 21 

a > h means that a is to the right of b. Similarly, the statement 
c < d (read “c is less than d”) means that (c — d) is a negative 
number. In Fig. 21, c would lie to the kft of d. The statement 
2 < a: ^ 5 (read “a: is greater than 2 and less than or equal to 5”) 
means that x is any number between 2 and 5, including 5 but not 2. 
The inequality | a- 1 < 1 (read “the absolute value of x is less 
than 1 “) means that x is between — 1 and 1 : — 1 < a: < 1. 

An absolute inequality is one that is satisfied by all real values of 
the letters involved. Thus, ^ 0 is an absolute inequality because 
the square of any real number is either positive or 0. A conditional 
inequality is one that is satisfied only by certain values of the letters 
involved. Thus, x — 5 > 0 is satisfied only by numbers greater 
than 5. 

107. Properties of inequalities. Two inequalities, such as a < 6 
and c < d, in which the inequality signs point in the same direction 
are said to have the same sense. 
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In dealing with inequalities, we must observe the following prin- 
ciples. 

I. The sense of an ineqmlity is not changed if the same number is 
added to or subtracted from both sides. 

lUustraiionl. Illustrations. 

11 > 7. If x + 2 ^ 8, 

11 + 5 >7+5. then j ^ 6. 

II. The sense of an ineqmlity is not changed if both sides are mvUi- 
plied or divided by the same positive number. 

Illustration 3. Illustration 4- 

5 < 6. If 4x > 12, 

15 < 18. then a: > 3. 

III. The sense of an inequality is reversed if both sides are muUu 
plied or divided by the same negative number. 

Illustration 5. 7 > 6. 

Multiply by —1 and reverse sense: —7 < — 6. 

Illustration 6. If — 3a: < 6, 

Divide by —3 and reverse sense; then x > — 2. 

IV. The sense of an inequality of positive numbers is not changed if 
the same positive power or the same positive root of each side is taken. 

Illustration 7. 4 > 3. 

Square both sides; 16 > 9. 

Illustration 8. 25 < 36. 

Take square roots; 5 < 6. 

The proofs of these properties are similar and follow almost 
immediately from the definition of an inequality. 

Proof of I. We shall prove that the inequality a > 6 is not changed 
in sense if c is added to both sides. Since a > b, their difference 
(a — b) is equal to some positive number p: 

a — b = p. 

Add and subtract c on left side: a-\-c — b~c~p. 

Group terms: (a + c) — (6 + c) = p. 

Hence a + c > 6 + c, 

by the definition of an inequality. 
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In a similar manner we can show that a — c > 6 — c. 

The proofs of the other three properties follow the same general 
pattern. 

108. Solution of conditional inequalities. We shall confine our 
discussion to inequalities that involve only one unknown. To solve 
an inequality means to find the values or ranges of values for which 
the inequality is satisfied. 

Linear inequalities may be solved algebraically by isolating the 
unknown on one side. This is done by applying the properties of 
inequalities. 

Example 1. Solve: | — 6 < Si + 4. 

Solution. 

Multiply by 2: a: — 12 < 6i -j- 8. 

Add 12 and subtract fix: x — fix < 12 -f 8. 

- 5x < 20. 

Divide by —5 and reverse the sense: x > — 4. 

The given inequality is satisfied by all values of x greater than 
— 4. The student should test it for a few special values such as -3, 
0 , 100 . 

Quadratic inequalitie.s (and inequalities of higher degree) may be 
solved graphically. 

Example 2. Solve: X- < 2x -f 2. 

Solution. Make the right side zero by using property I. 

x2 - 2x - 2 < 0. 


Graph the left side as a function of x. 


X 


-1 

0 

1 

9 

3 


fix) = - 2x - 2 


1 

-2 

-3 

-2 

1 



Obviously /(x) < 0 when the curve (Fig. 22) lies below the x-axis. 
i.e., for values of x between —.7 and 2.7. 

Hence, — .7 < x < 2.7. 
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Since these results were read from the curve, they are only approxi- 
mations. If the student should read 2.6 or 2.8 instead of 2.7, his 

result would be acceptable. 

In case more accuracy is desired, 
we can solve the corresponding 
equation x^—2x — 2 ~ 0 and find 
x = 1 + Vd. Thus the curve 
crosses the x-axis when x = 1 
— Vs and X = 1 + Vs, and the 
inequality is true for 

1 -Vs < X < 1 

Example 3. Solve 

- 2x - 2 > 0. 

Solution. The graph of 
(x^ — 2x — 2) is shown in Fig. 22. 
The inequality holds when the curve is above the x-axis, i.e., when 

X > 2.7 or X < — .7. 

Example 4. Rewrite the following inequality without using an 
absolute value sign: | x — 5 | <1. 

Solution. Since the absolute value of (x — 5) is less than 1, we 
know that (x — 5) lies between — 1 and 1 : 

— l<x — 5< 1. 

Add 5: 4 < x < 6. 

Example 5. Solve: x^ > 16. 

Solution. We know that if a number is in absolute value less 
than 4, then its square is less than 16. Likewise, the square of any 
number whose absolute value is greater than 4 must be greater than 
16. Hence 

if x2 > 16, 

then I X I >4, 

and X > 4 or x < — 4. 

109. Proofs of absolute inequalities. To prove an absolute in- 
equality, we must (1) start \Wth an inequality we know is true, 
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(2) apply the properties of inequalities, and (3) derive the inequality 
we are to prove. An analysis of the inequality to be proved will 
usually give us a clue as to the inequality with which we should 
start. 


Example 1. If x > 0, y > 0, x y, prove that 

Analysis. If ^ then x -f- y > 2Vxy 

(2'N/xy)2, and + 2xy + y- > 4xy, and x^ — 2a 
(x — y)2 > 0. 


Proof. Since x 9 ^ y, we know that 


Expand: 

Add 4xy: 

Take positive square roots: * 
Divide by 2: 


(x - yY > 0. 

X‘ — 2xy + y2 > 0. 

X- + 2xy + y- > 4xy. 


x+y> 2Vxy. 



We have shown that the arithmetic mean of x and y is larger 
than their geometric mean. 


Exercise 58 


Solve the following linear inequalities. 

1. 4x - 3 < 5. 2. 2x - 9 > X. 


4. 3 - 2z < 7. 

6. 2x — 4 > 5x + 8. 


3. J-x > 10. 

5. 5x + 3 > 7x — 9. 

7. 2 — 5x < 4x — 1. 
9. 1 - -J-x < Jx + 

Solve graphically. 

11. x2 > 9. 

13. x2 < 2x. 


8. 4 — ox < 1 — 3x. 
10. jX H- 5 < + 7. 

12. x2 < 4. 

14. x2 > 2x + 8. 


• This is permi.ssiblc because botii sides of the preceding inequality are posi- 
tive since x > 0 and y > 0. 
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15. <5x — 4. 

17. > 4x + 2. 

19. 1 + a: - 2 x 2 < q. 

21. x2 - 3x2 - X + 3 > 0. 
23. x3 + X - 3 < 0. 


16. x* + X > 6. 

18. x* - 6 x + 7 < 0. 

20. 2x2 - 4x + 1 < 0. 

22. x2 - 3x2 + 1< 0. 

24. (x - l)(x - 3)(x - 5) > 0. 


Revjrile vnthoiU xtsing absolute value signs and solve for x. 
25. I X - 3 I < 4. 26. 1 X - 2 I > 6 . 

27. I X + 1 I ^ 7. 28. 1 4 - X 1 g 1. 


Solve by inspection without graphing. 

29. x2 > 49. 30. x2 < 81. 31. 4x2 ^ 9 , 32. 9 x 2 > 25. 

33. Prove that if x ps y, then x 2 + y 2 > 2xy. 

34. Prove that if x > 0 and x 1, then x + - > 2. 

X 


35. Prove that if x + y > 0 and x y, then 


X -f y 


2 xy 
X + y 


36. Prove that if x > y > 0, then x^ — y* > (x — y)^. 

37. Find the values of k for which the following quadratic equation in x will 

have roots that are real and unequal : x* — 2kx + = 0 . 


Hint. The discriminant must be positive. 

38. Find the values of k for which the following quadratic equation in x 
will have imaginary roots: fcr2 — 5x + 3 = 0. 

Hint. The discriminant must be negative. 

39. Find the values of k for which the straight line y = x k will meet the 
circle x 2 + y 2 = 18 in two distinct points. 

Hint. Eliminate y by substituting from the linear into the quadratic equa- 
tion. The resulting quadratic in x must have real, unequal roots, i.e., its 
discriminant must be positive. 

40. If a > h, under what conditions can we say that - < t? 

a b 
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Complex numbers 


110. Complex numbers. In Art. 59 we formulated the following 
definitions. 

1. Definition. i = V— 1. 

Consequence. ir = — l. 

2. A pure imaginary number is a square root of a negative number. 

3. A complex number is a number of the form a + where a 
and h are real numbers and i = V — 1. Since zero is a real number, 
we see that if a = 0, the complex number a + bi becomes bi, a pure 
imaginary number. If 5 = 0, the complex number a -h bi becomes a, 
a real number. Therefore complex numbers include real numbers 
and pure imaginary numbers as special cases. 

4. An imaginary number is a complex number of the form a -f hi, 
where h 9 ^ 0 . 

Illustrations. 

Real numbers. 4, -fi 

Pure imaginary numbers. 3z, 2, — 4i, 

Imaginary numbers. 2 -f" oi, — 7 V2 — tVs, 3i. 

All these numbers are complex numbers. 

The following additional definitions will be useful in later dis- 
cussions. 

5. The complex numbers a + bi and a — hi are said to be conju- 
gates of each other. Notice that the roots of the equation — 6a: + 

181 
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25 = 0 are the conjugate imaginary numbers 3 + and 3 — 4i. 
It will be shown (Art. 126) that if an imaginary number a + in is a 
root of an equation vAih real coefficients, then the conjugate imagi- 
nary a hi is also a root of this equation. 

6, Two complex numbers are said to he equal provided their real 
parts are equal and their imaginary parts are equal. This means that 

if a-\-hi = c-\- di, 

then a = c and h ~ d. 


As a consequence of this definition, we see that 

if a + hi = 0, 

then a = 0 and 6=0. 


111. Algebraic operations on complex numbers. Before perform- 
ing any algebraic operations on complex numbers, we should write 
them in the form a -f- hi. (See Art. 59.) Treat i like any other num- 
ber, but replace ir (whenever it appears) with —1. 

1. Addition and subtraction. 

{a + hi) + (c + di) = (a + c) (6 H- d)i. 

{a + hi) — (c -b di) = (a — c) + (6 — d)i. 

Illustralion 1. 

(2 -b 3f) -b (7 - 40 = (2 + 7) + (3 - 4)f = 9 - 

(_ 7 _ 5t) - (6+ i) = (- 7 - 6)+ (- 5 - l)i =- 13 - 

2. Multiplication. 

(a + 60 (c + di) = oc + adi + hci + bdir 

= {ac — hd) (ad + bc)i. 

Illustration 2. 

(3 + 8i)(5 + 70 = 15 + 21i + 402 + 

= -41 + 611. 

3. Division. The quotient of two complex numbers may be ex- 
pressed in the form a + hi by multiplying the numerator and 
nominator by the conjugate oj the denominator; 

a-\-hi _ (g + 60 (c — di) _ (ac + hd) -b (6c — Qd)t 
cA- di~ (c + di){c — di) dr 
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Illustration S. 

5 + 7i _ (5 + 7i)(I + 3i) 5 + 15f + 7i + 2W 

1 - 32 (1 - 3t)(l + 32) ~ 1 - 92^ 

. - 16 + 222 8 , 11 . 

10 5 5 

The division may be checked by multiplying (— f + ^i) by 
(1 — 32). What should the result be? 

Exercise 59 


Perform each of the indicated operations and express the result in the form 
a + bi. 


1. (7 - 92) + (4 + 52). 

2 . (8 + i) + (- 2 + Si). 

3. (4 + (>^5 -V^). 

4. (5+V-18) + (6+\/^). 

5. + 5>/^ 

6. (6 - 52) - (4 - 72). 

7. 2 - (4 + 3i) - (- 6 - 2). 

8. (1+2) + ( 3 - 82 ) + (-2 + 92) 

9. (3 - 5i) - (4 - t) + (6 + 72). 

10. 

11. (2^^)2. 

12 . (2 + t)(3 + 52). 

13. (6 - 72)(8 - 2). 

14. (4 - 32)(- 2 - 2 ). 

15. (2V3+V^)(\/3+\/^). 

16. (4 -V-7)(4+V37). 

17. (5 - 6i)'. 

18. (3 -\/-5)2. 

19. (2 - 3's/37)2. 

20. (2 + 52)3. 

21. (1 +2)^ 

22. (1 + 22)(3 + 40(5 + 60. 

23. i'o + 233. 

24. + 2« + 2«. 

25. 

26. 26 + 

2 + 32 

4 + 2 

2 

CO 

1 

1 

27. — : — 

28. 

7 + 2 

1 -22 

2P . 

30 ^ + 

3 +-V/Z 2 


^ W 4 

2 

,, 52 

2 

31. 

32. 

3 - 42 

(1 + 0^- 

33. 

,, (3 + 50(1 + 20 

2(3 + 2i) 

‘ (4 + 0(3-0’ 
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Express the reciprocal of the number in the form a + bi. 
35. 4 + i. 36. 5 - 6i. 

37. -t. 


38. V^O+V-45. 


State the conjugate of each complex number. 
39. - 5 - 7i. 40. 5. 


41. 111. 


42. 6 + 2V - 



Find the values of the real numbers x and y. 

43. 2x + yi = 6 + 7i. 44. 5x - Zyi = 20 + 39i. 

45. (x + yi){l -H 3i) = -19 + 13i.. 46. (x + i)(2 + i/i) = 7 + 17t. 

47. (2x - 8) - (y - 9)i = 0. 

48. Prove that the sum of two conjugate complex numbers is a real number. 

49. Prove that the product of two conjugate complex numbers is a positive 
real number. 

50. Show that 




+ &i 


\c H- di 


: + 


a -U\. 
c - dij ^ 


real number. 


+ 


I I i - i 


-o -2-1 

FIG. 23 


1 2 


112. Graphical representation of complex numbers. Let us repre- 
sent the real numbers by points on a horizontal directed line * 
(Fig. 23). Let the vector V represent the directed segment connect- 
ing the origin 0 to the point corresponding to the real number a. 

Q Since ai^=— a, it can be said 

—I — Reals that multiplying o by i • i is geo- 

® metrically equivalent to rotating 

V through 180° about 0. Conse- 
quently it is logical to represent the multiplication of a by i as a 

rotation of V through 90° about 0. Accordingly, the number ai 
will be represented as a point a units from 0 on the vertical line 
through 0. We shall refer to the horizontal axis as the axis of reals 
and the vertical axis as the axis of (pure) imaginaries. This system 
of axes defines a region called the complex plane. It is to be noted 
that, while the unit on the axis of reals is the number 1, the unit on 
the axis of imaginaries is the imaginary number i. Hence the complex 
number (a -j- hi) is represented by the point a units from the axis 
of imaginaries and h units from the axis of reals. Figure 24 illustrates 

* As in the case of the x-axis of a rectangular coordinate system. 
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complex numbers in the complex 


ART. 113 GRAPHICAL ADDITION 

the graphical representation of 
plane. 

It is sometimes convenient to 
(a + hi) as representing the 
vector OP (Fig. 24), instead of 
the point P. 

1 13. Graphical addition of com- 
plex numbers. T 0 add graphically 
the complex numbers a -f- hi and 
c-\- di'. Let points P and Q repre- 
sent the two numbers, respec- 
tively. Connect the origin 0 with 


think of the complex number 



P and Q. Complete the parallelogram having OP and OQ as adjacent 
sides; let S be the fourth vertex. Then S represents the sum of the 
two given complex numbers. 

Proof. In Fig. 25, QL, PM, and SN are drawm perpendicular to 



the axis of reals, and PT is drawn perpendicular to SN. Then tri- 
angles OLQ and PTS are congruent. (Why? Hence OL = PT — MN. 
And LQ = TS. Therefore 

ON = OM + MN = OM-\-OL = a + c 
and NS = NT TS = MP -\- LQ = 5 + d. 

Hence S represents the complex number (a c) + (6 + d)i, which 
is the sum of the complex numbers a + hi and c + di. 
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Three complex numbers can be added graphically by first obtain- 
ing the sum of two of them and then adding this to the third. 

We can subtract (c + di) from 
{a + hi) graphically by adding 
(a + hi) to (— c — di), 

114. Trigonometric form of a 
complex number. Let point P in 
the complex plane represent the 
complex number a + hi. The 
absolute value * of a + (w is the 
distance r from 0 to P. It is al- 
ways considered positive. The 
amplitude * of a + hi is the angle measured from the positive axis of 
reals to the line OP. From Fig. 26, it is apparent that 

(1) r=Va‘+ b% tan 9=-, 

CL 

and 

(2) a = r cos 0, h = r sin $. 

These equations hold regardless of the quadrant in which P lies. 
If the last equation is multiplied by i and added to the preceding 
one, we get 

a-\- bi = r(cos 6 + i sin 6). 

The expression r(cos 0 + i sin 0) is called the trigonometric t for® 
of a complex number. The expression a hi is called the algebraic 
form of a complex number. The trigonometric form is useful in 
finding powers and roots of complex numbers. 

Any complex number in algebraic form can be expressed in trigo- 
nometric form by use of equations (1). After the value of tan 0 h^ 
been obtained, 0 can be found by use of a table of trigonometric 
functions (Table II). In general, there are two angles between 0 
and 360° having the same tangent. In order to be certain to get the 
correct angle, we should always plot the complex numher + in the com- 

* Absolute value is also called modulus; amplilude is sometimes caUed argument 
t Also called the polar form. It is sometimes written in the abbreviated form 

r CIS 0 or r 

JThe expression plot the complex numher is an abbre\'iation we shall 
the more rigorous statement, plot the point corresponding to the complex number. 
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plex plane. The amplitude of a real number or a pure imaginary 
number can be obtained by inspection of its location in the complex 
plane. For example, the amplitude of —4i is 270° (Fig. 24). 

Any complex number in trigonometric form can be expressed in 
algebraic form by replacing sin 0 and cos e with their numerical 
values and then simplifying. Thus, 4(cos 100° + i sin 100°) = 
4(- .174 + .985t) =- .096 + 3.940i, using Table II. 

Example 1. Express each of the following in trigonometric form* 
(a) 4 - 4f, (b) -3. 

Solution, (a) Plot the number in the complex plane. Equations (1) 



give us r = 4V2, tan 0 =-i. From the last equa- 

tion, ff could be 135° or 315°. From Fig. 27, we see that 0 must be 
315°. Hence 

4- 4i= 4>/2(cos 315° + i sin 315°). 

This result can be checked by replacing cos 315° and sin 315° with 
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respectively, and then demonstrating that the right 


side is actually equal to the left side. 

(6) After plotting the number (Fig. 27), we find by inspection 
that r = 3 and d = 180°. Hence 


-3= 3(cos 180° sin 180°). 

It is to be noted that, regardless of the signs of a and b, r is alwat/s 
vositive and the signs in front of cos d and i sin d are always positive. 


Exercise 60 


Perform the indicated operations graphically and check the results algebraically. 

X. (4 + i) + (1 + 50 . 2 . (7 - 20 + (1 + 60 . 

3. (- 2 - 30 + (4 - 50 - 4. (1 4- 30 + (- 5 + 20 - 

5 . (5 — 60 — (3 + 0 - 6 . (— 6 + 30 — (— 6 — 0 - 

7 , ( 1 + 0 + (-2 + 50 + (- 4 - 0 . 

S. (3 - 0 + (1 + 20 - (4 - 0 . 


Plot each of the following complex numbers and then express it in trigonometric 


10. 2 + 2i. 

12. - 3 - 31. 
14. -7t. 


form. 

9. 5 - 5i. 

11 . -V2 + iV2. 

13. -5, 

15. 4i. 

17. 1 + iV3. 

19. - 3 - tV3. 

21. - 5 + 12 i. 

23. 1 - 2i. 

Plot each of the following complex 
form. 

25. 7(cos270° + isin270O. 

27. 8(cosl20° + isin 1200- 
29. +3(005 300" + i sin 300"). 

31. 10(cos225" + tsm225°). 

33. 5(cos 63° + 1 sin 63°). 


16. 3. 

18. 2 - 2iV3. 

20. -+3 + 1. 

22. - 3 - 4i. 

24. 2 + Zi. 

numbers and then express it in algebraic 

26. 5(cosl80° + isin 180°). 

28. 10(cos240° + i sin 240°). 

30. 4(cos30° + tsin30°). 

32. 6(cos 315° + I sin 315 ). 

34. cos 100° + I sin 100°. 
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35. What is the amplitude (a) of a positive real number? (6) of a negative 
real number? (c) of biU b > 0? (d) of fri if 6 < 0? 

36. Show that the conjugate of r(cos e + t sin fl) is r(cos [-e] -f i sin [- 0 ]). 

On one system of coordinates, plot and label the number, its conjugate, and its 
negative. 

37. 3 - 7i. 38. oi. 39. 6. 40. 1 +-\/-l6. 


115. Multiplication and division of complex numbers in trig- 
onometric form. 

Theorem 1 . The absolut/^ value of the product of tivo complex numbers 
is the product of their absolute values; the amplitude of the product is 
the sum of their amplitudes; 

ri(cos $1 + i sin 0,) • raCcos $2 + i sin ^ 2 ) 

= rifolcos (01 -|- $ 2 ) H- i sin (0i + fia)]. 

Proof. Let ri(cos 0i + i sin 0i) and raCcos 62 + i sin ^a) be any 
two complex numbers in trigonometric form. Their product is 

ri(cos 01 + i sin 0i) • r 2 (cos 02 + i sin 02 ) 

= riralcos 0i cos 02 + sin 0i sin 02 + i sin 0i cos 02 + i cos 0i sin 02 ] 
= riraKcos 0i cos 02 — sin 0i sin 02 ) + i{s\n 0i cos 02 + cos 0i sin 02 )| 
= riraicos (0i.+ ^ 2 ) + tsin (0i -h 02 )]. 

Illustration 1. 

5(cos 110® + z .sin 110°) ■ 7(cos 1G0° -f* i sin 160°) 

= 5 ■ 7[cos (110° -h 160°) + i sin (110° + 160°)] 

= 35[cos270°-f- zsin270°] 

= 35[0+ z(-l)] =-35z. 

This theorem may be extended to include the product of any 
number of complex numbers: 

rdcos 01 + i sin 0i) • r 2 (cos 02 + i sin 02 ) • ■ • r„(cos 0„ -f i sin 0„) 

= rir 2 • • • r„[cos ( 01 + 02 +* • •+0„)+zsin ( 0 i+ 02 +* • •+0„)]. 

Theorem 2. The absolute value of the quotient of two complex num- 
bers is the quotient of their absolute values; the amplitude of the quotient 
is the difference of their amplitudes; 


ri(cos 01 + I sin 00 
r2(cos 02 + i sin 02) 
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Proof. Multiply top and bottom of the 
(cos di — i sin ^ 2 ) : 


given fraction by 


ri(cos 01 + f sin 0 i) > (cos $2 — i sin ^2) 
r2(cos 02 + f sin 02) • (cos 02 — i sin 02) 

7-1 cos 01 cos 02 + sin $i sin 02 + ^’(sin 0i cos 02 cos 0i sin 02 ) 
r, ’ cos^ 02 + sin^ 02 


= — [cos (01 — 02 ) + i sin (0i — 02 )]- 

7*2 


Illustration 2. 

4(cos 35° + i sin 35°) 

4(.819 + .5740 ♦ 

3.276 + 2.296f. 

The result in trigonometric form is exact, but the algebraic result is 
only approximate since the table gives the values of the functions 
correct to only three decimal places. 


12(cos 85° + i sin 85°) 
3 (cos 50° + i sin 50°) 


116. De Moivre’s theorem. If n is any real number, 

[r(cos 0 + I sin 0)]" = r"(cos nS + i sin n0). 

This theorem can be proved for positive integral values of n by 
using the extended form of theorem 1 of Art. 115, with each factor 

of the left side set equal to r(cos 0 + f sin 0). 

It can be shown that De Moivre’s theorem is true for all real 

values of n. We shall use it for only two cases: (1) when n is a posi- 
tive integer, and (2) when n is the reciprocal of a positive mteger. 
The proof of the latter case is omitted in this book. 

Example 1. Use De Moivre’s theorem to find the value of 

(-V3+7T. 

Solution. Plot the number (— Vs + 0 and then put it in trigo- 
nometric form : 

_ i = 2(cos 150° -h i sin 150°). 


• From Table II. 
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Apply De Moivre's theorem: 

(- V3 H- iy = [2(cos 150° + i sin 150°)]’ 

= 2’(cos 7 • 150° 4- i sin 7 • 150°) 

= 128(cos 1050° + i sin 1050°) 

= 128(cos 330° H- i sin 330°) 



= 64\/3 - 64t. 


Exercise 61 


Perform the indicated operations and express results in algebraic form. 

1. 4(cos 310° + i sin 310°) • 7(cos 140° + i sin 140°). 

2. 8(cos 170° + i sin 170°) ■ (cos 190° + i sin 190°). 

3. 3(cos 100° -f i sin 100°) • 5(cos 80° + i sin 80°). 

4. 6{cos 1C0° + i sin 160°) • 6(cos 110° + i sin 110°). 

5. 5(cos 25° + i sin 25°) - 2(cos 100° + i sin 100°). 

6. 2(cos 20° + i sin 20°) • 4(cos 40° + i sin 40°). 

6(cos 320° + i sin 320°) 1 2 (cos 190° + i sin 190°) 

3(cos 10° + i sin 10°) 


7. 


9. 


11 . 


2(cos 20° + i sin 20°) 

8(cos 340° + i sin 340°) 
4(cos 100° + i sin 100°) 
-10>/2 - 10iV2 
5{cos 75° + i sin 75°) 


14(cos 99° H- i sin 99°) 
' 7{cos 9° + i sin 9°) 

- \/3 + i 


12 . 


cos 15° 4- i sin 15' 


For each of the following products (a) express the factors in trigonometric 
form, (6) find the product trigonometrically, (c) check your result by finding the 
product algebraically. 

13. (3 -3i>’. 14. (5 + 50(1 -0. 

15. ( 4 V 3 - 40(1 + i^). 16. -2i(V^ + 0- 

Use De Moivre’s theorem to find the indicated powers. 

17. [2(cos 20° + i sin 20°)]^ 18. [< 6(cos 54° + i sin 54°)]">. 

19. [ V5(cos 105° + i sin 105°)]». 20. [3(cos 5° + i sin 5°)]^ 

21. (- 1 - O'. 22 . (- 3 + 30*. 
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23. (2 + 2iy. 

25. (3 - iVsy. 

- 1 - wsY 
2 ) ■ 
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27. ( 


24. (1 - iy. _ 
iVsV* 
2 ) ■ 
28. (-V3 + iy. 


Hi 


+ 


30. (3 - uy. 


29. (2 + iy. 

31. (- 1 + 3i)^ 

32. Prove that the reciprocal of cos 5 + i sin 9 is 

cos (360® — 6) -V i sin (360° — 0) . 

117. Roots of complex numbers. Theorem. The nth roots of 
r{cos 6 i sin B) are given by the formula 

n / — r 0 h ' 360® , , . B -\~ k ' 360' 

V r cos h I sm 

L n n 

where fe = 0, 1, 2, • • •, n — 1. 

Proof. Assuming De Moivre^s theorem is true when n is the 
reciprocal of a positive integer, we have 


]• 


vt^cosT+T sin B) = [r(cos ^ t sin ^)]' 


= r" I cos - + i sin - I 
\ n n/ 


Since cos B and sin B are periodic functions with a period of 360°, we 
can say that cos B = cos (B-\- k • 360°) and sin 0 = sin (0 + fc * 360°). 
Hence 


^ r(cos B i sin &) = ^ 


cos 


0+^:-36O° . . . B+k 


n 


+ i sin 


: • 360° \ 

n ) 



It is easy to show that the right 
side of this equation takes on n dis- 
tinct values when k takes on the 
values 0, 1, 2, • • •, n — 1. But if 
k takes on a value larger than 
(n — 1), the result is merely a 
duplication of one of the n roots 
already found. 

Example 1. Find the three cube 
roots of 8i. 
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Solution. Plot the number Si and then put it in trigonometric 
form: 

Si = 8(cos 90® + i sin 90®). 


Apply the theorem on roots. The three cube roots of 8i^ are 




90®+fc-360® , . . 90® + /c-360 
cos :: r i sin 


) 


3 ' 3 

= 2[cos (30® + k • 120®) + i sin (30® + k • 120®)]. 
Let the three roots be ri, rj, rz. Then 


n = 2(cos 30® + i sin 30®) = Vs ? [k = 0] 

r 2 = 2(cos 150® + i sin 150®) =-Vs^i [A: = 1] 

r 3 = 2(cos 270® + i sin 270®) = -2i. [k = 2] 

The three roots are equally spaced on a circle of radius 2 and center 
at the origin (Fig. 28). Notice that for A: = 3, we obtain ri again. 


Exercise 62 


Find all the indicated roots of the following complex numbers. Write results in 
trigonometric form and also in algebraic form. Use a three-place table of trigo- 
nometric functions (Table II). 


1. The fourth roots of l6(cos 200® + i sin 200®). 

2. The fifth roots of 32(cos 305® + i sin 305®). 

3. The sixth roots of cos 132® 4* i sin 132®. 

4. The square roots of 3G(cos 36® + i sin 36°). 

5. The square roots of — G4i. 

6. The square roots of 2i. 

7. The square roots of 8 — 8fV3. 


8. The cube roots of — 8i. 

9, The cube roots of 4^2 + 4iv^. 

1 i 


10. The cube roots of — 


V2 V2 


11. The cube roots of —1000. 

12. The fourth roots of 81. 

13. The fourth roots of 128 — 128tV^. 

14. The fourth roots of —256. 



194 


CH. 15 


COMPLEX NUMBERS 


15. The fourth roots of — 8 — 8iV3. 

16. The fifth roots of — 2'v/31 + 30i. 

17. The square roots of -7 + 24i. 

18. The cube roots of 3 + iVEs. 

F ind all the roots of the following equations, 

19. _ 1 = 0. 

Hint The roots of the equation — 1 = 0 are the five fifth roots of 1. 

20. = 27f. 21. = -64. 

22. x^ = S0 + 60i. 23. = - 5 + lit. 
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118. Integral rational equations; polynomials. An integral rational 
equation in x is an equation that can be written in the form 

OoX" + fllX"”* + • * * -f" fln-lJC + Qr, = 0, 

where n is a positive integer, and the a's are constants with oo 0. 
The left side of this equation, 

OoX” + CiX"'"' + • • • -f Gti-iX + Qny 

is called a polynomial of degree n in x, or an integral rational function 
of degree n. 

Illustration. 7x^ - gx^ + 9 = 0 is an integral rational equation 

with n = 3, Qo = 7, Oi = —8, oz = 0, oj = 9. 

In this chapter we shall study methods of solving integral rational 
equations. Before this can be done, we must investigate certain 
properties of polynomials and equations. These properties aie 
exhibited in the theorems that follow. 

119. Remainder theorem (theorem 1). If a polynojnial fix) is 
divided by (x — r) until a constant remainder is obtained, then this 

remainder is equal to f{r). 

Proof. Ixt r be any constant. In the division of /(x) by (x — r), 
let q{x) be the quotient and let R be the constant remainder. 

For all cases of division (Art. 11, equation 2), we have the follow- 
ing identity: 

dividend = {divisor){quotient) + remainder. 

195 
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/(x) - (x - T)q(x) + R. 

Since this is an identity, it must be true for all values of x, including 
X = r, for which we have 

f(r) = (r — r)q(r) + = 0 • g(r) + 

Hence /(r) = R. 

Example 1. Verify the remainder theorem for 

fix) = 5x^ — 6x2 — 7x + 9 and r = 2. 

Solution. We must show that when/(x) is divided by x — 2, the 
remainder is/(2). 

5x2 H" 4x + 1 = ^(3.) 
fix) = 5x3- 63-2_ 73._j_ 9|3._ 2 

5x3 _ 103-2 

4x2 — 7x 

4x2 - §3- 

x+ 9 

X — 2 
11 = 

But /(2) = 5* 23 - 6* 22 - 7*2+9 

= 40- 24 - 14 + 9 

= 11 . 

It is to be noted that this division enables us to write the following 
identity: 

5x3 _ 03-2 _ 73. _|_ 9 = (3. _ 2)(5x2 + 4x + 1) + 11. 

120. Factor theorem (theorem 2). 

If r is a root of fix) — 0, 
then (x — r) is a factor of fix). 

Proof. Since r is a root of fix) = 0, it follows that fir) = 0. But 
the remainder theorem says that fir) = R. Hence R = 0 and 

fix) = (x — r)9(x) + 0. 

Therefore (x — r) is a factor of fix). What is the other factor? 
Illustration 1. By substitution, we see that 1 is a root of 

x3 + 8x2 _ 53. _ 4 = 0. 
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The factor theorem says that (x — 1) must be a factor of the left 
side of the equation. The student should verify by division that 

"h — 5x — 4 = (x — l)(x^ + 9x + 4). 

121. Converse of the factor theorem. 

If (x — r) is a factor of fix), 
then r is a root of fix) = 0. 

Proof. By hypothesis, if fix) is divided by (x — r), the division is 
exact, i.e., the remainder is 0: 

fix) = (x - r)9(x). 

Set X = r; f{r) = (r — r)q{r) = 0 • q(r) = 0. 

Since fir) = 0, it follows that r is a root of fix) = 0. 

This theorem has been used in solving quadratic equations by 
factoring. 

122. S3mthetic division. In finding the roots of the equation 
fix) = 0, it will be necessary to divide fix) by (x — 1), (x — 2), 
(x + 1), etc. Instead of doing this by long division, we shall employ 
a much shorter method called synthetic division. 

Illustration 1. We shall exhibit the division of (4x^ — 13x^ + 
16xH- 11) by (x — 2) using (A) ordinary long division, (B) and 
(C) abridgments of (A), and (D) sjmthetic division. 



Long Division 


4x* — 5x + 6 = quotient 
4x3- i 3 j. 2 _|_ iGx + 11 lx - 2 



Remainder = 23 


(B) 

4x* - 5x + 6 

4x3- 11 |x- 2 

- 8x3-1- _ 12 

- 5x2+ 6 x + 23 

(C) 

,4- 13+ 16+11 11-2 
( - 8 + 10-12 
4- 5+ 6 + 23 


The coefficients of the quotient are printed in boldface in the 
division details to show where they originate. Each encircled term 
in (A) is superfluous because it duplicates the term above it. In 
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(B) these terms have been deleted and the remaining terms have 
been moved up into more compact form. In (C) only the coefficients 
are written; the quotient has been omitted because its coefficients 
appear on the bottom line (if we move the first coefficient down to 
this line). 

Since we are dividing by (x — r), the coefficient of x is 1 and need 
not appear in the division. Instead of using —2 and subtracting, we 
shall use +2 and oM. 

(D) 

Synthetic Division of (4x® — 13x^ + 16x + 11) by (x — 2). 

4- 13+ 16+ 11 [2 
+ 8 - 10+12 
4 - 5 + 6 + 23 

Quotient = 4x2 — 5^+6; remainder = 23 = /(2). 

Notice that the 4 is brought do^m and then multiplied by 2 to 
get the 8. We add — 13 to +8 and get —5, etc. 

Rule for synthetic division. To dmdej(x) hj (x— r): 

1. Write }{x) in descending powers of x; place the coefficients on the 
first line (supply zero as the coefficient of each missing power) ; write 
r at the right. 

2. Bring the first coefficierit down to the first place in the third line 
and multiply it by r; write the product on the second line under the 
second coefficient of /(x); add and write the sum on the third line. 
Multiply this by r and write the product on the second line under the 
next coefficient of f{x) and add. Continue this process. 

3. The last number in the third line is the remainder ; the other 

nmnbers, reading from left to right are the coefficients of the quotient, 
arranged in descending powers of x. 

Example 1. Divide 2x^ + llx^ — 33x + 44 by x + 3. 

Solution. Here x — r = x + 3; hence —r = 3, and r = — 3. 
Since the x^ term is missing, we supply a zero coefficient. 

2+11+ 0-33 + 44 
- 6-15+45-36 
2+ 5-15+12+ 8 

Quotient = 2x^ + — I5x + 12; remainder = 8. 
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Remembering that 


' we have 


dividend 

divisor 


= quotient + 


remainder 
divisor * 


2x^+ 11x3- 33X+44 
x+ 3 


= 2x3 + 5x2 _ 152 . + 12 + 


8 

X -j- 3 


The remainder theorem says that f(r) is equal to the remainder 
when /(x) is di\dded by (x — r). Hence /(r) can be obtained by 
synthetic division with the number r placed at the right. 


Example 2. If /(x) = x^ -|- Cx^ — 4x — 9, find /(2), /(—I). 
Solution. 

1 + 6- 4- 9 [2 
+ 2+16 + 24 

1 + 8+12+15 }{2) = 15. 

1 + 6 - 4- 9|-1 
-1-5+9 

1 + 5- 9+0 /(-1) = 0. 

Since /(—I) = 0, we see that/(x) is exactly divisible by (x + 1): 

x3 + 6x2 - 4x - 9 = (2 - + i)( 2.2 + 5 j: _ 9). 


Exercise 63 

Find the quotient and remainder by using synthetic division. Check by use of 
long division. 

1. (3x^ - 11x3 - 22x2 + 9) (x - 5). 

2. (5x* - 17x2 _ 3) 2). 

Find the quotient and remainder by using synthetic division. 

3. (x3 - 7x2 9) ^ (j: _ 1). 

4. (x3 - 5x - 2) H- (x - 3). 

5. (2x3 + 5x2 _ 7^ 4- 20) (x -I- 4). 

6. (3x3 _ 8 j: 2 4_ 4x + 7) 4- (x - 2). 

7. (3x^ + 5x3 _|_ 6^2 _ 9x - 1) -j- (x + 1). 

8. (2x* - x3 - 19x3 _ 18) (x + 3). 
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9. (81^ — 4x^ — Qx — 7) ^ {x — I). 

10. (61^ -f - 2x^ 4- 9x - 5) -J- (a; + f). 

11. (x3 - .1x2 i 2x + .05) -5- (x 4- .7). 

12. (x3 4- .8x2 _ iQ^ _ 148) ^ (x - .3). 

Use synthetic division and the remainder theorem in the foUomng problems. 

13. Given /(x) = x^ - x^ - 5x - 7; find /(2),/(-3). 

14. Given /(x) = x^ + 2x^ 4- 3x - 4; find /(4), /(-I). 

15. Given g{x) - 2x^ + 3x^ — 4x2 — 5; ^^)^ g{—2). 

16. Given ^(x) = 3x5 _j_ 2x* — 4x5 — Sx* + fix 4* 7; ^^1)^ ?(-4). 

Use the factor theorem in the following problems. 

17. Prove that (x — 1) is a factor of x‘°° — 1. 

18. Prove that (x + 1) is a factor of x®® + 1. 

19. Prove that (x 4- 2) is a factor of x® + 512. 

20. Prove that (x — 2) is a factor of x® — 25fi. 

21. Use synthetic division to show that (x + 1)® is a factor of x* + 5x* + 
14x2 4- 17x 4- 7. 

22. Use synthetic division to show that (x — 2)2 is a factor of Sx® — 21x2 4. 
24x — 4. 

123. Graphs of polynomials. In order to graph the polynomial 
fix), we first assign values to x and then compute corresponding 
values of /(x). This computation can be done by using synthetic 
division. See Art. 35 for suggested procedure in selecting values to 
be assigned to x. 

Example 1. Graph :/(x) = 2x5 _ 53.2 _ 123; 4- g. 

Solution. In the following table, the values of /(x) were obtained 
by synthetic division. For example, /(2) was computed as follows: 

2-5-12+ 8[2 


+ 4 - 2-28 
2 - 1 - 14+ 2U = /(^ 


X 


-2 

-1 

1 

0 

1 

2 

3 

4 


fi^) ' 


-4 

13 

8 

-7 1 

-20 I 

-19 

8 
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The graph of this polynomial of degree three (Fig. 29) shows that 
the curve meets the x-axis in three points: A, B, and C. 



Every polynomial f{x) is said to be single-valued because for 
each value assigned to x there corresponds one and only one value 
of f{x). The polynomial f{x) is said to be continuous because its 
graph is a smooth curve without breaks, i.e., it does not consist of 
disconnected portions. Every 'polynomial is a single-valued, continu- 
ous function. 

In graphing polynomials, it is useful to remember the following 

facts. ’ ' 

I. The graph of a polynomial of degree n meets the”x-axis^(cr 
any other line) in at most n points. 
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II. If fix) = aax’' + flix" 14 **** + dn-ix + a„, then for suffi- 
ciently large values of x the sign of fix) will be the same as that of 
aox\ For example, if f{x) = 2x^ — ISx^ — 65x — 50, then for 
sufficiently large positive values of x (in this case for x > 10), fix) 
will be positive. For sufficiently large negative values of x (in this 
case for X ^ — 3), fix) will be negative. This means that the graph 
of/(x) meets the x-axis at points which lie in the range — 3 < x ^ 10. 

124. Graphic solution of equations. The real roots of the equation 
fix) = 0 are the x-coordinates of the points at which the graph of 
the pol)momial fix) meets the x-axis. 

Example 1. Solve graphically; 2x^ + 8 = Sx^ + 12x. 

Solution. Transpose all terms to the left side of the equation: 

2x3 - 5x2 - I2x + 8 = 0. (1) 

Let/(x) represent the left side: 

fix) = 2x3 - 5x2 _ i 2 x + 8. (2) 

The real roots of (1) are the x-coordinates of the points at which the 
graph of (2) meets the x-axis (since (2) reduces to (1) when 
fix) = 0). From the graph of (2) in Fig. 29, we estimate the x’s of 
5, C to be —1.9, .6, 3.8. Hence the roots of the given equation 
are approximately 

-1.9, .6, 3.8. 

Since these values were read from the curve, they are to be 
treated as approximations. If the student should read 3.7 or 3.9 
instead of 3.8, his result would be acceptable. 

In Art. 134 and Art. 136 we shall discuss methods of obtaining 
better approximations for the roots. 


Exercise 64 


Grayh the following polynomiah. 

1. _ 4x + 2. 

3. — -f 5x — 1 . 

5. — x® _ n. 

7. x^ - 6x2 -h 10 . 


2. x^ — 6x -f- 4. 

4. x* + x^ — 13. 

6. x3 + X. 

^8. - X* -I- 8x3 - 14x* - 8x + 15. 
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jSo/ye graphically. 

9. - 51^ + 2x + 8 = 0. 

11. — 5x + 2 = 0. 

13. X* - 21x + 8 = 0. 

15. x^ - 2x3 - 5^2 + 6x = 0. 


10. x3 — 4x3 — X + 4 = 0. 

12. 2x3 + x3 + 4 = 0. 

14. x* - 4x3 - 2x3 + 16x - 8 = 0. 
16. x3 - 10x3 _|_ 9 ^ = 


125. Theorem on the number of roots of an equation (theorem 3). 

Every integral rational equation of degree n has exactly n roots, pro- 
vided a root of multiplicity rn is counted as m roots. 

Illustration. The equation 

2x« + 15x3 _|_ 3^.4 _ 943^ ^ 84x2 ^ 15^ - 25 = 0, 

of degree 6, has the roots —5, —5, 1, 1, 1. We say that —5 is 

a root of multiplicity 2; it is called a double root. It is conventional 
to speak of — 5 as a single (or simple) root. We call 1 a triple root, 
i.e., a root of multiplicity 3. If each root is counted as many times 
as it occurs, it is evident that the equation of degree 6 has exactly 
6 roots. In factored form, the equation is 

(x+ 5)2(2x-|- l)(x- 1)3= 0. 

The proof of theorem 3 depends on the fundamental theorem of 
algebra: Every integral rational equation has at hast one root. We 
shall assume this to be true because the proof is beyond the scope 
of this book.* 

Proof of theorem 3: Let /n(j) represent a polynomial of degree n\ 

f,Sx) = QqX” + aiX"”* H" • • ■ + On-lX + On. 

By the fundamental theorem, the equation /n(x) = 0 has at least 
one root, which we call ri. The factor theorem says that (x “ ri) 
must be a factor of /n(x). Hence 

f^ix) = {x - ri)/„_i(x), 

where /n_i(x) is a polynomial of degree n — 1, whose term of highest 
degree is aoX"“*. 


* For a proof see Dickson's First Course in Oie Theory of Equations, p. 155. 
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Now consider the equation = 0. By the fundamental 

theorem, it has a root vz. By the factor theorem, (x — r 2 ) is a factor 
of/„_i(x). Hence 

= (X - r2)/n-2(x) 

or /„(x) = (x - ri)(x - r 2 )/«- 2 (x), 

where /„_ 2 (x) is a polynomial of degree 71—2, whose term of highest 
degree is aox"“^. 

Continuing this process, we find, after n steps, 

/n(x) = (x - ri)(x - r 2 ) ■ • • (x - r„)/o(x), 

where /o(x) is a polynomial of degree 0, whose term of highest de- 
gree is uqxP. Hence / o(x) is the constant oo. Therefore 

/„(x) = ao(x — ri){x — rz) • • • {x — r„), (1) 

and the roots of /„fx) = 0 are ri, r 2 , • * ■, 

We shall now prove that /„(x) = 0 can have no more than n roots. 
Let t be any number different from rj, r 2 , • • *, rn. Substituting in 
(1), we have 

A(0 = ao{t — ri){t — ra) • • • (< — r„). 

Since none of the factors on the right side is zero, we see that 
fnit) ^ 0, and t cannot be a root of /n(x) = 0. 

Corollary. If two polynomials in x, each of degree not greater than n, 
are equal for more than n distinct values of x, then the polynomials are 
identical, i.e., the coefficients of like powers are equal. 

Proof. Let the polynomials be 

floX" + OiX"”^ + • • • + fln 

and 6oX" + fcix”"* + • • ■ + 6„. 

By hypothesis, there are more than n distinct values of x for which 

floX" + + • • • + = 6oX" + 6ix”“* • • • + hn- 

This means that the equation 

(oo — 6o)x" + (oi — 6i)x"-^ + • • * + (fln — hn) = 0 (2) 

has more than n roots. Now suppose that one (or more) of the 
coeflBcients (ao — ho), (oi — hi), • • •, (On — h*) is different from zero. 
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We would then have an equation of degree n, or less, having more 
than n distinct roots. By theorem 3, this is impossible. Therefore 
all the coefficients in (2) must be zero, and 

UO = hoj Ql = hi, • • *, On = hn- 

This means that the polynomials are identical; they are equal for 
all values of x. 


126. Theorem on imaginary roots (theorem 4), If an imaginary 
number (a + hi) is a root of an integral rational equation with real 
coefficients , then the conjugate imaginary number (a — hi) is also a 
root. This means that imaginary roots occur in pairs. 

Proof. Let (a + hi) be a root of the equation 

Cox'* + + • * ■ 4“ Ofi-ix 4- a„ = 0, Cl) 

where Oo, Oi, • • •, On-i, a„ are real numbers. Since (a 4- hi) is a 
root, the left side of (1) must reduce to zero when (a + hi) is 
substituted for x: 

Coia + bi)^ + QiCa 4" On-iCa 4* hi) + Cn = 0. (2) 

Expanding and collecting terms, we find that (2) can be written in 
the form 

R+ Si = 0. (3) 


where R and S are real numbers. Using Art. 110, we see that 


(3) implies that 


R = 0 and «S = 0. 


If (a - 60 is substituted for x in (1), the result will be the same 
as in (2) and (3) except that each i is replaced with —i. The resulting 


equation is 




where R and S represent the same numbers as in (3).* Since R = 0 
and 5=0, we conclude that (a - hi) satisfies (1) and must be a 
root of it. 


Illustration. Consider the equation 

- 2x 4- -1 = 0. 


* This would not necessarily be true if ao, ai, • • •, a, were not real numbers, 
e.g., con-sidor the eciuation ix + 1 = 0. 
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f-2-2f+4=0. 


(1 - 3 - 2 + 4) + (3 - 1 - 2)f = 0 

0 + 0 ■ f = 0. 

Hence (1 + i) is a root of the given equation. 

When (1 — i) is substituted for x in the original equation, we 
have 


1- 3f- 3 + z- 2+2f+4= 0 
(1 - 3 - 2 + 4) - (3 - 1 - 2)z = 0 

0 - 0 • i = 0. 

Hence (1 — f) is also a root of the equation. 

In this case R= l-3-2+4=0and5=3-l-2=0. 

Using a method of proof very much like that for theorem 3, we 
can establish the follomng 

Theorem. If an equation with rational coefficients has the irrational 
root a -{■ V^, where a and b are rational numbers,* then the equation 
also has the root a — Vb. 


127. Formation of an equation when the roots are given. If the 

roots of an equation are ri, rz, • • •, r„, the equation can be written 
in the form 

(x - ri){x - ra) • . . (x - r„) = 0. 

This statement is a direct consequence of the factor theorem. 

Example 1. Form an equation with integral coefficients having 
the roots 3 + 2i, I, —1, —1. 

Solution. Since the coefficients are to be integers, they must be 
real numbers. Hence theorem 4 applies, and 3 — 2i must also be a 
root. The equation is 

[3 + 2{\)(x - [3 - 2i])(x - |)(x - [-11)2 = 0 
(x-'S~ 2i)(x - 3 + 2f)(5x - 4)t(x2 + 2x + 1) = 0 

(x^ - 6x + 13)(5x3 + 6x2 - 3x - 4) = 0 
5x5 _ + 26x2 + 92x2 - 15x - 52 = 0. 

* Of_course b cannot be a perfect square or else Vb would be rational and 
0 -\-Vb would be rational. 

t Multiply both sides of the equation by 5 to clear of fracUons. 
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If the left side of an equation /(x) = 0 is expressed as the product 
of linear and quadratic factors, then the roots of the equation can 
be found by applying the converse of the factor theorem. 


Example 2. Solve: x(x — 7)^(x^ + 8x + 97) = 0. 

Solution. Setting each factor equal to zero and then solving, we 
find the roots to be 

0, 7, 7, 7, -4+9i, -4-9i. 

Notice that 7 is a triple root. The two conjugate imaginary roots 
were found by solving x^ + 8x + 97 = 0 by completing the square. 
We shall use the followng notation to indicate the roots. 

ri =0, r2 = 7, r3 = 7, r4 = 7, rs = — 4 + 9i, re = — 4 — 92. 


Exercise 65 


Solve. 

1. (x + 5)2(x - l)(x^ - 6x + 2) = 0. 

2. (7x - 3)Hx + 4)(x2 + 25) = 0. 

3. (2x - mx + 8)(x2 + lOx + 29) = 0. 

4. (3x2 - 7x)(x2 - 12x + 3) = 0. 

5. (9x2 + 4)^2 (x2 - 7) = 0. 

6. (x + 9)2(x - 6)2(2x2 - 6x -I- 1) = 0. 


Form an equation mth integral coefficients having only the given numbers as 
roots. 


7. 3, 3, 0, -1. 

9. 1, I -I _ 

11. -2, vTT, -Vii. 


8. 2, -5, -5. 

10. -f. 

12. i VIO, -Vio. 


13. 3,1, -t. 14. -9, 2{, -2i. 

15. 1, h + 3i, J - 3i. 16. -3, 5 + H 5 - 

17. -7, 0, 0. 2 +V6. 2 - Ve. 18. 1, -K3 +V5), -^3 - V5). 

19. 1 as a double root and 0 as a triple root. 

20. 5 as a double root and - 5- as a single root. 

21. Form a tliird-degrce equation witli real coefficients having 6 and 
(— 1 + t) as roots. 

22. Form a fourth-degree equation with real coefficients having i and 
(3 — i) as roots. 
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23. Prove that a third-degree equation with real coefficients has three 
real roots or else one real and two imaginary roots. 

24. Prove that every equation of odd degree with real coefficients must 
have at least one real root. 

25. Use synthetic division to show that 

-8x^ + 16a:2 + 12x - 45 = 0 
has 3 as a double root. Find all the roots. 

26. Use synthetic division to show that 

% 

x*-4x^ + 10=^0 

has —1 as a double root. Find all the roots. 

27. Use synthetic division to show that 

4x^ - 12x' + 7x^ + llx^ - 15i + 5 = 0 
has 1 as a triple root. Find all the roots. 

28. Use synthetic division to show that 

9x* - 48i3 -h 43x2 - 4a: - 4 = 0 
has f as a double root. Find all the roots. 

* 128. Graph of a factored polynomial. WTien a polynomial is ex- 
pressed as the product of linear factors, its graph can be sketched 
quite rapidly. Let 

fix) = (x- r)’^g(x), 

where gix) is a polynomial that does not contain (x — r) as a factor. 
Then it can be shown that 

I. If m = 1, then at x = r the graph of fix) crosses the x-axis 
at an angle. 

II. If m is odd but greater than 1, then at x = r the curve is 
tangent to and crosses the x-axis. 

III. If m is even, then at x = r the curve is tangent to the x-axis 
but does not cross it. 

Illustration. The graph (Fig. 30) of 

/(x)= ix-\-m7x- 5)ix-2y 
may be sketched by noticing that 


• May be omitted. 



ART. 128 GRAPH OF A FACTORED POLYNOMIAL 209 

1. The curve meets the x-axis at only three distinct points, for 
which X == — 1, f, 2. 

2. The curve tends to go up on the right, i.e., for sufficiently 
large values of x (in this case for 
X > 2), Six) is positive and in- 
creases as X increases. 

3. At X = 2 there is a cross- 
ing \nth a tangency [because the 
exponent on (x — 2) is 3] ; at 
X = -f- there is a crossing at an 
angle; at x = — 1 there is a tan- 
gency but no crossing. 

In this article we are interested 
in the character of only that 
part of the curve that hes in the 
neighborhood of the x-axis. Conse- 
quently a fairly good check can be obtained by determining the 
sign of /(x) for a few other values of x. For example, for x = 0, 
f{x) = (+)*(— )(—)^ =+• The follo^Wng table was obtained in this 

way. 


X 


-1 

0 

T 

1 

2 

3 

fix) 

+ 

0 

+ 

0 


0 

+ 


The corresponding equation, 

(x+ l)*(7x- 5)(x- 2)3= 0 

has ^ as a single root, 2 as a triple root, and —1 as a root of mul- 
tiplicity 4. 



Exercise 66 

Skekh graphs of the following polynomials. Indicate clearly all crossings and 
tangencies. 

1. (x + l)(x - 3)2. 

3. (x + 2)3(x - 2). 

5. (2x + 3)2(x - 1)3. 


2. (x - l)2(3x - 7). 
4. -5x{x - 2)3. 

6. (x -I- 4)3(x + 1)2. 
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7. -{x- 2)(x - 4)3(1 - 6)2. 8. (x + Z){x - mx - 5)3. 

9. (x + 2)(x + l)2(i - l)(x - 2)3. 10. (x - l)^(x - 2)3(x - 3). 

n. (x + 4)3(2x + 5)2(x - 1). 12. 2(3x + l)(x - l)(x - 2). 

129. The roots of f{—x) = 0 are the negatives of the roots of 
/(r) = 0. To prove this, let 

fix) = aox" + flix"-! + . . . a„_ix + a„ = 0. 

By theorem 3, we know that f(x) — 0 has n roots which we will 
call 7*1, r 2 , • • •, r„. Then by (1) of Art. 125, 

fix) = aoix — ri)ix — r 2 ) • ' • (x - r„). 

To get/(— x), we replace x with — x; 

/(— x) = ao(— X — ri)(— X — 7 - 2 ) • * • (— X — r„). 

The roots of /(— x) = 0 can be found by setting each of the factors 
of /(— x) equal to zero. VVe find the roots of /(— x) = 0 are — n, 
— r 2 , • • •, — r„. 

Example 1. Find an equation whose roots are the negatives of 
the roots of fix) = 4x^ - 15x3 ^ 25x f 6 = 0. 

Solution. Replace x with —x: 

fi-x) = 4(-x)' - 15(-x)3 + 25(-x) + 6 = 0 

4x^ + 15x3 - 25x + 6 = 0. 

The roots of the given equation /(x) = 0 are —1, — + 2, and 3. 
The roots of the new equation /(-x) = 0 are 1, + -2, and -3. 

Notice that /(— x) differs from /(x) only in that the signs of the 
terms of odd degree have been changed. 

130. Descartes’ rule of signs. Let a polynomial fix) be arranged 
in descending powers of x. Two consecutive terms of fix) are said 
to have a variation of sign if their coefficients have different signs. 
Zero coefficients are to be disregarded. 

Illustration. The polynomial 

f(x) = 7x« - 8x3 _ 9 J .2 _(_ _ 1 

has three variations of sign. The signs are -j 1 . There are 

three variations as indicated by the arrows. 
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The polynomial 

f{—z) = 7x^ + — 9i^ — 6x — 1 

has one variation of sign. 

Descartes* rule of signs (theorem 5). The number of 'positive roots 
of f{x) — 0 is either equal to the number of variations of sign inf(x), 
or else it is less than this number by an even integer. The number of 
negative roots of f{x) — 0 is either equal to the nurnber of variations 
of sign in f{—x) , or else it is less than this number by an even integer. 

We shall use this theorem without proof. A general proof may be 
found in Dickson's First Course in the Theory of Equations, page 72. 

Example 1. Apply Descartes' rule to the equation 

5x3 - 6x= - 7 = 0. 

Solution. In this case, 

f{x) = 5x3 — _ 7 

has one variation of sign. Hence the given equation has exactly 
one positive root. (It could not have fewer positive roots because if 
1 is diminished by an even integer, the result would be negative — 
an impossible number of positive roots.) 

Moreover, 

/(— x) = — 5x3 _ 03-2 _ 7 

has no variation of sign. Hence the given equation has no negative 
root. 

Therefore the given equation, which is of degree 3, must have 
one positive root and two imaginary roots. 

Example 2. Apply Descartes’ rule to the equation 

x^ + .5x3 _j_ 7_j. 4 , g ^ 0. 

Solution. Since /(x) has no variation of sign, there is no positive 
root. (By inspection we see that if a positive number is substituted 
for X, all terms on the left side are positive, and their sum cannot 
be zero.) 
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Since /(—a:) = — 5a;® + — 7x + 8 has four variations of 

sign, the number of negative roots of the given equation is 4 or 2 
or 0. The various possibilities are listed below: 


POSITIVE 

0 

0 

0 


NEGATIVE 

4 

2 

0 


IMAGINARY 

0 

2 

4 


Exercise 67 


Apply Descartes' rule of sigr^ to the follomng equations. Make a list of the 
varioms possibilities. 


1 . -7x^ + S = 0 . 

3. Ix^ x^ = X + 6. 

5. -j- a;2 _ 2x - 1 = 0. 

7. + x2 - 3 = 0. 

9. 7x6 + x2 + 1 = 0. 

11. x6 - 4x3 - 6x - 2 = 0. 

13. x’ + 3 = x^ + X. 

15. x^ + 5x3 _ 6^2 = 0. 


2. x3 + 5x 4- 2 = 0. 

4. x3 + X = X* + 1. 

6. 5x* — x3 — x* + 6x + 9 = 0. 
8. x^ - 6x3 4- 7x2 - 8x + 9 = 0. 
10. x^ - x2 = 6 - 5x. 

12. x® 4“ x = 0. 

14. x® - x3 + aH - 2 = 0. 

16. 3x« + x6 + x2 - 5 = 0. 


131. Upper and lower limits for the roots. Any number u is called 
an upper limit for the real roots of an equation if each of the roots 
is less than or equal to u. Similarly, / is a lower lim it, if there is no 
root less than 1. 


Theorem on limits for the roots (theorem 6). If k is positive and 
if all the numbers in the third line of the synthetic division of f{x) by 
(x — k) are positive or zero, then k is an upper limit for the real roots 
of fix) = 0; if k is negative and if all numbers in the third line 
alternate in sign , then k is a lower limit for the roots. 

To prove the first part of the theorem, notice that for any number 
larger than k, all numbers (except the first) in the third line will be 
larger. Consequently the remainder, which is the last number, can- 
not be zero. Therefore no number larger than k can be a root. 

The second part of the theorem can be proved by a similar method. 

Example 1, Find upper and lower limits for the roots of the 
equation 2x3 4- x^ — 16 = 0. 
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Solution. We shall first test 1 to see if it is an upper limit. 

2 + 1 + 0 - 16 U- 

+ 2 + 3 + 3 Hence 1 is not an upper limit. 

2 + 3 + 3-13 

We now test 2. 


2 + 1 + 0 - 16 1 2 
+ 4+10 + 20 
2 + 5 + 10 + 4 


Since all numbers in the third line 
are positive, 2 is an upper limit. 


In finding a lower limit, we try —1, — -2, —3, etc. 


2+1 + 0-16 
- 2 + 1 - 1 
2-1+1-17 



Since all numbers in the third line 
alternate in sign, — 1 is a lower 
limit. 


Therefore all real roots of the equation lie between — 1 and 2. 


Exercise 68 


Find upper and lower limits for the roots of the following equations. 


I, 3x3 + - 5 = 0. 

3. 2x3 - 9x2 + 5x + 7 = 0. 

5. 5x3 - 2x2 + 8x - 36 = 0. 

7. x3 - 3x2 + X + 4 = 0. 

9. 2x^ + 2x3 _ 7J.2 +11=0. 

II. 5x^ + 4x3 _ 3x2 - 2x + 1 = 0. 


2. 5x3 - 2x3 - X + 4 = 0. 

4. 3x3 + 7x2 + 2x - 4 = 0. 

6. 7x3 + 3-2 + 4 j. + 4g = 0 

8. 3x3 - x3 - 13x - 8 = 0. 

10. 3x* - 4x3 - 5x3 - 6x + 7 = 0. 
12. 3x* + 13x3 + 30x - 2 = 0. 


132. Finding the rational roots, A rational number is a real num- 
ber that can be expressed as the quotient of two integers. Thus, 
T» 0, —7, and 6 are rational numbers, whereas v^, — 
and 2 + v+ are irrational numbers. 

The rational roots of an equation may be found by a process 
of testing various possibilities which are obtained by use of the 
following 

Theorem on rational roots (theorem 7). If a rational number 
a fraction in its lowest terms, is a root of the equation 

Oox” + oix""^ -{-... + a„_ix + a„ = 0 

with integral coefficients , then c is a factor of the constant term a„, and 
d is a factor of Oo. 
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c 

Proof. Since ^ is a root, 



Multiply by to clear of fractions: 

aoc” + aic"“*£f + • • • + Qnr-icd’'^^ + and"' — 0. (1) 

Transpose the last term and then factor the left side: 

c(aoc”“^ + aic^~~d + * • ■ + = —Ond^. (2) 

Since c, d, and the a’s are integers, the left side of (2) is an integer 
having c as a factor. Hence the right side, — must have c as a 

c 

factor. Since ^ is fraction in its lowest terms, c and d have no 

common factors (except 1 and — 1). Consequently c and d" have no 
common factors. Since c cannot be a factor of d", it must be a factor 
of a„. 

Returning to (1) and transposing the first term, we get 

aic"“‘d + • • • + an^icd""* + Ond" = — Ooc". 

Obviously d is a factor of the left side and hence must be a factor 
of — Ooc". Since d and c" have no common factors, d must be a factor 
of ao. 


Corollary. If the equation 

H- • • • + a„_ix + On = 0 

has integral coefficients, then any rational root is an integer and is 
a factor of a„. 

Proof. By theorem 7, if ^ is a rational root, then d must be a 


A 

factor of 1 . Hence - 

d 


is an integer which is a factor of On 


Example 1. Find the rational roots of 

3x^ + 19x2 - 9x - 5 = 0. 

Solution. 

(1) Apply Descartes’ rule. 
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Number of positive roots: 1. 

Number of negative roots: 2 or 0. 

(2) Apply theorem on rational roots. 

Possible numerators: 1, 5. 

Possible denominators: 1, 3. 

Possible rational roots: ± (1, 5, f). 

Arrange in order of increasing numerical size. (This enables us to 
make full use of the theorem on the limits for the roots). 

^ “ Ij 5. 

(3) Test positive * possibilities J, 1, etc. 

3-M9-9-5L|_ 3+19- 9- 5|1 

+ 1 + 3+22+13 

3 + 20 3 + 22+ 13+8 

The synthetic division for ^ need not be continued because the 
next number and all succeeding ones mil be fractions. The remainder 
cannot possibly be zero. 

In the synthetic division for 1, we find that all numbers in the 
third line are positive. Hence 1 is an upper limit for the roots. We 
need not test f and 5. 

(4) Test negative possibilities — —1, etc. 

3+19- 9-5 

— 1 — 6+5 Hence — J is a root. 

3+18-15 + 0 

We now see that the original equation can be written in the form 

(x + ^)(3x2 + 18x - 15) = 0. 

Discarding the factor (x + ^) which corresponds to the root — -J, 
we have the depressed equation 

3x2 _|_ - 15 = 0. 

Divide by 3: x2 + 6x — 5 = 0. 

* In this case it would be equally logical to begin with the negative possi- 
bilities. 
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Solving this quadratic equation by completing the square, we get 

x=-3 ±Vhi. 

The roots of the given equation are 

ri=-i, r2=-3+v^= .742, r, = -3 - Vii = -6.742. 

Notice that we have one positive root and two negative roots. 
This agrees with Descartes’ rule, w'hich applies to aU real roots, 
rational and irrational. 

Example 2. Find the rational roots of 

+ 65x^ + llox- + 66x +6 = 0. 

Solution. 

Number of positive roots: 0. 

Number of negative roots: 5, 3, or 1. 

Possible numerators (factors of 6): 1, 2, 3, 6. 

Possible denominators (factors of 9): 1, 3, 9. 

Possible rational roots; — (1, 2, 3, 6, -J, f, f , f , -J, , f , f ). 

Cast out duplicates and arrange in order of size: 

“i- “Ij “2, —3, “6. 

9 + 19 + 65 + 115 + 66 + 6 I 
-1-2- 7-12-6 ri=-i 

9+ 18+ 63+ 108+ 54 + 0 

The depressed equation 9x^ + 18a:^ + 63x^ + 108x + 54 = 0 
should be divided by 9: 

x' + 2x3 + 7x2 + I2x + 6 = 0. 

Possible rational roots; —1, —2, —3, —6. 

1 + 2+7+ 12 + 6 |-1 
- 1 - 1 - 6-6 r2=-l 

1+1+6+ 6+0 

For the new depressed equation x^ + x^ + 6x + 6 = 0, the possi- 
ble rational roots are —1. —2. —3, —6. Although —1 was found to 
be a root of the 6rst depressed equation, w^e should test it again to 
see if it is a double root. 

1 + 1 + 6 + 6 1 — 1 
-1+0-6 
1+0+6+0 


ra =-l 
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The roots of the final depressed equation Q ~ 0 are 

7i=iV6j rb=~iV6. 

Notice that the various synthetic divisions have reduced the 
original equation to the factored form 

{x + iMx + mx^ + 6) = 0. 

Exercise 69 

Firul aU the ratwnal roots of the following equations. When possible, find all 
the roots. 

1. - 12x2 + 24x - 8 = 0. 2. x^ + 7x^ + 16x + 12 = 0. 

3. x^ — 7x — 6 = 0. 4. x^ + x2 — 2 = 0. 

5, 15x5 -h 13x2 - 3x - 1 = 0. 6. lOx^ - 42x2 _|_ 3^^ _|_ j ^ q 

7. 18x5 _|_ 5j^2 4- 14x + 1 = 0. 8* 12x5 _ 23x2 + 9x - 1 = 0. 

9. 5x5 + 4x2 + 8x + 7 = Q_ -^3 + 5x = 11. 

11. 3x5 ioj, = 4 12. 3x5 _|_ 19^2 + i2x -f- 2 = 0. 

13. x^ - 19x2 30x = 0. 14. x5 - 4x2 _ 20x + 48 = 0. 

15. 8x5 _|_ 22x2 - 7x - 3 = 0. 16. x5 - -^-x2 - 4x + 0 = 0. 

17. 2x5 ^ 11x2 + lOx - 14 = 0. 18. 9x5 _ 41^.2 4. _l_ 5 = 

19. X-' + 4x5 + 6x2 4- 4x + 1 = 0. 

20. 4x' - 28x5 + 57x2 - 32x + 5 = 0. 

21. 9x^ - 24x5 4_ 31J.2 - Ux + 2 = 0. 

22. 6x^ + 5x5 4. 3i_^2 + 25x + 5 = 0. 

23. x5 + 8x2 + lOx - 24 = 0. 

24. 2x^ + 5x5 + 3x2 4- I5x - 9 = 0. 

25. 7x* + 6x5 _ 22x2 - i8x + 3 = 0. 

26. 3x^ + 34x5 4. 74^2 _ 6x - 9 = 0. 

27. 5x=- - llx< + 17x5 _ 23x2 + 14x - 2 = 0. 

28. x^ 4- 8x^ 4- 22x5 4. 20x2 4, 13^. 4-2 = 0. 

29. 4x^ - 11x2 + 3 j. 4. 4 = 0. 

30. 8x^ - 4x5 - 26x2 4- 25x - 6 = 0. 

133. Irrational roots. The irrational roots of an equation may be 
found by any one of several methods, two of which are deseril)od in 
Art. 134 and 136. The following theorem is the basis of both methods. 
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Location theorem. If f{a) and f{b) have opposite signs, then the 
equation f(x) = 0 has at least one real root between a and b. 

Proof. If we graph f{x) as a function of x, the two points that 
correspond to a: = a and x = b will lie on opposite sides of the 
x-axis. Since fix) represents a pol 3 Tiomial, its graph will be a con- 
tinuous curve that must cross the x-axis at least once between x = a 
and X = b. To this point of intersection there corresponds a real 
root of fix) = 0. 

134. Finding the irrational roots by successive graphs. 

Example 1. Find to three decimal places the real root of 

2x3 + 6x - 5 = 0. 

Solution. By Descartes' rule, there is one positive toot and no 
negative root. The possible rational roots are 1, 5. Synthetic 

division shows that f and 1 are 
not roots and that 1 is an upper 
limit. 

Since the only real root is posi- 
tive, we shall compute the value 
of /(x) = 2x3+ 6x - 5 for X = 0, 

1, etc. We find /(0)=-‘5 and 
/(I) = 3. Hence, by the location 
theorem, the root is between 0 
and 1. 

The graph of fix) between x = 0 

and X = 1 can be approximated 

by a straight line (Fig. 31) connecting the points (0, —5) and (1, 3)- 
This line .‘^eems to cross the x-axis at .G'*'. Accordingly we find /(.6) 
by synthetic division. 

2 + 0+6 -5 

+ 1.2 + .72+ 4.032 Since /(.6) is negative, the root 

2 + 1.2 + 6.72 — .968 is larger than .6. 

Next we find /(.7) = — .114. Hence the root is larger than .7. Then 
we find /(.8) =+.824. The fact that /(.7) and /(.8) have opp(^t« 
signs means that the root is between .7 and .8. Moreover, since 
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— .114 is closer to zero than is +.824, we conclude that the root is 
probably * closer to .7. Hence, to one decimal accuracy 

r = .7+ 

To obtain the root to two deci- 
mal places, we enlarge that por- 
tion of the curve that lies between 
.7 and .8, and approximate it by 
using the straight line (Fig. 32) 
connecting the points (.7, —.114) 
and (.8, +.824). This line seems 
to cross the i-axis at .71'*". Accord- 
ingly, we next compute /(.71). 

This can be done by S 5 mthetic 
division or by substitution, using 

a table of cubes (Table I). Employing the latter method, we find 

/(.71) = 2(.71)3+ 6(.71) - 5 
= 2(.357911) + 4.26 - 5 
/(.71) =-.024178. 

Similarly, /(.72) = +.066496. 

Hence, to two-decimal accuracy, 

r = .71+ 



To obtain the root to three decimal places, we approximate the 


curve between .71 and .72 by 
using the straight line (Fig. 33) 
connecting the points (.71, 
-.024178) and (.72, .066496). 
This line seems to cross the x-axis 
at .713~ Hence, to three-decimal 
accuracy, 

r = .713. 

It is advisable to retain all 
computed values of /(x) and place 



• This could be definitely establi.shed by showing that /(.75) is positive. 
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them in a table, which, as it is being filled in, will show the progress 
made in isolating the root. For this example we have the following 
table. 


X 

0 

.6 

.7 

.71 


.72 

.8 1 

1 

1 

fix) 

-5 

-.968 

-.114 

-.0242 


.0665 

.824 

3 


In finding a negative irrational root of f{x) = 0 it is convenient 
to find the corresponding positive root of /(—a:) = 0. 


4 

Exercise 70 


Find to two decimal places the real roots of the following equations. 

1. + 7a: - 1 = 0. 2. x^ + 9x-l=0. 

3. + 3:2 - 13 = 0. 4. _ 11 = 0. 

5. - 21a: + 8 = 0. 6. + ^2 - 5x + 2 = 0. 

Find to three decimal places the real roots of the following equations. 

7. x^ + 5x - 1 = 0. 8. x2 + 2x - 1 = 0. 

9. 7x2 + 4x - 1 = 0. 10. x2 + 4x - 7 = 0. 

11. x2 + x2 + lOx - 17 = 0. 12. x2 + X - 7 = 0. 

13. Find to two decimal places the two real roots between 0 and I-' 
2x2 + 2x2 - 4x + 1 = 0. 

Find exacthj or correct to one decimal place the real roots of the following 
equations. 

14. x^ — x2 — 4x2 + 5x — 1 = ()_ 

Hint. Use the depressed equation after the rational roots have been found. 

15. x^ - 2x2 + x= - 3x + 2 = 0 . 16. x^ + 2 x^ - Sx^ - x* - 3x = 0. 


135. Transformation of an equation to decrease its roots. The 
preceding article gives a general method of finding the irrationa 
roots of any equation. In Art. 136 we shall discuss other means o 
finding the irrational roots of an integral rational equation. This 
method involves a process of finding a new equation whose roots 
are less, by a given amount, than the roots of the original equation. 
We can accomplish this by using the following 
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Rule. To decrease the roots of f(x) = 0 by an amount h: 

1. Divide f{x) by (;c — /i) ; let be the remainder. 

2. Divide the quotient by {x ~ h); let R„-i be the remainder. 

3. Continue this process to n divisions. (The polynomial f{x) is 
of degree n.) 

4. The last quotient Oo and the remainders Ri, R 2 , • • •, Rn-i, 
Rn are the coefficients of the new equation: 

aoy" + R2y'"~~ -f • ■ • + Rn-\y + = 0. 

Example 1. Transform x* — + 3i^ + 89x — 84 = 0 into an 

equation whose roots are less by 2. 

Solution. 


1 


9 + 

3 

+ 

89 


84 12 




+ 

2 - 

14 


22 

+ 

134 



1 


7 - 

11 


67 

+ 

50 

7?4 = 

50 


± 

2 - 

10 


42 





r 


5 - 

21 


25 



Rz^ 

25 



2 - 

6 







r 


3 - 

27 





/?2 = 

-27 


+ 

2 








1 


1 






Ri = 

-1 


The new equation is 

y'-f- 27y2 + 25y + 50 = 0. 

The student should check the result by showing that the roots of 
the given equation are —3, 1, 4, 7, whereas the roots of the new 
equation are —5, —1, 2, 5. 

Proof of the rule. Let 

fix) = oox" + + • • • + a„_ix + a„ = 0 (1) 

be the original equation. Replace x with (y + A): 

/(y+/i) = ao(y+^)'‘+ai(y+/i)""’+- • ‘4-an-i(y+/i)H-a„=0, (2) 

which, on expanding and collecting terms, takes the form 

fiy -f A) = Goy" + Aiy”-* -f h A^^iy + An = 0. (3) 
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Since x ~ y h, ox y = x — hj li follows that each root x = r oi 
equation (1) will correspond to a root y = r ~ h oi equation (3). 
This means that the roots of (3) are the roots of (1) decreased by h. 
The A’s can be determined by changing back to (1) again by 

setting y = X -- h m (Z): 

/(a:) = ao(x— /i)"+-4i(x— • -\'An-i{x—h)-\-An~0. (4) 

This is the original equation /(x) = 0 arranged in powers of (x — h). 
From the form of (4), we see that is the remainder Rn when 
fix) is divided by {x — h); A^-i is the remainder Rn-i when the 
previously obtained quotient is divided by (x — k); etc. 

Exercise 71 

Transform each equation to decrease the roots as indicated. 

1. — 12x^ + 41x - 30 = 0; decrease roots by 3. 

2. — lOx^ + llx + 70 = 0; decrease roots by 1. 

3. 5x^ + 6x^ — 7 = 0; decrease roots by .2. 

4. 3x3 _ - 11 = 0; decrease roots by 2. 

5. x^ — 4x3 + 5x3 + 6x — 7 = 0; decrease roots by 1. 

6. x^ — 7x3 + 8x + 1 - 0 ; increase roots by 3. 

7 . 2x^ — 9x3 + 8x + 7 = 0; decrease roots by 4. 

8. x3 + .3x3 _ i.6x + 1.28 = 0; decrease roots by .7. 

9. (a) Decrease the roots of x3 -f- 10x3 4- 30x — 56 = 0 by 1. 

(6) Decrease the roots of + 13ia3 -f- 53uf — 15 = 0 by .2. 

(c) Decrease the roots of + 13.6f3 4- 58.32f — 3.872 = 0 by .06. 

136. Finding the irrational roots by Homer’s method. 

Example 1. Find the real roots of 

/(x) = r3 + 2x3 _ 4x - 17 = 0. W 

SoltUion. By Descartes’ rule, there is one positive root and two or 
no negative roots. A graph (Fig. 34) of /(x) shows that there is no 
negative root and that the positive root is between 2 and 3. 
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We shall transform the equation to decrease its roots by 2. 

1 + 2 - 4 - 17 

+ 2 + 8 + 8 

9 

16 

1 + 8 

The new equation, 

/i(xi) = Xi»+8xi2+l6xi-9=0, (2) 

has a root between 0 and 1. Since 
X is small, x? is very small and we 
can obtain a good approximation 
of the root by solving the quad- 
ratic equation 8xi^ + 16xi — 9 = 0. fig. 34 
We find the positive root to be 
— 1 + = .4+. This means that the root of (2) is 'probably be- 

tween .4 and .5. Using synthetic division we find /(.4) = — 1.256, 
and /(.5) = + 1.125. By the location theorem, we are now certain 
that the root of (2) is between .4 and .5. 

Transform equation (2) to decrease its roots by .4. 

1 + 8 +16 - 9 [A 

+ ,4 + 3.36 + 7.744 
1 + 8.4 + 19.36 - 1.256 
+ .4 + 3.52 
22.88 

The new equation, 

/2(X2) = X2* + 9.2x2^ + 22.88x2 - 1.256 = 0, (3) 

has a root between 0 and .1. We can approximate this root by 
solving the linear equation 22.88x2 — 1.256 - 0, and obtaining 
X 2 = .OS'*". Computing /(.05) = — .088875 and /(.06) =+.150136, 
we see that the root of (3) lies between .05 and .06. 
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Transform equation (3) to decrease its roots by .05. 

1 + 9.2 + 22.88 - 1.256 | .05 

+ .05 + .4625 + 1.167125 

1 + 9.25 + 23.3425 - .088875 
+ .05 + .465 

1 + 9.3 + 23.8075 
+ .05 
1 + 9.35 

The new equation, 

Mxz) = + 9 . 35 x 32 + 23.8075X3 - .088875 = 0, (4)* 

has a root between 0 and .01. Approximate this root by solving 
the equation 23.8075x3 - .088875 = 0, and finding X 3 = .0037+ 
The real root of the given equation /(x) = 0 is 

x = 2 + .4 + .05 + .0037 = 2.4537. 

The number in the fourth decimal place may be incorrect but we 
are fairly certain that the root to three decimal places is 2.454. 

The solution may be arranged in the follo\ving compact form. 


1 + 2 

- 4 

— 

17 



+ 2 

+ 8 

+ 

_8 



1 + 4 

+ 4 

— 

9 



+ 2 

+ 12 





1 + 6 

+ 16 





+ 2 






1+8 

+ 16 

— 

9 

.4 

4 - 1611 - 9 = 0 

+ .4 

+ 3.36 

+_ 

7.744 


ii = .4. 

1 + 8.4 

+ 19.36 


1.256 



+ .4 

+ 3.52 





1 + 8.8 

+ 22.88 





+ .4 






1 +9.2 

+ 22.88 

— 

1.256 

.05 

22.8812 - 1.256 = 0 

-h .05 + .4625 + 

1.167125 


X 2 = .Uo. 

1 + 9.25 + 23.3425 


.088875 



+ .05 + .4650 

• 




1 + 9.30 

+ 23.8075 




23.8075X3 - .088875 = 0 

+ .05 





X3 = .0037. 

1 + 9.35 





X = 2.4537. 


• The three roots of (4) are those of the original equation 1, each decreased 
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Homer’s method for finding a positive irrational root. 

1. Locate the root between successive integers a and (a + 1). 

2. Transform the equation to decrease its roots by a. 

3. Locate the root between successive tenths b and (b .1). 

4. Transform the equation to decrease its roots by b. 

5. Locate the root between successive hundredths, etc. 

6. Continue this process to find the root to the desired accuracy. 

To find a negative root of f(x) = 0 by Horner’s method, find the 
corresponding positive root of/(— x) = 0, and multiply by —1. 

137. Suggested procedure for finding the real roots of an equation. 

1. Apply Descartes' rule of signs. 

2. F ind all rational roots. After a rational root has been found, re~ 
move the corresponding factor and use the depressed equation. 

3. Let f{x) = 0 represent the depressed equation after all rational 
roots have been removed. Sketch a graph of fix), assigning integral 
values to x until upper and lower limits have been reached. This graph 
locales the real roots between integers. 

4. Find the irrational roots of f(x) = 0 by the method of successive 
graphs or by Horner's method. 

Exercise 72 

Find the real root of each equation to three * decimal places, 

1. - 6x2 ^ 14^ _ 13 = 0. 2. x’ + 3x2 _ 3^ _ 17 ^ 

3. x2 H- 2x2 + X - 11 = 0. 4. x2 - 9x2 ^ - 55 = 0. 

5. X® + 4x2 + 5x - 11 = 0. 6. x® - 2x2 - 9x - 7 = 0. 

Find all the real roots of each equation to three * decimal places. 

7. x® - 8x2 + 16x - 1 = Q 

8. 2x® - 4x2 - 2x + 5 = 0. 

9. x^ - 6x® - x2 - 2x + 5 = 0. 

10. x^ - 9x® + 22x2 _ 2ix + 13 = 0. 

by 2.45. The other two roots of (1) can be approximated by .solving (4) with 
the corLStant term replaced by zero and then increasing the roots by 2.45. 

• Two decimal places if so directed by the instructor. 
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11. x*-2x^-Sx^- IZx - 14 = 0. 

12. I* - 6^3 + 8i= + - 1 = 0. 

13. 2x* - 17x3 453-2 - 41x + 7 = 0. 

14. 7x^ — 7x3 + 4x3 — 5x + 1 = o. 

15. x' - 2x3 53-2 _ iix + 2 = 0. 

16. 2 x'* + 5x3 _ 3-2 = 

17. Approximate by finding to three decimal places the real root of 
x3 = 5. 

18. Approximate by finding to three decimal places the positive root 
of X* = 57. 

19. When floating in water, a sphere of radius r and specific gravity s will 
sink to a depth x, where x is the smaller positive root of x3 — 3rx' + 4r3s = 0. 
If the specific gravity of a cork sphere is .2, how deep will it sink if its 
radius is 1 inch? (Obtain solution to three decimal places.) 

20. The dimensions of a rectangular box are 2, 3, and 5 inches. The volume 
is to be doubled by increasing each edge by the same amount. Find to three 
decimal places the amount to be added. 

138. Coefficients expressed in terms of the roots. Let ri, rj, rs be 
the roots of the equation 

x3 -j- 6ix3 + hzx "h 63 = 0 . (f) 

By Art. 127, we can wTite the equation in the form 

(x — ri)(x — r 2 )(x — ri) = 0 , ( 2 ) 

which, multiplied out, becomes 

x3 — (ri + rj + r3)x3 + (rir 2 + riVi + r2r3)x — ririVs = 0. (3) 
Using the corollary of Art. 125, to compare (1) and (3), we see that 

hi = — (n + 1*2 + Vi) 

= — (the sum of the roots), 

h 2 = + (^ 1^2 + riTi + r2r3) 

= + (the sum of the products of the roots, taken two at a tune), 

63 = — rir2r3 

= — (the product of the roots). 
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In a similar manner we can establish the following general 
Theorem. If r„ are the roots of 

x” + hix"-! + b2X”-^ H h hn = 0, (4) 

then 

61 = — (the sum of the roots), 

62 = -\-{ih€ sum of the products of the roots, taken two at a time), 
fca = — {the su 7 n of the products of the roots, taken three at a time), 

hn = f— l)'*(<Ae product of the roots). 

If the given equation is of the form 

Cox'* + aiJ"-* + aax'*-^ + [- a„ = 0, 

divide through by ao and reduce it to the form (4). 

Exercise 73 

Use the theorem of Art. 138 to find an equation kaeing the following roots. 

1- n, Ti, T,, r,. 2. 2, 3, 4. 

3. 0, 1, 2, -3. 4. 5, 3f, -3f. 

5- - I 2, 6. 6. 1, 1, 2. 3. 5. 

In each of the following equations, state (a) the sum of the roots, (1)) the sum of 
the products of the roots, taken two at a time, (c) the product of the roots. 

7. 4x3 5^2 _ Ox - 7 = 0. 

8. 7x3 - 8x2 - 9 = o_ 

9. Tlie equation x^ _ lOx* + px + 9 = 0 has tiie roots 3 and 5. Find the 
other root and tlie values of p and q. 

10. The equation ox^ + pji + ^x - 24 = 0 has the roots 2 and 4. Find 
the other root and the values of p and q. 

11. In the equation 2x3 - 7x2 - 8x + 17 = 0 negative of 

another. Find the roots and tlie value of q. 

12. Tlie roots of the equation x^ - Ox^ + 2x + ^ = 0 can be arranged to 
form an arithmetic progression. Find the roots anil the value of q. 

13. The roots of the equation x^ + Arx^ - 54x + 216 = 0 can be arranged 
to form a geometric progression. Find tlie roots and the value of k. 

14. The equation x^ - IGx^ + 94x2 + px + 9 = 0 has two double roots, 
rind the roots and the values of p and q. 
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139. The uses of logarithms. Logarithms are used to shorten the 
labor involved in computing products and quotients, raising to a 
power, and extracting roots. For example, the operation of multi- 
plying 23.45 by 678.9 may be reduced to the operation of adding 
the logarithms of these numbers, namely 1.3702 and 2.8318. 

140. Definition of a logarithm. The logarithm of a number to a 
given base is the exponent which must be placed on the base to produce 
the number. Thus the logarithm of 8 to the base 2 (written logs 8) 
is 3 because 2^ = 8. 


Illustrations. v y 

logs 81 = 4 oe> 
log6 1 = 0 

10g7 I = - 1 


Decause 

because 

because 


3^ = 81. 
&>= 1 . 
7 -' = I 


log 2 1 = — 3 because 2“^ = 4 ^ 


log49 7 =1 

logs 4 = f 


because 49^ = V49 = 7. 
because 8^ = (Vs)^ = 
because 5^ = 5. 


logs 5=1 because 5^ = 5. 
The definition of a logarithm implies that 

if logb N = X, 

then b^ = N. 



These two equations, the former logarithmic and the latter exponen- 
tial, say the same thing in two different ways. We shall assume m 
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further discussions that N is & positive number and that 6 is a posi- 
tive number different from 1. 

The following facts are proved in higher mathematics. We shall 
merely assume their truth. 

I. Irrational exponents have meaning and obey the five laws of 
exponents (Art. 46), provided the base is positive. For example, 
logio 2 is an irrational number which is approximately 0.3010. If the 

exponent is placed on 10, the result is 2 approximately. 

II. If W is a positive number, then there is one and only one 
number x that satisfies the equation log6 N = x. 


Exercise 74 


Find the v(due of each of the following logarithms. 

1. logio 100. 

2. logio 1000. 

3. log? 7. 

4. logio 1. 

5. logio .1. 

6. logio .01. 

7. logs 1. 

8. logi 2. 

9. log: -jV- 

10. log25 5. 

11. lOg64 4. 

12. 10g27^. 

13. log4 8. 

14. log^-36. 

15. log| 2. 

16. log 04 a®. 

Find the unknown N,b,orx in each of the following. 

17. logs N = 7. 

18. logs N = -3. 

19. logbO = — 1. 

20. logs 16 = 4, 

21. logb ^ f . 

22. logs 32 = -j. 

23. log32A^ = f ^ 

24. log27 N = ^. 

25. logs N = —2. 

26. logs 5 = - J. 

27. logo Vs = I. 

28. log3 3« = X. 

Express as a logarithmic equation. 

29. 3^ = 243. 

30. = 128. 

31. = s. 

32, 4® = 1. 

Express as an exponential equation. 

33. logi 512 = 9. 

34. loga w = z. 

35, logioo .001 = — f . 

36. logj 81 = -4 



230 


CH. 17 LOGARITHMS, EXPONENTIAL EQUATIONS 

Identify true or fake and give reasons. 

37. logfc = r. 38. logi V2 = 

39. log 2 8"* = 3m. 40. = x. 


141. Properties of logarithms. As a consequence of the definition 
of a logarithm, we have three properties or laws of logarithms. They 
are used in computations involving logarithms. 

Property 1. The logarithyn of a product is equal to the sum of the 
logarithms of the factors; i.e., 

log MN = log ilf + log N* 

Proof. Let x = logb M and y = log^ N. 

Express in exponential form: il/ = 6* and N = &>'. 

Multiply the equations: MN = 6^6*' = h^. 

Change to logarithmic form; log^ MN = x + y. 

Iog6 MN = logi M + logfe N. 

The proof is similar for a product of three or more factors. 
Illustrations. 

log 15 = log 3 ■ 5 = log 3 + log 5. 

log 70 = log 2 • 0 • 7 = log 2 + log 5 + log 7. 

Property 2. The logarithm of a fraction is equal to the logarithm of 
the numerator minus the logarithm of the denominator; i.e., 

M 

log ^ = log M - log N. 


Proof. Let x = log6 M and y = log6 N. 

Express in exponential form; M = and N = 6*'. 
Divide the equations: ^ ~ ^ 

M 

Change to logarithmic form: log6 -^ = x — y. 

log6 ^ = Iog6 M — logfc N. 




I 


* The base is the sajue for all the logarithms. 
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Illustrations. 

log I = log 3 - log 7. 

log ^ = log = log 2 -f log 7 - (log 3 + log 5). 

Property S. The logarithm of the nth power of a number is equal 
to n times the logarithm of the number; i.e., 

log M'* = n log M. 

Proof. Let x = log6 M. 

Express in exponential form: M = b‘. 

Raise to the nth power: il/" = = 6"*. 

Change to logarithmic form : log6 A/" = nx. 

logb A/" = n logb M. 

Illustrations. 

log 16 = log 2^ = 4 log 2. 

log V? = log 7^ = 5 log 7. 

125 5^ 

log " 4 ^ ^ ^ ^ — log 72 = 3 log 5 — 2 log 7. 

Note. Since = M% log = - log M. 


Exercise 75 


Given logi(i2 — 0.30, logtoZ = 0.48, logio7 = 0.85, find the following loga- 
rithms. (Remember logic 10 = 1.) 


L logic 6. 

3. logic f. 

5. logic 64. 

7. logic 

9 - logic Y- 

11. logic 7000. 
13. logic v^. 
15. logic 5. 


2 . logic 21. 

4. logics. 

6 . logic 243. 

8 . logic "^3. 
10 . logic 3 ^. 

12 . logic 300. 
14. logic .02. 
16. logic 
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Express as a single logarithm. (Assume all logarithms have the same base.) 


17. log (i — 1) + log (i + 1). 

19. log {a -\-b) — log b. 

21. 7 log X + 5 log y — 3 log z. 

23. log 2 + log IT + 5 (log I - log g). 


18. log (3x - 2) + log 2. 

20. log r - log s - log t. 

22. 21oga + log6-logc-5logrf. 
24. ^[\ogx + logy2 - logz]. 


Identify as true or false and give reasons. (In each equation the base is 
assumed to be the same for all logarithms.) 


26. log >/a = 2 log a. 

28. - = log r - log s. 
s 

30. ^ logi + J logy = s loga:V. 
32. log a = - log a\ 

34. log a* ^ i log log a. 

142. Systems of logarithms. There are only two important sys- 
tems of logarithms. The natural, or Naperian, system, uses the base e, 
where e is approximately 2.71828. This system is very useful m 
calculus and higher mathematics. The common, or Briggs, system 
employs the base 10. This system is most convenient for computa- 
tion because our number system uses the base 10. Henceforth, in 
this book, when the base of a logarithm is not specified, we are to 
understand that the base is 10. Thus log N means logio N. ess 
stated to the contrary, the word “logarithm" shall mean common 

logarithm. 


25. log - = — log a. 
a 

27. Va = 5 log a. % 

29. (loga)^ = 3 log a. 

31. = a®. 

ab log a -b log 6 

33. log — = ; 

^ c log c 


143. Characteristic and mantissa. We know that 


log 1000 = 3 because 

log 100 = 2 because 

log 10 = 1 because 

log 1 = 0 because 

log . 1 = — 1 because 

log .01=— 2 because 
log .001 = — 3 because 


103 = 1000 
10 - = 100 
10 ‘ = 10 
10 ®= 1 
10 -'= .1 
10-2 = .01 
10-3 = .001. 


ART. 144 METHOD OF DETERMINING CHARACTERISTICS 233 

It seems reasonable to assume that if a number increases, its loga- 
rithm increases.* Consequently, any number between 10 and 100 
must have a logarithm between 1 and 2. This logarithm can be 
written in the form 1 plus a positive decimal. For example, log 52.4 = 
1 + .7193 = 1.7193. Likewise, any number between .001 and .01 
must have a logarithm between —3 and —2. This logarithm can be 
written in the form —3 plus a positive decimal. For example, 
log .004 = — 3 + .6021, w'hich can be written log .004 = 7.6021 — 10, 
because — 3 = 7 — 10. 

Every logarithm can be lontten as the sum of an integer (positive, 
negative, or zero) plus a positive decimal'^ The integer is called the 
characteristic of the logarithm; the positive decimal is called the 
mantissa of the logarithm. 

Illustrations. 


Logarithm Characteristic Mantiss 


.3.4567 3 ,4567 

0.1234 0 .1234 

2-0000 2 .0000 

7.8899 - 10 or -3 -h .8899 7 - 10 or -3 .8899 

8.4444 — 10 or —1.5556 8 — 10 or —2 .4444 


144. Method of determining characteristics. If a number has a 
decimal point immediately to the right of its first nonzero digit, then 
the decimal point is said to be in standard position. For example, the 
decimal point is in standard position in each of the follow'ing num- 
bers: 2.003, 4.56, 3.2, and 7. Consequently, if a number N has its 
decimal pond in standard positian, then N is between 1 and 10, and 
log N is between 0 and 1 ; therefore the characteristic of log N is 0. 

Theorem 1. Whenever a number is multiplied by 10, its logarithm is 
increased by 1 . 

Proof. Let log N be the logarithm of any number N. Then 

log lOA^ = log 10 + log N, (Property 1) 

log ION = 1 + log N. 

• This is proved in more advanced books. 

t Positive decimal here meaiLs a numlxT n such tliat 0 g h < 1. 
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Hence we see that when a number is multiplied by 10 (i.e., if the 
decimal point is moved one place to the right), the characteristic of 
its logarithm is increased by 1, but the mantissa is unaltered. 

Illustration. If log 6.789 = 0.8318, then log 67.89 = 1.8318. 

By repeating this process, we see that if a number is multiplied by 
10*= (i.e., if the decimal point is moved k places to the right), the 
characteristic of its logarithm is irureased by k. It also follows that if 
a number is divided by 10* (i.e., if the decimal point is moved k places 
to the left), the characteristic of its logarithm is decreased by k. 

Illustration. If log 6.789 = 0.8318, then log 678.9 = 2-8318, and 
log 67890 = 4.8318, and log 0.6789 = 9.8318 - 10, and log 0.006789 

= 7.8318 - 10. . 

We may sum up our discussion in the following 

Theorem 2. If the decimal point in a number is k places to the 

of standard position, then the characteristic of the loga- 

( k ) 

rithm of the number is | j ' 

Illustration. The characteristic of log 7654 is 3 because the deci- 
mal point is understood to be after the 4, which is 3 places to the 

right of standard position (i.e., after the 7). 

The characteristic of log 0.07654 is -2 or 8 - 10 because the 
decimal point is 2 places to the left of standard position. 

An alternate method used in finding characteristics is: ^ 

1. For a number N that is greater than 1, the characteristic is one less 

than the number of digits to the left of the decimal point in • . 

2. For a number N that is less than 1, the charactenstic is negatwe an 

is numerically equal to one more than the number of zeros w 
decimal point and the first nonzero digit in N . 

Illustrations. _ . .r t 


Number 

678900 

678.9 

6.789 

0.6789 

0.06789 

0.0006789 


Characteristic of Logarithm 

5 

2 

0 

9 — 10 or — 1 
8 - 10 or -2 
6 - 10 or -4 
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Theorem S. The Tnantissa of the logarithm of a number N is inde- 
pendent of ih£ posiiion of the decimal point in N. This means that two 
numbers differing only in the position of the decimal point have 
logarithms with the same mantissa. The proof of this theorem is 
embodied in that of theorem 1 and the discussion that follows it. ' 

Illustration, The following numbers have logarithms \vith the 
same mantissa: 

.00246, 2.46, 24.6, 2460. 

Theorem 2 serves tw'o purposes : 

(1) If W'e look at the position of the decimal point in a number, 
we can determine the characteristic of its logarithm. 

(2) If w'e look at the characteristic of the logarithm of a number, 
we can determine the position of tlie decimal point in the number. ’ 

Example 1. Given log 7.05 = 0.8482. 

(a) Find log 0.00705. 

(b) Find N if log N = 2.8482. 

(c) Find N if log N = 6.8482 — 10. 

Solution. 

(a) log 0.00705 = 7.8482 — 10. Since the decimal point in 0.00705 
is 3 places to the Uft of standard position, the characteristic is 
— 3 = 7 — 10. The mantissa is the same as that for log 7.05. 

W If log AT = 2.8482, 

N = 705. 

Since \ogN and log 7.05 have the .same mantissa, N is obtainable 
from 7.05 by moving the decimal point 2 places to the right (from 
standard position). 

(c) If log N = G.8482 - 10, 

N = 0.000705. 

Since the characteristic of log AT is -4, we obtain N from 7.05 by 
moving the decimal point 4 places to the left. 

Note. Theorem.s 1, 2, 3 of this article are valid only if the base of 
the logarithms is 10. For any other baj^e, the process of hnding the 
characteristic would not be so simple. 
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Exercise 76 

Given log 6.65 = 0.8228 and log 8.71 = 0.9400, find the valve of thejoVxming. 
1. log 665. 2. log 0.871. 3. log 0.0871. 

4. log 0.00665. 5. log 0.000871. 6. log 66.5. 

7. log 6650. 8. log 87100. 9. log 0.665. 

10. log 871000. 11. log 8710000. 12. log 0.0000665. 

Givenlog2m = 0A200andlogS^.0 = l.mi,findN for eaehof the following. 


13, logjV — 1.4200. 

15. logiV = 8.9191 - 10. 
17. log N = 7.4200 - 10. 
19. log N = 4.4200. 

21. logA^ = 9.9191 - 10. 
23. log N = 6.9191. 

25. logiV =-0.5800. 

27. \oz N = -2.0809. 


14. logiV = 3.9191. 

16. log N = 9.4200 - 10. 
18. log N = 6.4200 - 10. 
20, log = 2.9191. 

22. log = 0.9191. 

24. log N = 9.4200 - 20. 
26. log N = —0.0809. 

28. logiV =-1.5800. 


Hint. For Probs. 25 to 28, first write logA^ in the form where the decimal 
part is positive. For e.\ample, —0.5800 = 9.4200 — 10. 

145. A four-place table of mantissas. In Table III (page 310) 
there are listed, to four decimal places, the mantissas (with the 
decimal points omitted) of the logarithms of all positive integers 
from 1 to 999. Since the mantissa is independent of the decimal 
point in the number, Table III can be used to find the mantissa o 
the logarithm of any three-figure number. The problems we shall 

need to consider are: 

1. Given a number N, to find log N . 

2. Given log N, to find N. 

146. Given N, to find log N. The procedure of finding the loga- 
rithm of a given number is illustrated by the following example. 


Example 1. Find log 0.0526. 

Solution. The characteristic of log 0.0526 is —2 or 8 ^ 

find the mantissa, look for 52 in the left-hand column headed ^ on 
page 310. In the line beginning mth 52, move over to the column 

headed by 6 and find 7210. Hence 

log 0.0526 = 8.7210- 10. 
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GIVEN LOG N, TO FIND N 

147. Given log iV, to find N. The procedure of finding the number 
whose logarithm is given is illustrated by the following examples. 

Example 1. Given log N = 1.3345, find N. 

Solution. Look for the mantissa .3345 in the body part of Table III. 
It appears in the 21 line and the 6 column. Hence N is 216 with the 
decimal point placed in accordance with a characteristic of 1. There- 
fore, 

if log N = 1.3345, 

N = 21.6. 

Example 2. Given log N - 7.0969 - 10, find N. 

Solution. The mantissa .0969 appears in the 12 row and the 
5 column. Hence N is 125 with the decimal point moved 3 places 
to the left of standard position (because the characteristic is 
7 — 10 = — 3). Therefore, 

if log N = 7.0969 - 10, 

N = 0.00125. 


Exercise 77 

the value of each of the following. 

2. log 3450. 

4. log 0.0946. 

6. log 0.000831. 

8, log 50200. 

10. log 0.620. 

table to determine the value of N in each of the following. 

12. log.V = 1.8837. 

14. log iV = 9.3909 - 10. 

16. log.V = 7.1492 - 10. 


Use a four-place table to find 

I. log 87.6. 

3. log 0.712. 

5. log 0.00209. 

7. log 447000. 

9. log 1.04. 

Use a four-place 

II. logiV = 2.5211. 

13. log N = 8.7348 - 10. 
15. log .V = 6.9509 - 10. 
17. log N = 0.0453. 

19. log iV = 9.4440 - 10. 
21. log i\ = 9.8035 - 10. 


18. log N = 3.7959. 

20. log iV = 0.6693. 

22. log N = 8.4609 - 10. 
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148. Interpolation. WTien a sports announcer says, “The ball is 
on the 27-yard line,” most football fans realize that the announcer 
estimates that the ball is f of the way from the 25-yard line to the 
30-yard line. This process of literally “reading between the lines” 
is called interpolation. Another example is, “Interpolate to approxi- 
mate the value of VS.” Knowing V4 = 2 and VO = 3, we con- 
clude that Vs is a number between 2 and 3. Moreover, 8 is f of the 
way from 4 to 9. Assume that for a small increase in a number N, 
the change in VW is proportional to the change in N* Then VS 
would be I of the way from 2 to 3. Since | of 1 is .8, we conclude 
that Vs is approximately 2.8. This result is correct to only one 
decimal place. The process of interpolation is important in all work 
involving the use of tables. 

We have seen that the logarithm of a three-figure number can be 
found by use of Table III. If a number is increased by a small 
amount, the change in its logarithm is very nearly proportional to 
the change in the number itself. Hence the logarithm of a four- 
figure number can be found from Table III by interpolation. It is 
to be remembered that, since the mantissas of the logarithms of 
most integers are unending decimals, a four-place table merely 
rounds off these mantissas to four-figure accuracy. Hence the re- 
sults obtained in using a four-place table will usually be only approx- 
imations with the last figure subject to error. 

Example 1. Find log 182.7. 

Solution. The characteristic is 2. Since the mantissa of the loga- 
rithm is independent of the position of the decimal point in the 
number, we see that the required mantissa lies between the man- 
tissas for 1820 and 1830. 

mantissa of logf 1820-'.^ = .2601-'! 

mantissa of log 1827*^^1 = J 

mantissa of log 1830 = .2625*^^'' 

As the number increases by 10 (from 1820 to 1830), the mantissa 
increases 24 ten-thousandths. Our number is of the way from 

• Not strictly true, but a good approximation if the change is small. 

t A convenient abbreviation for mantissa of log is m-log. 
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1820 to 1830. Hence the required mantissa is ^ of the way from 
.2601 to .2625. But •j^(24) = 16.8 — » 17. (Round off to 17 because 
16.8 * is closer to 17 than it is to 16.) Add the 17 ten-thousandths 
to .2601 to get .2618, the required mantissa. Hence 

log 182.7 = 2.2618. 


Example 2. Given log N = 9.2950 - 10, find N. 

Solution. We search for the mantissa .2950 in the body part of 
Table III. It lies between the mantissas .2945 and .2967. 


m-log 1970 
m-log N 


= .2945 
= .2950 


m-log lOSO*^^^^ = .2967 



The given mantissa is ^ of the way from .2945 to .2967. Hence 
the required number (aside from decimal point) should be ^ of 
the way from 1970 to 1980. But A(10) = 2^ ^ 2. Adding 2 to 
1970, we find N is 1972 with the decimal point placed in accordance 
with a characteristic of 9 — 10. Hence 



logW = 9.2950- 10, 
N = 0.1972. 


Exercise 78 

Use a four-place table to find the value of the following. 

2. log 32.18. 


1. log 5.437. 

3. log 0.04153. 

5. log 0.0008905. 
7. log 271.6. 

9. log 0.1472. 

11. log 123100. 

13. log 700.4. 

15. log 0.009409. 


4. log 0.7281. 

6. log 0.008607. 
8. log 55620. 

10. log 0.02244. 
12. log 6429. 

14. log 4.956. 

16. log 0.0001733. 


• In ‘‘rounding off” a number that is exactly halfway, it is conventional to 
choose the number that makes the final resuU of the interpolation even rather 
than odd. This procedure will be followed throughout this book. 
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Use a fouT-place toble to determine the value of N in each of the following. 


17. logN = 1.4810. 

19. log N = 9.3826 - 10. 
21. logiV = 7.6543 - 10. 
23. log A' - 2.7441. 

25. logiV = 4.0913. 

27. log N - 8.9343 - 10. 
29. log N = 5.2607 - 10. 
31. \ogN = 0.1874. 


18. log N = 0.9743. 

20. log N = 8.2921 - 10. 
22, logiV = 6.1771 - 10. 
24. log N = 3.5493. 

26. log N = 5.7806. 

28. log N = 9.8766 - 10. 
30. log N = 7.0328 - 10. 
32. logA^= 1.2252. 


149. Approximations and significant figures. If a given distance 
is measured and if its length is expressed in decimal form, it is con- 
ventional to write no more digits than are correct (or probably 
correct). Thus if we say that the measured distance between 
points A and B is 17 feet, we mean that the result is given to the 
nearest foot, i.e., the true distance is closer to 17 feet than it is to 
16 feet or 18 feet. This is an example of two-figure accuracy. If we 
say that the measured distance AB is 17.0 feet, we mean that the 
true distance is given to three significant figures, i.e., it is closer to 
17.0 than it is to 16.9 or 17.1. This implies that the true distance is 
somewhere between 16.95 and 17.05. Notice that 17 and 17.0 do 
not mean the same thing when they represent approximate values. 

The number of significant digits in a number is obtained by 
counting the digits from left to right, beginning nith the first non- 
zero digit and ending with the rightmost digit.* Thus, 0.078060 has 
five significant digits, 70.00 has four, and 0.790 has only three. 
Notice that the number of significant digits does not depend on the 
position of the decimal point. 

Results computed by multiplication or division from approximate 
data ^\ill usually have no higher degree of accuracy than that of the 


* Ambiguity may result if the number in question is an 
or more O’s. For example, if the radius of the earth is given as 4m m^s, we 
may not know how many O’s are sigmhcant. If, however the num ^ 
obtained from 3960 by rounding it off to the nearest multiple of 100 iml^. 
the first 0 is significant; the other two are not. In a case^ t^s land, comp 
Lmetimes underscore the digits that are significant: 4000. Another way of m 

(heating that 4000 represents two-figure accuracy is to express it as 4.0(10^;- 
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data used. We agree to round off the result so that it mil have as many 
significant figures as there are in the least accurate number in the data. 
If a field is measured and found to be 11.3 rods long and 10.7 rods 
wide, we would be tempted to say that its area is (11.3)(10.7) = 
120.91 square rods. To do so would be to claim false accuracy. The 
result should be rounded off to three significant figures (the same 
as in the given data) to obtain 121 square rods. The first two figures 
in this result are correct but the third is only a good approximation 
because the true area is somewhere between (11.25)(10.65) = 
119.8125 square rods and (11.35)(10.75) = 122.0125 square rods. 

In using addition and subtraction to compute results from approxi- 
mate data, do not retain a given place in the result unless this place 
is significant in each of the given data. For example, if we add the 
three approximate values a = 5.12, b = 13.0078, c = 1021.009, we 
obtain a + 6 + c = 1039.1368 — > 1039.14. The result was rounded 
off to two-decimal place accuracy because the value of a is written 
to only two-decimal accuracy. Hence the result is not reliable be- 
yond the second decimal place. 

Since nearly all logarithms of rational numbers are irrational, the 
mantissas given in Table III are merely four-figure approximations. 
Hence most of the results obtained by use of logarithms will be 
approximations and should be considered as such. In no case can 
an accuracy of more than 4 significant figures be obtained in using 
a 4-place table. If 5 significant figures are required, one should use 
a 5-place table, or preferably a 6-place table. 

150. Logarithmic computation. When logarithms are used to 
compute products, quotients, and powers of numbers, it is advisable 
to: 

1. Make a complete outline indicating the operations to be per- 
formed. 

2. Fill in all characteristics. 

3. Fill in all mantissas. 

4. Perform the operations outlined in Step 1. 

These .suggestions are offered in the hope that accuracy, speed, and 
neatness will be achieved. Every logarithm appearing in the solu- 
tion should be labeled. 
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Example 1. Use logarithms to compute 


(2460) (0.357) 
8.18 


SolvXion. Let 



(2460) (0.357) 
8.18 


Then log N = log 2460 + log 0.357 - log 8.18. After preparing the 
outline and filling in the characteristics, we have 


log 2460 = 
log 0.357 = 
log numerator = 

log 8.18 = 
logiV = 
N = 


3. 

9 . - 10 


Add 


Subtract 


After supplying the mantissas and performing the indicated opera- 
tions, we have 

log 2460 = 3.3909 
log 0.357 = 9.5527 - 10 ^ 
log numerator = 12.9436 — 10 
log 8.18 = 0.9128 c; 
log AT = 2.0308 
N = 107. 


Notice that no interpolation was performed in finding N from log N. 
The original numbers are all three-figure numbers; hence the com- 
puted result should have no more than three-figure accuracy, bince 
the mantissa .0308 is best approximated by the tabular mantissa 
.0294, the best three-figure approximation of N is 107. _ 

In all logarithmic computations we are really expressing 
original numbers as powers of 10. For example, since log 2 
3.3909, it follows that 2460 = Consequently 





10 ° 


.9128 


Apply the laws of exponents: 

^ _ ^Q3.3909+(9.5527-10)-0.9128 

= IQ2.Q30S = 107 . 
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Example 2. Use logarithms to compute 

V ^ (1.789)^ 

(87650) (0.04466)* 

Solution. Take the logarithm of each side: 

log AT = 3 log 1.789 - Gog 87650 + log 0.04466). 

After taking the four suggested steps, we get 

log 1.789 = 0.2526 log 87650 = 4.9428 

3 log 1.789 = 0.7578 log 0.04466 = 8.6499 - 10 

log num. = 10.7578 — 10 log den. = 13.5927 — 10 

log den. = 3.5927 = 3.5927 

log AT = 7.1651-10^ 

N = 0.001462 


Notice that log num. was changed from 0.7578 to 10.7578 — 10 to 
avoid subtracting 3.5927 from a smaller number. 

This example illustrates four-figure accuracy in the original data 
and in the computed result. 


Solution. Let N — 

Then logA^ = ^[log 0.00559 — log 90.16]. 

After taking the four suggested step.s, we have 



Example 3. Compute 


3/ 0.00559 

V 90.16 


log 0.00559 = 7.7474 - 10 
log 90. 16 = 1.9550 
log radicand = 5.7924 — 10 
log radicand = 25.7924 — 30 

3 

logA^= 8.5975 - 10 


N = 0.0396. 


Notice that log radicand was changed from 5.7924 — 10 to 

25.7924 — 30 to facilitate the division by 3. Had we divided 

5.7924 - 10 by 3, the result, 1.9308 - 3.3333 =-1.4025, would 
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involve a negaiive decimal that does not occur in our table of positive 
mantissas. 

The final result is wTitten with only three-figure accuracy be- 
cause the least accurate number, 0.00559, in the original data has 

only three significant figures. 

Example 4. Use logarithms to compute 

_ (-1.789)^ 

^ “ (-87650)(-0.0446^' 

(-)' 

Solution. The value of x is negative since ' -j- 

Discard all minus signs in i and then use logarithms to compute 
the value of the corresponding expression in which all nunibers are 
positive. This was done in Ex. 2 with the result 0.001462. Hence 

I =-0.001462. 


Exercise 79 


Use logarithms to cornyute the follomng coned to three-figure accuracy. (1° 
finding N from log iV, do not interpolate.) 

1. (35.7)(4.68). 


2. (872)(2.09)(0.00685). 
4. {0.0841)(6.18). 


612 

478 

6. 

0.457 

2.69 

\^ro8 

0.00582 

8 

29.3 

(7.34)2 

9. (0.975)*“. 

10. (3.00)“. 

/7 ftJ\3 

11. [0.234)(5.19)]®. 

(12.9) • 

(1620)(342) 

(0.0879) (62.4) 

14 TT" 

0.0725 

(3.14)(9060) 

15 

16. (2.86) V'O®. 

8270 

^/o.ooiss 

17. ^0.0000627. 

\ 926 

19. ^(0.0391)(1.68). 

20. \ 0.0432. 
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23 


27. 


29. 


r -3-“^ T. 

22. 

9/(-27.1)(-9460) 

L(-0.894)(-623)J 

\ -548 

J (-473)2 

24. 

r(- 146) >^-92.5]’ 

\( -7.58) (83.6) 

b -4350 J 

(70.4)7. 

26. 

(0.238)-®. 

(2.13)® + 389 

28. 

^209 - 3.79 

74.1 

0.451 

log 80.2 
log 3.02 

30. 

(log 796) (log 50.2). 

(log912)’(6.23). 

32. 

(log 5.28)V69.3. 


Use logarithms to compiUe the following correct to four-Jigure accuracy. 


33. (1947)(0.8263). 
09.44 


35. 


34. (520300) (0.007742). 
0.4038 


638.5 


36. 


37. 

842.1 

38. 

V3827 

39, 

^(0.4219)(0.07806). 

40. 

41. 

(1.721)*. 

42. 

43. 

92.37 

44. 

(5.260)2 

Use logarithms to compute the following to 
by the numbers involved. 

45. 

(0.0092G3)(0.0473). 

46. 

47. 

Vo.OoG 

0.724 

48. 

49. 

9.07 

50. 

(56200){15.3) 

51. 

(0.827)^ 

52. 

53. 

7 / 0.00823 

54. 

\ 4.261 

55. 

v"(0.07240)(32.10). 

56, 


06.79 

(20.05)’ 

3202 

tr— — — 


V87(V) 

9.264 


7.16 

23.45 


48. (2.3)^0.048). 




54. (89.2)5. 


1776 


(5.670) (89.26) 
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[ 0 9427"! ’ 

TwJ ‘ 

59. The time t in seconds for one complete oscillation of a pendulum of 
length I feet is given by 



where g = 32.2 feet per second per second. Find t tor a pendulum 1.92 feet 
long. Use TT = 3.14. 

60. The radius r of the inscribed circle of a triangle whose sides are o, 6, c is 
given by the formula ^ 

j(s - a)(s - 6)(s - c) 

^ = V ^ — ’ 

where s = ^(a + 6 + c). Compute r when a = 5.72, b = 6.39, c = 7.41. 

151. Exponential equations. An exponential equation is an equa- 
tion in which the unknown appears in an exponent. Such an equa- 
tion can usually be solved by equating the logarithms of the two 
sides and then finding the roots of the resulting algebraic equation. 

/ 

Example 1. Solve for x: (.195)"^ = 26.8. 

Solution. Take the logarithm of each side.’ 

log (.195)^ = 

X log .195 = 

X = 


In this case it is easier to perform the di\nsion without using loga- 
rithms. If logarithms are used, we should first compute the value of 

1.4281 

the fraction — — and then attach a minus sign to the result. 

It should be noted that is the quotient of two logarithm? 

log.l9o ^ 

and not the logarithm of a quotient. 


log 26.8 
log 26.8 
log 26.8 
log .195 
1.4281 

9.2900 - 10 
1.4281 


-.7100 


= - 2 . 01 . 



ART. 152 


CHANGE OF BASE OF LOGARITHMS 


247 


Exercise 80 


Solve for x. 

1. (63.1)* = 789. 

3. (.0912)* = 23.1. 

5. (8.11)* = .567. 

7. (.302)* = .00739. 

9. (.00871)*“^ = 6.78. 

11. (5012)2*+7 = 7806. 

13. (7.92)*+> = (1.58)*(55.2). 
(1.04)* -1 

15. — ^ = 3.25. 

17. (4.13)^-'' = 17.8. 

18. Solve for x and y: 

I (2.27)*^*' = 81.6 
I (49.2)2*-v = .705. 

19. If 5 = — ^ ^ , show that n 

20. Solve for n: A = P(l -f- 1 )". 


2. (3.09)* = 2.28. 

4. (.708)* = 3630. 

6. (26.3)* = .0722. 

8. (.00955)* = .275. 

10 . (. 0865 ) 2*-3 = 10 . 6 . 

12. (25120)*+* = 456. 

14. (1.91)*(1.62)2*+> = 348. 
(1.03)* - 1 

~k- = 2 . 29 . 


log (a — 5 -f rS) — log a 
logr 


Solve for y in terms of x. 

21. log y — 3 log X = 2 + log 7. 

22. log ?/ + log 3 = X -f 8. 

23. log, y -j- 5x = log, 9. 

24. log y - log X = 2. 


152. Change of base of logarithms. For the purpose of making 
numerical computation, the most convenient system of logarithms 
IS the common, or Briggs, system, wfiich employs the base 10. If we 
know the logarithm of a number to the base a, we can find the 
logarithm of that number to the base b by using 

(1) logb N = ^ = (Iog6 a)(log„ N). 

To prove this, let y = log^ A^ Then 


6*' = N. 
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Take the logarithm of each side to the base a: 


Hence 

UN = a, 
Therefore 


loga 6*' = 
y loga h = 
hgbNlogab = 

logt N = 

log6 a = 
logh N = 


loga N. 
loga N. 
loga N. 

\0gaN 

lloga b 
1 

■ • 

loga 6 

(log6 a)floga N) 




In higher mathematics, the most suitable system of logarithms 
is the natural, or Naperian, system, which employs the base e, 
where e is an irrational number whose approximate value is 2.71828. 
If a = 10 and b = e, equation (1) becomes 


loge N = 


logio N 
0.4343 


2.3026 logio N. 


Thus the natural logarithm of a number can be obtained by multi- 
plying its common logarithm by 2.3026. 


Exercise 81 


Find the following logarithms. 


1. log(63.1. 
4. log, .912. 

7. log2 64.9. 
10. logs T. 


2. log, 631. 
5. togs .101. 

8. log; 350. 
11. logj 730. 


3. log, .0955. 
6. logs .0398. 

9. !ogi2 2.63. 

12. logio e. 
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153. Interest. Interest is money paid for the use of borrowed 
money called the principal. If the interest for a unit period of time 
(usually a year) is divided by the principal, the resulting fraction 
is called the rate of interest (usually expressed in per cent). The 
sum of the principal and the interest is called the amount. 

154. Simple interest. Interest that is computed on only the 
original principal is called simple interest. Let P be the principal, 
i the rate of interest per year, n the number of years, 1 the interest, 
and A the amount. Then 

I=Pni (1) 

and ^ -f- / = P(i + ni), (2) 

Example 1 . Find the simple intere.st and the amount on S700 
for 8 months at 6%. (This conventionally means 6% per annum.) 

Solution. We have P = $700, n = I, i = .06. 

Using (1), 7 = S700(§)(.06) = $28. 

Using (2), A = $700 + $28 = $728. 

155. Compound interest. If, at the end of a unit period of time, 
the interest is added to the principal to form a new principal for 
the next unit period of time, the interest is said to be compounded. 
The unit period of time is called the conversion period. It is usually 
a year, half year, or a quarter year. The sum of the principal and 

2-19 
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interest at the end of a conversion period is called the compound 
amount. 

Compound interest is usually quoted on a yearly rate. Thus, the 
rate 6% compounded semiannually means 3% for each half-year 
period. The 6% figure is called the nominal rate of interest. 

l56. Compound interest formula. If a principal P is invested at 
an interest rate i per conversion period, then the compound amount 
A to which P accumulates at the end of n conversion periods is 
given by the formula 

A = P{l-\- i)\ 

Proof. At the end of the first conversion period the interest is Pi 
and the amount is P -h Pi, or P(1 + i). This is the new principal 
for the second period at the end of which the interest is P(1 + i) 
times i, or P(1 -}- i)i. The amount at the end of the second period 
is P(1 + i) + P(1 -h i)i, or P(1 -|- ip. We see that if the principal 
at the beginning of a period is multiplied by (1 + i), we obtain the 
amount at the end of the period. At the end of n periods the original 
principal P will have been multiplied by (1 + i) to n factors. Hence 

A = P(1 + i)\ 

Example 1. Find the compound amount on $2500 at 6% com- 
pounded semiannually for 5| years. 

Solution. Since the conversion period is \ year, we have n = 11 
and i = 3%. Hence 

A = P(1 + 0" = $2500(1.03)“ 

= $2500^.3842) 

= $3460.50. 

The value of (1.03)“ was found by use of Table IV. In the column 
headed 3%, in line with n = 11, we find 1.3842. 

Comments. 1. If more accuracy is desired, we can compute (1.03)“ 
by using the binomial theorem to e.xpand (1 + .03)“ to as many 
terms as are needed. In this case, six terms are necessary to obtain 
the result, $3460.58, correct to the nearest cent. 

2. Another method of computing (1.03)“ is by logarithms. This 
is not advisable unless a six or seven-place table is used. A four- 
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place table gives a result that is less accurate than that obtained 
from Table IV. 


157. Present value. Suppose that a sum of money A is due at 
some future date. The present value of A is the principal P which, 
if invested at interest, will accumulate to A at the end of the 
specified time. Let n represent the number of conversion periods 
and let i be the rate of interest per period. Using A = P(1 -f- z)» 

A 


we find P = 


(1 + O'* 


or 


i) 


— n 


Example 1. How much money must be placed in a savings account 
paying 2% compounded annually in order that this sum will accu- 
mulate to $1000 in 18 years? 

Solution. 

P= A(l-\- {)-” = S1000(1.02)-i« 

= $1000(.70016) 

= $700.16. 

The value of (1.02)“*® was found by use of Table V. 


Exercise 82 

Find the simple interest and the amount. 

1. On S1200 for 6 months at 4%. 

2. On S800 for 9 months at 6%. 

3. On S640 for 7 months at 

Work the following simple interest problems. 

4. What principal will amount to $1000 at the end of 1 year at 5%? 

5. How long will it take a principal of $600 to amount to $610 at 4%? 

6. What rate of interest is needed to make a principal of $1500 amount 
to $1520 at the end of two months? 

Find the compo'xnd amount and the compound interest. 

7. On $400 for 8 years at 5% compounded annually. 

8. On $700 for 10 years at 6% compounded semiannually. 

9. On $1000 for 7 years at S% compounded quarterly. 
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10. On S3000 for 12 years at 2|% compounded annually. 

11. Find the present value of S500 due in 15 years if money is worth 4% 
compounded annually. 

12. Find the present value of $600 due in 5 years if the interest rate is 3% 
compounded semiannually. 

13. A man wishes to leave his grandson the sum of $10,000 on Jan. 10, 1970* 
How much should he deposit on Jan. 10, 1950 to the boy’s account in a 
bank that pays 3% compounded semiannually? 

14. What sum of money invested at 4% compounded annually will amount 
to 84000 at the end of 18 years? 

15. How long will it take a principal to double itself at 2% interest com- 
pounded annually? (Use Table IV and obtain result to the nearest year.) 

16. How much compound interest will $1000 earn in 80 years if invested 
at 5% compounded annually? 

Hint. (1.05)«« = [(1.05)«P. 

17. Five years ago a banker lent 86000 to a businessman. Three years ago 
the banker lent another 84000 to the same man. Two years ago the man 
made a payment of 85000. How much should he pay the banker now to dis- 
charge his obligation if the interest rate is 5% compounded annually? 

18. The interest rate “8% compounded quarterly” is equivalent to what 
interest rate * compounded annually? 

Solve by use of logarithms. 

19. At what rate of interest compounded annually will $100 amount to 
8131.70 at the end of 8 years? 

20. How long will it take a principal to double itself at 8% interest com- 
pounded annually? 

158. Annuities. An annuity is a sequence of equal payments of 
money made at equal inter\'als of time. For example, the annual 
payments on a life insurance policy represent an annuity. Likewise, 
the monthly payments on a piano or refrigerator constitute an 
annuity. The length of time between successive payments is called 
the payment period. We shall consider only the ordinary annuity 
in which a payment is made at the end of each period. The term of 
an annuity is the length of time between the beginning of the first 
payment period and the end of the last payment period. 

* This rate is called the effective rate, whereas 8% is called the nominal rate. 
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159. Amount of an annuity. The amoimt of an annuity is the sum 
of the compound amounts of the various payments accumulated at 
the end of the term. It is understood that the interest is compounded 
whenever a payment is made, i.e., at the end of each payment period. 

lUustration. An annuity of SlOO a year for 3 years consists of a 
payment of $100 at the end of a year, another payment of $100 at 
the end of two years, and a final payment of $100 at the end of 
three years. If the interest rate is 6%, the amount of this annuity 
(i.e., its accumulated value at the end of 3 years) is 

100(1.06)2 + 100(1.06) + 100 
= 112.36+ 106+ 100 
= 318.36. 

We shall now develop a formula for the amount of an annuity of 
$1 per period for n periods, with interest rate i per period. The first 
payment which is made at the end of the fii-.st period, will draw 
interest for (n — 1) periods and consequently will amount to 
(1 + t)"->. Similarly, the second payment will accumulate to 
(1 + f )'*“2 xhe next to the last payment, which draws interest for 
only one year, will amount to (1 + i). The last payment, which is 
made at the end of the last period, will amount to $1. Let (read 
“s angle n”) represent the sum of these amounts (which we wiite 
in reverse order) : 


^ — 1 + (1 + f ) + • • • + (1 + 0'‘“2 _|_ ^ 

The right side of this equation is a geometric progression of n terms 

with the common ratio (1 + i). Using the formula S = — ~ and 

1 — r 

then simplifying, we get 


^ ^ (1 + /)" - 1 


If each payment is instead of $1, the amount of the annuity 
is Rs^ : 

Amount of annuity = S = = R ~ I . 

i 

The value of for various rates of interest may be found in 
Table VI. 
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Example 1. A man deposits S200 in a savings bank at the end of 
each half year. Find the amount to his account at the end of 12 years 
if the interest rate is 5% compounded semiannually. 

Solution. The payment period is | year. Hence n = 24 and 
i ~ 2|%. The amount of the annuity is 

S = S200(s24i at 2\%) 

= $200(32.3490) 

= $6469.80. 

160. Present value of an annuity. The present value of an annuity 
is the sum of the present values of the various payments. 

Illustration. The present value of an annuity of $100 per year for 
3 years, money being worth 6% per annum, is 

100(1.06)-*+ 100(1.06)-2+ 100(1.06)-3 
= 94.340 + 89.000 + 83.962 
= $267.30. 

We shall now derive a formula for the present value of an annuity 
of $1 per period for n periods, with interest rate i per period. The 
first payment is made at the end of the first period. Its present 
value is (1 + f)-*. Similarly, the present value of the second pay- 
ment is (1 + f)-2. The final payment is made at the end of the nth 
period. Its present value is (1 + f)-”. Let represent the present 
value of the annuity. Then 

(1 + f)“^ + (1 + i)~^ +*••+(! + z)-"- 

The right side of this equation is a geometric progression of 
n terms with (1 + f)-* as the first term and the common ratio. 

Using the formula S = ^ we get 



(1 + z)-* -- (1 + z)— * 
1 - (1 + z)-* 


If top and bottom of the right side are multiplied by (1 + z), we get 



1 - (1 + I)-" 


1 
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If each payment is instead of $1, the present value of the 
annuity is Ra^: 

Present value of annuity = A = /Jchi = R ^ ~ 

The value of aJi for various rates of interest may be found in 
Table VII. 

As a check, the present value of the $1 annuity is the present value 
of the amount of the annuity. Since the amount is due at the end 
of n periods, we multiply by (1 + to get aji]. Hence 

<iK\ = Soi(l + 0“" = " (1 + i)-” 

. 1 - (1 + f)-" 

i 


Example 1. What sum of money should be invested at 2|% com- 
pounded annually to yield S500 at the end of each year for 10 years? 

Solution. We are to 6nd the present value of the annuity. 

A = Ra^ = $500(anji at 2\%) 

= $500(8.7521) 

= $4376.05. 


Example 2. A man buys a house for $8000. He pays $3000 cash 
and agrees to pay the remainder, including interest at 6% com- 
pounded annually, in 15 equal annual installments. How large is 
each annual payment? 


Solution. Let $/? be the annual payment. Then $5000 represents 
the present value of an annuity of SR per year for 15 years. Hence 

5000 = RiuYS] at 6%). 

5000 5000 


R = 


.ai5iat6% 9.7122 


= 514.82. 


Exercise 83 

Find the amount and Ike present value of the following annuities. 

1. $120 annually for 40 years at 3% compounded annually. 

2. $300 semiannually for 10 years at 4 % compounded semiannually. 
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3. $50 quarterly for 12 years at 8% compounded quarterly. 

4. $600 annually for 30 years at 4% compounded annually. 

5. A boy deposits $100 in a savings bank at the end of each year. What will 

his savings amount to at the end of 5 years if the interest rate is 2j% com- 
pounded annually? , 

6. In order to finance a college education for his son, a man deposits $200 
each year for 16 years in a bank which pays 3% compounded annually. If 
the first payment is made on the boy’s 3rd birthday, how much money will 
he have on Ms 18th birthday? 

7. Wl]at sum of money should be invested at 3% compounded semiannually 
to yield $100 at the end of each half year for 85 years? 

8. A man buys a piece of property and makes a do^vn payment of $1000. 
He agrees to pay $500 annually at the end of each of the next four years. 
If money is worth 5% compounded annually, find the equivalent cash price. 

9. What sum of money should a philanthropist deposit in a bank paying 
3% compounded annually if five annual scholarships of $200 each are to 
be made available for a period of 30 years? The scholarships are to begin 
1 year from now. 

10. If money is worth 4% compounded aimually, which of the following 
annuities has the larger cash value? First, ten annual payments of $100 
each, the first to be made at the end of 1 year. Second, eight annual pay- 
ments of $120 each, the first to be made now. 

11. A man wants to give his son $5000 on his 18th birthday. Each year he 
will deposit a given sum of money to the boy’s account with a trust com- 
pany that pays 2j% compounded annually. What sum must be deposited 
each year if the first of 18 annual pa)Tnents is made on the boy’s first 
birthday? 

12. Every 5 years a utility company must buy a new piece of machinery 
costing $10,000. How much should the company deposit semiannually in 
a savings bank that pays 3% compounded semiannually in order to accu- 
mulate a fund * of $10,000 at the end of 5 years? 

13. A business concern plans to spend $20,000 for an addition to its store 
4 years from now. How much money should the concern deposit annually 
in a savings bank that pays 4% compounded annually in order to accumu- 
late a fund * of $20,000 at the end of four years? 

14 . A man deposits $1000 at the end of each year for 8 years in a bank 
wMch pays 2%, compounded annually. During the next 4 years no pay- 

* A fund created in this way to discharge an obligation due at some future 
date is called a sinking fund. 
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ments are made but the interest is compounded annually. What does the 
fund amount to at the end of the 12-year period? 

15. A man buys a farm for $15,000 and makes a down payment of $3000. 
The remaining $12,000 with 5% interest compounded annually is to be 
paid in 10 equal yearly installments.* How large is the annual payment? 

16. A business concern owes a bank $10,000. The bank agrees to let the 
firm discharge the debt in 5 equal annual payments,* the first at the end 
of a year. Interest is at 6%, compounded annually. What is the size of the 
annual payment? 

17. A student borrows $400 at the beginning of each of his four years in 
college. He agrees to pay the debt with 5% interest compounded annually 
in three equal annual payments, the first installment to be made five years 
after the ^t $400 was borrowed. Wliat is the annual payment? 

18. Beginning on his 31st birthday, a man deposited $500 in a bank each 
year for 35 years. Beginning on his 66th birthday, he withdrew $1000 each 
year for 15 years. How much does lie have to his account on his 80th birth- 
day if the rate of interest is 3% compounded annually? 

19. A man buys a house for $7500. He pays $1500 cash and promises to pay 
the remainder, including interest at 5% compounded .semiannually, in 
40 equal semiannual installments. How large is each payment? 

20. The face value of a railroad bond is $1000. Attached to the bond are 
20 coupons. At the end of each year, for 20 years, the holder of the bond 
clips off a coupon and, through his banker, sends it to the railroad com- 
pany which redeems it for $25. At the end of 20 years the bond holder 
turns in the bond which is redeemed at par value, $1000. If money is worth 
3% compounded annually, find the present value of the bond and attached 
coupons. 


* Discharging an obligation in this way is called amortizing the debt. 
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161. Fundamental principle. Let R and S (Fig. 35) represent two 
stores on opposite sides of an arcade. Suppose that R has three 

doors A, B, C, and suppose that 
S has four doors, W, X, Y, Z. If 
a person leaves R by door A, he 
can enter S by any one of four 
different doors. Likewise if he 
leaves R by either of the other 
doors, B or C, he can then enter 
S in any one of four different 
ways. The 3*4 or 12 ways of 
going from R io S are: AW, AX, 
A Y, AZ^ BW, BX, BY, BZ, CW, 
CX, CY, CZ. This illustrates the fact that if one act can be per- 
formed in 3 ways and if a second act can be performed in 4 ways, 
then the two acts can be performed in the order stated, in 3 • 4 or 
12 ways. In general we have the 

Fundamental Principle. If ike first of two independent 
acts can he performed in h ways, and if the second act can be 
performed in k ways, then the number of ways of performing 
the two acts, in the order stated, is hk. 

This principle can be extended to three or more acts. 
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Example 1. Three people, A, B, C, get on a bus that has six 
vacant seats on each side. In how many ways can they be seated if 
A insists on sitting on the right side? 

Solution. A can be seated in any one of 6 ways. After A sits down, 
B can take any one of the 11 remaining seats. After B has cliosen 
his seat, C can select any one of the 10 remaining places. By the 
fundamental principle, the number of ways of seating the three 
people is 6 • 11 • 10 = 660. 


Exercise 84 

1. A football stadium has 12 gates. In how many ways can a spectator 
enter by one gate and leave by another? 

2. A man has 5 suits, 3 pairs of shoes, and 2 hats. How many different 
combinations of attire can he wear? 

3. How many different balanced meals can be chosen from 2 kinds of 
soup, 6 meat courses, and 3 kinds of dessert? 

4. In how many ways cjin a fraternity of 25 active members elect a presi- 

dent, a vice-president, and a treasurer if no person is to hold more than one 
office? , 

5. In how many ways can the eight teams in the Stony Mountain League 
finish the season if it is a foregone conclusion that Podunk Junction will 
be last and that the first two places will be filled by Allah Allah and Fresh 
Lake City in either order? 

6. In a certain state, each auto license plate contains two letters (wliich 
can be the same) followed by a number from 1 to 9999. I low many differ- 
ent plates can be made? 

7. The Greek alphabet consists of 24 letters. How many names of fraterni- 
ties can be formed by using 3 letters at a time, (a) if no repetitions are per- 
mitted, (6) if repetitions are permitted? 

8. The alphabet of an artificial language has 12 letters. How many 3-letter 
words can be formetl if no letter can occur more than once in the same 
word? 

9. How many integers les.s than 7000, each containing four different digits, 
can be formed by using the digits 1, 5, G, 8, 9? 

10. How many even 3-digit numbers can be formed by using the digits 5, G, 
7, 8, 9, if no digit can occur more than once in the same number? 

11. How many different batting orders can the captain of a baseball team 
present to the head umpire if the pitcher must bat last, and if one of tlie 
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three outfielders must bat first? The nine men who are to play have already 
been chosen. 

V 

12. Six people board a bus that has five vacant seats on each side. In how 
many ways can they be seated if two people insist on sitting on the right 
side and one person must sit on the left side? 

13. A nickel, a dime, and a quarter are tossed onto a sidewalk. In how 
many ways can they fall? Actually write out these ways. 

14. Each week during the football season, a case of soft drinks will be given 
to each person whose entry correctly predicts the winner (or a tie) in each 
of five listed games. How many different entries can be submitted? 

15. If a regulation 52-card deck is used, how many 5-card poker hands with 
4 aces can be dealt? 

16. In how many ways can the letters of the word “certain” be arranged 
if the first and last places must be occupied by consonants? 

162. Permutations and combinations. Let us consider four differ- 
ent things which we designate by the letters a, b, c, d. If we choose 
groups of two of these letters, we find the following 6 condnnali(yns. 

o-c od he hd cd 

If each of these combinations is arranged in all possible orders, we 
obtain the following 12 permutations. 

ac ad be bd cd 

ba ca da cb db dc 

Each different arrangement which can be made by taking all or 
a part of a set of things is called a permutation of the set. 


163. Permutations of n different things taken r at a time. The 

symbol nP r is read, “the number of permutations of n things taken 
r at a time.” ^\ e have seen (Art. 162) that the number of permuta- 
tions of 4 things taken 2 at a time is 12. Hence = 12. 

We shall now derive a formula for ^Pr, where n ^ r. Our problem 
is to find the number of ways of filling r places, using n things. We 
shall apply the fundamental principle. The first place can be filled in 
n ways. After it has been filled in any one of these ways, the second 
place can be filled in (n — 1) ways. Hence the first two places can 
be filled in n(n — 1) ways. The third place can be filled in (n — 2) 
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ways, • • •, and the rth place can be filled in (n — [r — 1]<) or 
(n — r + 1) ways. Hence 


= n{n - l)(n - 2) • • • (n - r + 1), (1) 

or 

n^r = n(n — l)(n — 2) • • • to r factors. (2) 

If numerator and denominator of the right side of (1) are multi- 
plied by (n — r) !, we get 


D _ I)(w — 2 ) • • • (n — r -f- l)l(n — r)! 

n* r “ y 


(«- r)! 


or 




n! 


(n - r)! 


(3) 


If r = n, we have 


p _ 

nr„ 


Since 0! is defined (Art. 102) to be 1, 

nPn = n\ 


(4) 


Example 1. In how many ways can 3 marines and 4 soldiers be 
seated on a bench if the marines must be seated together? 

Solution. We shall fii-st consider the number of ways of choosing 
the seats to be occupied by marines. This can be done in 5 ways 
since the left-most marine has a choice 
of 5 seats (see diagram at right). Having IVI M M S S S S 

chosen one of these 5 sets of seats for the S M M M S S S 

marines, we shall next determine the num- S S M M M S S 

ber of ways to seat them. This is zPz= S S S M M M S 

3! = 6. Finally, the soldiers, who must S S S S M M M 

take the remaining 4 places, can be seated 

in 4P4 = 4! = 24 ways. By the fundamental principle, the number 
of ways of seating the servicemen is 5 • 3P3 • 4/^4 = 5 • 6 • 24 = 720. 

Example 2. In how many ways (i.e., arrangements relative to each 
other) can 5 people be seated at a round table? 

Solviion. First, place one person in any seat. Then arrange the 
remaining 4 people in all different ways relative to the first perscm. 
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This can be done in 4 P 4 = 4 ! = 24 ways. Hence the number of ways 
the 5 people can be seated is 24. It is obvious that if, in a certain 
arrangement, each person moves to the seat at his right, the relar 
tive order remains the same. 

The number of ways that n things can be arranged in a circle is 
(n- 1 )! 

164. Permutations of thin gs some of which are alike. Let us 
consider the letters in the word “error, where the letter r occurs 
three times. If the letters were all different, e, ri, r^, 0 , ra, there 
would be 5! permutations of them, including the following 


e ri r 2 0 7*3 e ra rior^ e r^ ri 0 r 2 

6 ri Ts 0 r 2 e rz rzor\ e rz rz 0 ri, 


which reduce to the same arrangement, error, if the subscripts 
are removed. Hence there are 3 ! or 6 times as many permutations , 
when the r’s are distinguishable as there are when the r’s are iden- 
tical. Therefore the number of permutations of the letters of the 


word “error” 




A similar kind of reasoning gives us the following general result. 
If a group of n things consists of Hi things of one kind, Uz things of 
another kind, 03 things of a third kind, * • *, then the number N of dis- 
tinct permiUations of the n things taken n at a time is 




Til! 722! 713! • • • 


Example 1. How many arrangements can be made of the letters 
of the word TORONTO? 

Solution. The total number of letters is 7. The letter 0 occurs 
3 times, and the letter T occurs 2 times. Hence 

iV = ^= 420. 


Exercise 85 

1 . Read and evaluate 12 P 3 . 

2. Read and evaluate looPj. 



ART. 165 COMBINATIONS 263 

3. How many permutations of two letters each can be formed from the 
letters a, o, c, d, c? Write out these permutations. 

4. If seven horses run in the Kentucky Derby, in how many different 
orders can they finish? 

5. In how many different orders can the eight teams in the National 
League finish the season? 

6. In how many ways can 3 different prizes be awarded to 22 persons if no 
person is to receive more than one prize? 

7. How many four-digit numbers can be formed from the numbere 1, 2, 6 
7, 8, 9, if no number can be repeated in any four-digit number? ’ ’ ’ 

8. Three people get on a bus that has ten vacant seats. In how many 
ways can they take their places? 

9. In how many ways can 5 boys and 4 girls be seated on a bench if no 
two girls are to sit together, and the end seats must be occupied by boys? 

10. In how many ways can 2 chemistry and 6 physics books be arranged on 
a shelf, (a) if the 2 chemistry books must be together, (6) if the 6 physics 
books must be together? 

11. In how many ways can the letters of the word “arsenic" be arranged 
if the letter s must occupy either the first place or the last place? 

12. In how many ways can the letters of the word “careful" be arranged 
if the consonants are to occupy the odd places? 

13. In how many ways can 4 men and 4 women ^ seated at a round table 
if no two men are to be together? 

14. In how many ways can 4 men and 3 women be seated at a round table 
if a certain man and his wife must occupy adjacent seats? 

15. How many essentially distinct necklaces of 5 beads each can be 
formed by using 5 different beads? 

16. In how many ways can 8 children join hands to form a circle? 

17. In how many ways can the letters of each of the following words be 
arranged: (a) “entente," (6) “engineer"? 

18. In how many ways can the letters of the word “mamma" be arranged? 
Write out these arrangements. 

19. In how many ways can 3 nickels, 4 dimes, and 2 quarters be distrib- 
uted to 9 children if each child is to receive one coin? 

20. If = n+iPj, find n. 

165. Combinations. Each group that can be formed by taking all 
or a part of a set of things, mthout regard to the arrangernent of the 
things in a group, is called a combination of the set. The symbol nCr 
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is read “the number of combinations of n things taken r at a time.” 
We have seen (Art. 162) that the number of combinations of 4 things 
taken 2 at a time is 6. Hence 4C2 = 6. 

We shall now derive a formula for „Cr, where n ^ r. To each com- 
bination of r things there will correspond r! permutations of the 
same r things (equation 4 of Art. 163). This means that in choosing 
r things from n things, there are r! times as many permutations as 
there are combinations. Hence nPr = r! „Cr, or 


Since 




{n - r)!’ 

n! 

rl (n — r)l 


( 1 ) 

( 2 ) 


Example 1. A lady has 12 friends. She wishes to invite 3 of them 
to a bridge party. How many times can she entertain without having 
the same group twice? 

Solution. Since no reference has been made as to order or arrange- 
ment (e.g., the order in which the guests arrive or their seating 
arrangement at the bridge table), our problem is one of combina- 
tions rather than permutations. The number of groups is 


2C3 — 


12 ! 


10 • 11 • 12 
4 ^ 


10-11 


2 


= 220 . 


3! 9! SlJdT l-^-^ 

In evaluating 12 C 3 , notice that the top and bottom of the fraction 
are first divided by the larger factorial number in the denominator. 


Example 2. From 10 men and 6 women, how many committees 
of 5 people can be chosen 

(а) if each committee is to have exactly 3 men? 

(б) if each committee is to have at least 3 men? 

Solution, (a) The number of ways to choose 3 men from 10 men 
is 10C3 = 120. The number of ways to choose 2 women from 6 women 
is 6^2 = 15. By the fundamental principle, the number of ways of 
choosing the committee is 10C3 • 6C2 = 120 • 15 = 1800. 
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(6) If the committee is to coatain at least 3 men, the possibilities 
are: 3 men and 2 women, 4 men and 1 woman, 5 men and no women. 

The number of committees consisting of 3 men and 2 women is 
1800. The number of committees containing 4 men and 1 woman is 

10C4 • eCi = 210 • 6 = 1260. 

The number of committees consisting of 5 men is 10 C 5 = 252. 
Hence the number of committees containing at least 3 men is 

1800 + 1260 + 252 = 3312. 

Notice that the formula for nCr can be written in the form 

^ _ n{n — \){n — 2) • • • (n — r + 1) 

ntr- 

which is the same as the coefficient of 6’’ in the binomial expansion 
(Art. 103, formula 2). Hence tlie binomial formula may be written 

(a + by = a" + nCia"->6 + + • • • + -}-••• 

166. Total number of combinations of n things. If, in the last 
equation, we set a = 5 = 1, we get 

(1 + 1)” = 1 + nCi + nCi nCn 

or 

nCl + nC2 H" • • ■ + nCn = 2" — 1. 

Hence the total number of combinations of n things, if they are 
taken 1, 2, 3, * • ■, or n at a time, is 2" — 1, 

Exercise 86 

1. Read and evaluate (a) mCj, (b) jooCg?. 

2. How many combinations of tlirce letters each can be formed from the 
letters a, b, c, d, e? Write out these combinations. 

3. On a certain examination, each student is to answer any 10 of the 
12 questions. In how many ways can tliis choice be made? 

4. In how many ways can a fraternity of 30 active members select 2 dele- 
gates to their national convention? 

5. Twenty politicians meet at a party. How many handshakes are ex- 
changed if each person shakes hands with each other person once and only 
once? 
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6. Prove that „Cr = „C„-r. 

7. In how many ways can 10 different books be divided equally between 

2 boys? 

Hint. Find the number of ways that the first boy can receive 5 books. 

8. In how many ways can a class of 12 students be divided into two 
groups, one group to contain 7 while the other group is to consist of 5? 

?' ^ different toys be distributed among children 

if, C, if A IS to receive 4, 5 is to get 3, and C receives 2? 

10. In how many ways can a committee of 4 seniors, 3 juniors, and 2 sopho- 
mores be chosen from 6 seniors, 8 juniors, and 10 sophomores? 

11. From 20 Democrats and 12 Republicans, how many committees of 

3 can be chosen if the Democrats are to have a majority on each committee? 

12. The instructions on a certain examination are (a) answer 12 of the 
15 questions, and (6) answer at least 4 of the first 5 questions. In how many 
ways can a student make his choice? 

13. A boy has in his pocket a penny, a nickel, a dime, and a quarter. How 

many different sums of money can he take out if he removes one or more 
corns? 

14. How many different committees of 3 men can be selected from 10 men 
if a certain two men refuse to serve together on any committee? 

15. If six different coins are tossed, they can turn up in 64 wa}^. How 
many of these consist of 3 heads and 3 tails? 

16. If four different coins are tossed, they can turn up in 16 ways. How 
many of these consist of (a) 4 heads, (5) 3 heads and 1 tail, (c) 2 heads and 
2 taUs, {d) 1 liead and 3 tails, (e) 4 tails? 

17. If a regulation 52-card deck is used, how many different 5-card poker 
hands can be dealt? 

18. How many different 13-card bridge hands can be dealt? 

19. How many different bridge hands consist of 10 spades, 2 hearts, and 
1 club? 

20. If a regulation 52-card deck is used, how many different 5-card poker 
hands will contain exactly 3 aces? 


Exercise 87 (Miscellaneous Problems) 

1. In a certain state each truck license plate contains 4 letters (repetitions 
are permitted). How many different plates can be formed? 

2. How many triangles can be formed by using, as their vertices, the 
vertices of a regular polygon of 22 sides? 
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3. Each of the 8 teams of the American League plays 22 games with each 
other team. How many games are played? 

4. In how many ways can 4 college beauties be chosen from 20 candidates? 

5. Ten students drive daily from Slaton to Lubbock in 2 cars, 5 boys in 
each car. How many trips could they make before the same 5 boys ride 
together again? 

6. In how many ways can 10 things be divided into two groups of 7 and 3? 

7. A teacher has 6 different assignments for outside work to give to a group 
of 3 students. In how many ways can the assignments be distributed, two 
to each student? 

8. Find n if nPa = 4 - „+iC2. 

9. Given 24C, = 24Cr-M, find nCr- Hint. See E.\. 86, problem 6. 

10. Prove that nCr + nC,_I = n+lCr. 

11. In how many different ways can the letters of the word “minimum” 
be arranged? 

12. How many different signals can be made with 10 flags by placing them 
all at a time in a line on a flagpole if 2 flags are red, 3 are white, and 5 are 
blue? 

13. In how many ways can 9 people be seated at a round table if a certain 
3 people must occupy adjacent seats? 

14. How many different bridge hands consist of 11 hearts and 2 black cards? 

15. If a regulation 52-car(l deck is used, how many different 5-card poker 
hands consist of 4 hearts and 1 club? 

16. If a regulation 52-card deck is used, how many different 5-card poker 
hands are flushes (all cards are of the same suit)? 

17. The Greek alphabet consists of 24 letters. How many names of frater- 
nities can be formed by using 3 letters at a time if at least 2 of the 3 letters 
must be the same? 

18. How many 3-digit numbers can be formed by using the digits 1, 1, 
0 , 7 , 8 , 9 ? 

19. In how many ways can one French book, two different German books, 
and four different Spanish books be placed in a line on a shelf if the Spanish 
books must be together and the German books must not be adjacent to 
each other? 

20. How many different signals can be made with five different flags by 
placing one or more of them in a line on a flagpole? 


chapter 20 



167, Probability. WTien we say that a certain event is possible, we 
mean that it can happen. When we say that an event is probable, we 
imply that it is possible and we believe it is more likely to happen 
than not to happen. 

If an event can happen in h ways and fail to happen in f ways, and 

if all these ways are equally likely , then the probability of its happening 
is 



h 

h+f 


and the probability of the event failing to occur is 


Q = 


_ f 


h + f 

This idea is also conveyed by the statements 

(a) the odds are A to / in favor of the event, and 

(b) the odds are f to k against the event. 

For example, if one card is drawn from a deck,* the probability 


of getting a spade is 


13 

52 


-• This does not mean that 
4 


out of every four draws exactly one spade will result. It does mean 
that, as the number of draws increases, the ratio of the number of 
spades to the number of draws will approach J. The odds are 1 to 
3 in favor of drawing a spade and 3 to 1 against drawing a spade. 


• In all card problems, it is understood that a regulation 52-card deck is used. 
268 
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Example 1. A bag contains 10 red balls and 6 black balls. If 2 balls 
are drawn (at random), find the probability that 

(а) Both are red. 

(б) One is red and one is black. 

(c) Both are black. 

Solution. The total number of (equally likely) ways of drawing 
2 balls from 16 balls is 16 C 2 = 120. 

(a) Two red balls can be drawm from 10 red balls in ioC 2 = 45 ways. 
Hence the probability of getting 2 red balls is 

loCz _ 45 ^ 3 

16 C 2 120 8* 

(b) The number of ways of drawing a red ball and a black ball is 
loCi • eCi = 10 • 6 = 60. Therefore the probability of drawing one 
ball of each color is 

loCi • fiCi GO 1 

16 C 2 “ 120 ~ 2 

(c) The probability of drawing 2 black balls is 

15 _ 1 

16 C 2 120 8' 

Notice that the sum of the probabilities of the three possibilities' 

1- A probability of 1 indicates certainty. One of 
these three events is bound to occur. 

Example 2, In rolling four dice,* find the probability that at least 
one ace turns up. 

Solution. Let p represent the probability of getting at least one 
ace, and let q be the probability of getting no ace. Since one of 
these tw'o events must happen, p‘\- q = 1. 

We shall find q because this is much easier than finding p. The 
total number of (equally likely) ways that 4 dice can turn up is 
6 • 6 • 6 • 6 = 1296. The number of ways the 4 dice can fall without 

* In problems involving dice, it is understood that each die is a homogeneous 
cube with the numbers 1 (ace), 2, 3. A, 5, 0, on its faces. 
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getting an ace ‘ ^ * 5 • 5 = 625. Hence the probability of getting 

no ace is Therefore the probability of getting at least one 

ace is 

P = 1 - ? = 1 - iWf = rViiV. 

or approximately 52%. 

168. Relative frequency. Empirical probabiUty. Sometimes it is 
impossible to determine, by logical analysis, the number of equally 
l^ely ways m which an event can happen or fail to happen. We 
then resort to experiment or observation. If in a series of n trials 
0 an event, the event has been observed to happen h times, then 

- IS called the relative frequency of occurrence of the event. If n is 

a large number, we use the relative frequency as an approximation 

for probabUity. This type of probability is said to be empirical 

(determmed by experiment) as in contrast to mathematical proba- 
bility. 

Example 1. In a school with an enrollment of 5000 students, 
1800 students were selected at random and it was found that 150 of 

them were left-handed. What is the probability that a student 
chosen at random is left-handed? 

Solution. The relative frequency of a student being left-handed 
^ “ tV- Since 1800 represents a fairly good sampling, the 

empirical probability = approximately. 

Comment. If the sampling of 1800 students represented the total 
enrollment of the school, then the 

mathematical probability = exactly. 

A good illustration of the use of empirical probability is provided 
in the American Experience Table of Mortality (Table VIII). This 
table is used by life insurance companies in calculating the proper 
premiums for people of various ages. 

Example 2. Find the probabUity that a person aged 18 will live 
to be 65. 
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Solution. Table VIII shows that of 94,089 people alive at age 18, 
only 49,341 wall still be alive at age 65. Hence the probability is 
mu = -5244. 

169. Expectation. If a person is to receive a certain sum of money 
M in case a given event occurs, and if the probability of the event’s 
happening is p, then the value of the person’s expectation is pM. 

Illustration. If a person is to receive SIO in case he draws a spade 
from a deck of cards, then the value of his expectation is K^IO) = 
$2.50. This represents the amount of money he should pay for the 
privilege of making the draw. 

Exercise 88 

1. The odds are 8 to 5 against an event’s happening. What is the proba- 
bility that the event will occur? . 

2. What is the probability that a boy born in 1947 has his birthday in 
October? 

3 . In a certain lottery, 200 tickets are sold. If a single prize of S60 is 
offered, find the expectation of a person who has 5 tickets. 

4 . A person is to receive S3 if he throws an ace with a die. (a) Find his 
expectation. (6) Wliat are the odds against his getting an ace? 

5. An urn contains sue black, four red, and two white balls. If two balls 
are drawn, find the probability that 

(a) Both are black. 

(b) One is red and one is white. 

(c) Neither is white. 

6. A bag contains seven black and three red balls. If three balls are drawn, 
find the probability that 

(а) All are black. 

(б) Two are black and one is red. 

(c) At least one is black. 

7. In drawing two cards from a deck, find the probability of getting 

(а) Two clubs. 

(б) One club and one heart. 

(c) “Black jack” (an ace and one of the following: king, queen, jack, or 
ten). 

8. In drawing two cards from a deck, find the probability of getting 

(а) An ace and a king. 

(б) No red card. 
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(c) A total of 8 points, if an ace counts one point, a face card counts 10 
points, and all other cards are counted by their face value. 

9. A poker player holds four clubs and a heart. He discards the heart and 
draws one card. What is the probability that he will get another club? 

10. A poker player holds the following five cards; 4, 5, 6, 7, 10. He discards 
the 10 and draws one card. What is the probability that he will get a 3 
or an 8? 

11. An ordinary coin is tossed 50 times with the result: 40 heads and 
10 tails. If the tosses are continued until a total of 100 have been made, what 
is the most probable number of tails in the second 50 tosses? 

12. Let each member of the class toss a coin 20 times and record the num- 
ber of times a head turns up. Total the results for the class and find the 
relative frequency of getting a head. 

Use the American Experience Table of Mortality to find the specified prchor 
hiliiy. Leave the resaU in fradional form. 

13. That a person aged 19 will live to be 50. 

14. That a person aged 70 will die within one year. 

15. That a person aged 20 will die within 5 years. 

16. That a person aged 50 will live at least 10 more years. 

17. In which year of life wdll a person now 18 years of age be most likely 
to die? 

18. Four French and five Spanish books are placed at random on a shelf. 
What is the probability that the French and Spanish books alternate? 

19. If two of the integers from 1 to 9 inclusive are selected at random, find 
the probability that (a) both are odd, (6) at least one is odd. 

20. If two coins are tossed, find the probability that (o) both are heads, 
(6) one is a head and the other is a tail, (c) both are tails. Find the sum of 
these three probabilities. 

21. In throwing two dice, find the probability of getting a total of 8. 

Hint. The following equally likely groupings produce a total of 8: 2-6, 
3-5, 4-4, 5-3, 6-2. 

22. If two dice are thrown, find the probability of getting a 10 before a 
7 turns up. 

170. Muttially exclusive events. Two events are said to be 
mutually exclusive if not more than one of them can happen in the 
same trial. For example, the drawing of a spade and the drawmg 
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of a heart from a deck of cards are mutually exclusive events. 
Drawing a spade and drawing a king are not mutually exclusive 
events. 

Theorem. If two mutually exclusive events have the separate proha- 
bilities pi and ^ 2 , then the probability that either the first or the second 
event mil happen is P\ + pi. 

Proof. Let n be the total number of (equally likely) ways the 
events can happen or fail to happen. Let hi be the number of ways 
the first event can happen and let hi be the number of ways the 
second event can happen. Then, by the definition of probability, 

oi = — and D 2 = — • Since the two events are mutually exclusive, 
^ n ^ n 

the number of ways that one or the other can happen is hi + hi. 
Hence the probability that one or the other of the two events ^vill 

happen is 

hi'\~ hi hi , hi _ I _ 

_LJ — f = = Pi + p2. 

n n n ^ 

The theorem and its proof can be readily extended to the case of 
more than two mutually exclusive events. 

Illustration 1. A piggy bank contains 2 quarters, 4 dimes and 
9 pennies. If a coin is shaken out, the probability that it is a quarter 
is 1 ^, and that it is a dime is Hence if one coin is removed, the 
probability that it is a silver coin (i.e., either a quarter or a dime)' 

171. Independent events. Two or more events are said to be 
independent if the occurrence of one of them does not affect the 
probability of occurrence of the others. For example, drawing an 
ace from a deck of cards and getting heads when a coin is tossed 
are two independent events. 

Theorem. The probability that all of a set of independent events mil 
happen is the product of their separate probabilities. 

Proof. Consider two independent events Ei and Ei. Suppase that 
El happens hi times out of ni trials. Then the probability pi that 



274 


CH. 20 PROBABILITY 


h. 


El will happen is Suppose that Ez happens hi times out of 

iil 

Ui trials. Then the probability pa that Ei will happen is pa = 

Ui 

By the fundamental principle (Art. 161), both Ei and Ez will happen 

hihz times out of ninz trials. Hence the probability that both events 
will happen is 

h\hz __ h\ hi 

nifli Til 712 ~ 

The proof can be readily extended to the case of more than two 
independent events. 


Illustration 1. If the probability of a man's winning his golf game 
is 3 , and if the probability of his wife's winning her bridge game is 
then the probability that they both ^^in \s ^ ^ 

The probability that they both lose is (1 - |)(1 - J) = f • f = f 
The probability that he wins and she loses is § • f = j. 

The probability that he loses and she wins is f • J = 

Notice that the sum of the four probabilities is Ir 

+ 1 . 


172. Dependent events. If the occurrence of a first event affects 
the probability of occurrence of a second event, then the second 
event is said to be dependent upon the first. 

Theorem. If the probability of occurrence of a first event is pi and 

if, after this has happened^ the probability of occurrence of a second 

event is pz, then the probability that both events will happen in the order 
stated is pip 2 . 

The proof is similar to that for the case of independent events. 

The theorem can be extended to the case of more than two de- 
pendent events. 


Example 1, Two cards are drawn from a deck. If the first card 
is not replaced before the second is drawn, find the probability that 
both are spades. 

Solution. The probability of getting a spade on the first draw is 
^ If the first card is a spade, then the remaining 51 cards will 
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contain only 12 spades. Hence the probability of drawing a second 
spade (after getting a spade on the first draw) is ^ = 3 ^. Therefore 
the probability of getting two spades is ^ 

Comment 1. If the two cards are drawn simultaneously (rather 
than successively), the probability of getting two spades is also 
This can be verified by the method of Ex. 1, Art. 167: 


T> 1 I -I-I 13^*2 13 • 6 

Probability = 



Comment 2. If the first card is replaced before the second is drawn, 
the probability of getting two spades is 5 • j = 

Example 2 . If three dice are thrown, find the probability that 
(a) all w’ill be different, ( 6 ) only tw'o will be alike, (c) all three will 
be alike. 


SoliUion. (a) Let the first die fall in any one of the six possible 
ways. Then the probability that the second die will be different from 
the first is f . The first two dice having fallen in different ways, the 
probability that the third die is different from the first two is 
Hence the probability that all three dice are different is f • -J = . 

( 6 ) Using an argument similar to that in (a), we see that the 
probability that the first two dice are alike and the third one is differ- 
ent is I • I = But the two dice that are alike could be the first 
and second, or the first and third, or the second and third. Hence 
the probability that any two dice will be alike and the other one will 
be different is 3(J)(|) = 

(c) The probability that all three will be alike is J 

Notice that the sum of the three probabilities is 1 . 


Exercise 89 

1. Three brothers, Tom, Dick, and Harry, enter the same swimming meet. 
The probability that the race will be won by Tom is -3-, by Dick by 
Harry J. Find the probal)ility that one of the brothers will win the race. 

2. The probability that a boy wins his tennis match is -3-. The probability 
that his father wins his golf game is |. The probability that his grandfather 
wins his checkers game is J. What is the probability that they all lose? 

3. If a coin is tossed three times, what is the probability that it will fall 
heads each time? 
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4. A coin purse contains three pennies, four nickels, and five dimes. If 
one coin is dra^Ti at random, what is the probability that it is a penny or a 
nickel? 

5. The probability that a certain man will live 20 years is |, and that his 
wife will live 20 years is f . Find the probability that (o) both man and wife 
will live 20 years, (6) the man will live and his wife will not live 20 years, 
(c) one of them will live and the other will not live 20 years. 

6. A person draws a card from each of two different decks. Find the 
probability that (a) both are spades, (6) the first card drawn is an ace and 
the second one is a spade, (c) one card is an ace and the other is a spade. 

7. In rolling two dice, find the probability of rolling a 7 or an 11 on the 
first try. 

8. The odds * in favor of the New York Yankees* winning the next American 
League pennant are 3 to 2. The odds * in favor of their winning in World 
Series competition are 5 to 1. Wliat is the probability that the Yankees 
will be the next World’s Champions? 

9. The odds * against Detroit’s winning the American League pennant are 
4 to 1. The odds * against St. Louis in the National League are 3 to 2. 
What is the probability that they will meet in the next World Series? 

10. Two hundred tickets are sold in a lottery which awards two prizes. 
If I buy five tickets, what is the probability that I will win something? 

11. Adams and Barton are hunting ducks. Adams averages 9 hits out of 
10 shots while Barton averages 7 hits out of 10 shots. What is the probability 
that they will get a duck at which both are shooting? 

12. Three cards are drawn in succession from a regulation deck. Find the 
probability that they will be of different suits. 

173. Repeated trials. Theorem. If p is the probability that an event 
will happen and q is the probability that it will fail in a single trial, 
then the probability that the event will happen exactly r times out of 
n trials is 

Proof. The probability that the event will happen each time in 
r specified trials (such as the first r trials), and fail to happen in the 
remaining (n — r) trials is p^q’'~^, by Art. 171. But these r trials can 
be selected from n trials in „Cr ways, which are mutually exclusive. 
Using Art. 170, we find that the probability in question is 

pTqn-r _|_ pTqn-T -f- . . . to „Cr tCrmS = nC'rP’’?""’’- 

* Based on their performances in the 20-year period, 192&-1945. 
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Corollary. The probability that an event mil happen at least r times 
out of n trials is 

This follows from the fact that the terms of this expression repre- 
sent, respectively, the probabilities of the event happening exactly 
n times, exactly (n — 1) times, exactly (n — 2) times, • • ■, exactly 
r times. Notice that the expression is the sura of the first (ri — r + 1) 
terms of the expansion of (p + q)". 


Example 1. If a die is thrown 5 times, find the probability of 
getting (a) exactly 3 aces, (6) at least 3 aces, (c) at least 1 ace. 

Solution, (a) The probability of throwing an ace in a single trial 
is The probability of not throwing an ace is |. Hence the proba- 
bility of getting an ace on each of the first three throws but not on 
the next two throws is 




I • I = mir-- 

But the 3 aces can appear on any 3 of the 5 throws, i.e., they can 


5! 


occur in 5C3 = ;7 t^ = 10 ways.* The probability of getting 3 aces 

in any specified one of the.se 10 orders is Hence the proba- 

bility of getting 3 aces in any order is 


(6) The probability of getting at least 3 aces is 

p^ -f- &Cip^q 4- 

= ar+b(iyCi)i 10 (^ 1 )^ 


= 1 + 25 ^ 


250 27(> 23 


G^ 


777G ()48 


(c) The probability that at least one ace is throwm can be found 
most easily by (1) finding the probability that no ace is thrown, 
and then (2) subtracting thi.s result from 1. 


• If the ofcurrencc of an arc is indicated by A and the non-occurrence by x, 
then these 10 ways are 


AAAxx AAxAx AAxiA 

AxiAA xAAAx x.\AxA 


AxAAi Ax.AxA 

xAxAA xxAAA 
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The probability of getting no ace is (f)®. Hence the probability 
of getting at least one ace is 


1 - (I = 1 - 


312 

TTT 


4651 

TTTS' 


Exercise 90 

1. The probability that a certain basketball player will “make” a free 
throw is f. If he attempts 4 free throws, find the probability that he 

(а) makes 4, (6) makes 3, (c) makes 2, (d) makes 1, (c) misses aU 4. 

2. A certain baseball player’s batting average is .300.* Find the proba- 
bility of his getting (a) exactly 3 hits in 4 times at bat, (6) at least 2 hits in 
4 times at bat. 

3. The probability that A will defeat B in a set of tennis is Find the 
probability that A will win at least 2 sets out of 3 from B. 

4. The probability that a certain golfer will shoot par on a given hole is 
If he plays the hole 3 times, find the probability that he (a) pars it 3 times, 

(б) pars it only twice, (c) pars it only once, (d) does not par it at all. 

5. A die having the shape of a regular tetrahedron has its faces numbered 
1, 2, 3, 4. If the die is thrown five times, find the probability that an ace 
turns up (a) exactly two times, (6) at least two times. 

6. A coin is tossed 6 times. Find the probability of getting (a) exactly 
4 heads, (6) at least 4 heads. 

7. Weather statistics indicate that a certain community receives rain on 
73 days out of an ordinary 365-day year. Find the probability that (a) no 
rain will fall next monday, (6) rain will fall tomorrow and also the next day, 

(c) there will be rain on next Monday but not on Tuesday or Wednesday, 

(d) in the next three days, there will be rain on one day but not on the other 

two days. 

8. If a die is thrown 7 times, find the probability of getting (o) exactly 
2 aces, (6) exactly 6 aces, (c) at most 6 aces. 

Exercise 91 (Miscellaneous Problems) 

1. What is the probability that a person's birthday falls on Feb. 29? 
(Assume that every fourth year is a leap year.) 

2. Find the odds against an event if its probability of happening is 

• This means that he has averaged 3 hits in 10 times at bat. The probability 
of his getting a hit in one time at bat is -j%. 
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3. If two cards are drawn from a deck, find the probability that (a) the 
first is an ace and the second is a queen, (6) one card is an ace and the other 
is a queen, (c) at least one card is an ace. 

4. The probability that a certain student can solve a given problem is §. 
The probability that his roommate can solve the problem is Find the 
probability that one or both of them can solve it. 

5. A coin is tossed 5 times. Find the probability that the first 2 tosses 
result in heads, while at least 2 of the last 3 tosses result in tails. 

6. A bag contains 2 black, 3 red, and 5 white balls. If 3 balls are drawn, 
find the probability of getting (a) one ball of each color, (6) 2 red balls 
and 1 white ball, (c) 3 black balls. 

7. Six people are seated at random at a round table. Find the probability 
that a certain two people have adjacent 'seats. 

8. If 2 algebra books and 4 trigonometry books are placed at random on a 
shelf, what is the probability that the algebra books are together? 

9. A punch-board contains one $5 prize, ten SI prizes and 489 blanks. 
Find the expectation of a person who buys one punch. 

10. An envelope contains two S5 bills and eight $1 bills. Find the expecta- 
tion of a person who draws one bill at random. 

11. The probability that a marksman will hit the bull’s-eye is |. Find the 
probability that he will hit it e.xactly 4 times out of 5 tries. 

12. If q is the probability that an event will fail to happen in a single trial, 
prove that the probability that it will happen at least once in n trials is 

(1 - g”). 

One box contains .J red balls and S black balls. Another box contains 3 red balls 
and 7 black balls. Find the probability of the specified event. 

13. If one ball is drawn from each box, (a) both will be red, (6) both will 
be of the same color. 

14. If a ball is drawn from a box selected at random, it will be black. 

15. If two balls are drawn from each box, all will be red. 

16. From a group of G men and 4 women, a committee of 4 is chosen l)y 
lot. Find the probability that the committee will contain (a) 4 men, 
(6) 4 people of the same sex, (r) 3 men and 1 woman, (d) at le:ust 3 men. 

17. One humidor contains 12 Lucky Strikes and 8 Camels. A second humidor 
contains 6 Lucky Strikes and 10 Camels. If a person selects a humidor at 
random and then takes a cigarette, what is the probability that he draws a 
Lucky Strike? 


f 
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18. A die is thrown 6 times. Which is more probable: (a) getting at least 
2 aces, or (6) getting exactly 1 ace? 

19. Four cards are drawn from a deck. Find the probability of getting a 
cliib, a diamond, a heart, and a spade (a) in that order, (6) in any order, 

20. Show that the probability of winning when shooting craps”* with 
two dice is -H-l. 


* For the benefit of those who are not familiar with this “ he-stoops-to- 
conquer” pastime: (1) the person rolling the dice wins immediately if he gets 7 
or 11; (2) he loses immediately if he gets 2, 3, or 12; (3) if he rolls any other 
point, he mas if he gets this point again before he rolls a 7. 
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174. Introduction. In Arts. 43 and 44 we defined determinants of 
orders 2 and 3 : 


Oi hi 
(I2 ^2 


— 01^2 “* dzhi. 


Qi 

61 

Cl 

02 

62 

C2 

03 

63 

C3 


aih 2 C 3 + 026301 + 036102 — 016302 — 026103 “ 036201. 


We shall now define a determinant of order n in such a way as to 
mcliide the foregoing definitions as special eases. 


175. Inversions. In order to simplify the definition of a deter- 
minant of order greater than 3, we introduce the idea of inversion. 
Let us consider various permutations of the first n positive integers. 
We say that an inversion occurs whenever a number precedes a 
smaller number. For example, the permutation 4231 contains the 
five following inversions: 4 precedes 2; 4 precedes 3; 4 precedes 1; 
2 precedes 1; and 3 precedes 1. 


176. Determinants of any order. A determinant of order n is 
defined to be a square array of n- numbers called elements, arranged 
in n rows and n columns and enclosed by two vertical bars: 



Oi 6i Cl • • • l\ 

Q2 62 C2 * * * I2 

Qz 63 C3 • • • Iz 
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The value of this determinant is defined to he the algebraic sum of all 
possible products of n factors which can be formed by 

(1) choosing one and only one element from each row and each 
column of D and 

(2) placing before each such prodvd a plus or minus sign according 
as the number of inversions of the subscripts is even * or odd when the 
letters have been written in the same order as in the first row of the 

determinant. 

The student should apply this general definition to the third-order 
determinant given in Art. 174 and verify that it is equivalent to the 

expansion listed there. 

Corollary. The expansion of a determinant of order n consists of 
n! terms. 

Proof. The number of terras is equal to the number of permuta- 
tions of the subscripts 1, 2, 3, • • *, n. This is nPn — 'a\ 


177. Properties of determinants. 

Property 1. The value of a determinant is unchanged if correspond- 
ing rows and columns are interchanged; i.e., the first row becomes the 
first column, the second row the second column, etc. 


Illustration 1. 
Let/) = 


ai 


Cl 


Oi 

02 

03 

02 

62 

C2 

and let D' = 

hi 

h 2 

63 

03 

h 

C3 


Cl 

C2 

C3 


Property 1 says that D = D'. The student should verify this by 
expanding both determinants by the method of Art. 44. 


Proof Let D represent any general nth order determinant and 
let Z)' be the determinant obtained by interchanging rows an 
columns. Then, choosing one element from each row and co umn, 
we see that the various products obtained from D are the same as 
those from D'. This means that the teiras of the expansion of D are 
the same, except possibly for sign, as those of D'. The signs are i en 
tical because the number of inversions of subscripts when e 


• Zero is considered as an even number. 
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letters are in natural order is equal to the number of inversions of 
letters when the subscripts are in natural order. For e.xample, in 
Illustration 1, in the expansion of D, the term 026301 has two inver- 
sions of subscripts while the corresponding term in the expansion of 
610203, has two inversions of letters. 

From property 1 we conclude that for every theorem concerning 
the columns of a determinant there is a corresponding theorem 
concerning the rows, and vice versa. 

Property 2. If all the elements of any column {or row) are equal to 
zero, then the determinant is equal to zero. 

Proof. Each term of the expansion contains one factor from this 
column (or row) of zeros. Hence each term of the expansion is zero. 

Property 3 . If two columns {or rows) are interchanged, the sign of 
the determinant is changed. 

Illustration 2. 




61 

Cl 


02 

62 

C2 

Let D = 

02 


C2 

and let D' = 

Ol 

61 

Cl 


Uz 

63 

Cz 


03 

6 a 

C3 


Property 3 says that D’ =-D. Tlie student should verify this by 
expanding the two determinants and noticing that each term of D' 
is the negative of a term of D. 

Proof. Let D represent any general nth order determinant. 

Case 1. Suppose that two adjacent rows of D are interchanged. 
This produces an interchange of two adjacent subscripts in each 
term of the expansion. Therefore the number of inversions will be 
mcreased by one or decreased by one in each term. Hence each 
term will be changed in sign and the determinant will be changed in 
sign. 

Case 2. Suppose that we interchange two rows that are separated 
by k intermediate rows. .Moving the lower row up to a position 
immediately below the upper one requires k interchanges of adjacent 
rows. Moving the upper row down to the position originally occu- 
pied by the lower row requires (fc + 1) interchanges of adjacent 
rows. Hence the total number of interchanges is {2k -|- 1), which is 
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an odd number for all positive integral values of k. Therefore the 
interchange of any two rows produces an odd number of changes 
of sign, i.e., the sign of the determinant is changed. 


Property 4. If two columns {or rows) of a determiruini are identical^ 
the value of the determinant is zero. 


Illustration 3. Property 4 says that 


a r a 
h s h 
c t c 



Proof. Let the value of the determinant be D. By Property 3, if 
the two identical columns are interchanged, the value of the new 
determinant is ~D. But the interchange of two identical columns 
leaves us with the original determinant D. Hence D = —D, 2D = 0, 
or D = 0. 


Property 5. If each of the elements of a column (or row) of a de- 
terminant is multiplied by the same number k, then the value of the 
determinant is multiplied by k. 


Illustration 4 - 


a 

b 

kc 


a 

b 

c 

d 

e 

kf 

= k 

d 

e 

/ 

9 

h 

ki 


9 

h 

% 

t 


Proof. Each term in the expansion of the new' determinant wi 
contain one and only one element from this column. Hence eac 
term will contain one and only one factor k, i.e., it will be k tunes 
the corresponding terra of the original determinant. 

Property 6. If each element of some column (or row) is expressed 
as the sum of two numbers, then the determinant may be expresse as 
the sum of two determinants. 

Illustration 5. 


a b c + r 


a b c 


a b r 

d e /+ s 
g h I + t 


d € f 
9 h i 

+ 

1 

d e s 

9 h t 
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Proof. Each terra of the expansion of the original determinant is 
equal to the sum of the corresponding terms of the other two de- 
terminants. For example, in Illustration 5, ae(i + 0 = ciei + aet. 

Property 7. The value of a dctenninant is not changed if to each 
element of any column (or row) we add k times the corresponding ele- 
ment of another column (or row). 

Proof (for a third-order determinant). 


a 

b 

c 

a 

b 

c + ka 

Let Z) = d 

e 

f 

and let D' = d 

c 

/+ kd . 

9 

k 

9 

1 

9 

h 

i + kg 


In order to show that Z)' = D, apply Property 6 to Z)': 


a 

b 

c a 

h 

ka 

D'= d 

e 

f + d 

e 

kd 

9 

h 

i 9 

h 

kg 


aba 
= D + k d e d 

g h g 
= Z) + fc • 0 = Z). 

178. Minor of an element. The minor of an element is the de- 
terminant that remains after we strike out the row and the column 
in which^ the] element appears. For example, in the determinant 


3 

4 

5 


3 5 

16 18 • 

16 

X 

17 

y 

00 

, the minor of y is 

1 

1 


179. Expansion of a determinant by minors. Theorem. The value 
of a determinant of order n may be found by expanding it by minors 
according to a given column (or row): 

1. Multiply each element of the column by its minor and assign to 
each product a plus or a minus sign according as the sum of the number 
of the row and the number of the column containing the element is even 
or odd, 

2. The sum of these n signed products is equal to the value of the 
determinant. 
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Illustration 1. The following determinant is expanded by minors 
according to the first row. 


a h c 
7 8 9 

16 17 18 



8 9 

17 18 


+ M-) 


7 9 

16 18 


+ c(+) 


7 

16 


8 

17 


To the first determinant we assign a + sign because the element a 
is in row 1 and column 1; 1 + 1 = 2, an even number; hence the 
sign is +. To the second determinant we assign a - sign because 
the element b is in row 1 and column 2; 1 + 2 = 3, an odd number; 
hence the sign is — . 


Illustration 2. The following determinant is expanded by minors 
according to the 2nd column. 



15 10 

16 * 11 
-17 -20 

0 -30 




(15)(-) 


7 11 3 

8 -20 4 

9 -30 5 


-f- (16)(+) 


+ (-17)(-) 


6 10 2 
7 11 3 

9 -30 5 


+ (0)(+) 


6 

8 

9 

6 

7 

8 


10 2 
-20 4 
-30 5 

10 2 
11 3 
-20 4 


Hence we see that the value of the given fourth-order determinant 
can be obtained by expanding three third-order determinants. (The 
fourth one need not be evaluated since it is multiplied by zero.) 

iVoic. If we are expanding a determinant by minors according to 
a certain column (or row), it is desirable to have as many zeros as 
possible in this column (or row). A method of obtaining zeros by 
using property 7 is explained in Art. 180. 

Proo/ o/ the theorem. We must show that the expansion of the 
determinant by minors according to any column produces exact y 
the same terms that we obtain if we apply the definition o t e 
value of a determinant. To do this, we shall establish the following 

f&cts 

(I) If ai is the element in the upper left-hand comer of the de- 
terminant D, and if A I is the minor of oi, then, in the expansion of 
D, all terms involving oi are given by OiAi. 
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Each term involving ai is obtained by multiplying by one and 
only one element of each of the remaining rows and columns, i.e., 
by a term of its minor Ai. Furthermore, in the expansion of Z), 
each term involving Ui will have the same sign as the corresponding 
term formed by multiplying ai by the proper term of Ai because 
writing ai in front of the various terms of A i will not change the 
number of inversions in any of these terms. 

(II) If e is the element in the ith row and jth column of D, and 
if E is the minor of e, then, in the expansion of D, all terms involving 
e are given by eE or —eE according as {i + j) is even or odd. 

The element e can be moved from the ith row to the first row by 
(z — 1) interchanges of adjacent rows. This places the element e in 
the first row and jth column. Then e can be moved from the jth 
column to the first column by ( j — 1) interchanges of adjacent 
columns. Hence the element e can be moved to the upper left-hand 
corner of the determinant by (i — 1) + (j — 1) = {i + j — 2) 
interchanges of rows and columns. 

Let D' be the new determinant formed when e assumes the posi- 
tion previously occupied by oi. Then, by property 3, 

D' = = (-i)'+'D. 

These interchanges of rows and columns will not affect the relative 
positions of the elements that lie outside of the ith row and jth 
column. Hence the minor of e remains the same. 

By (I), the terms of D' involving c are given by eE. Hence the 
terms of D involving e are {—l)*+’eE. This means that the terms 
involving e are given by eE if {i + j) is even, and by —eE if (i + j) 
is odd. 

The proof of the theorem is complete if we recall that each term 
of the expansion of D involves one and only one element from the 
given column. Hence we may write the expansion of D by minors 
according to this column. 

Corollary. If, in the expansion of a determinant by minors accord- 
ing to a given column (or row), the elements of this column (or 
row) are replaced by the corresponding elements’of another column 
(or row), then the resulting expansion is equal to zero. 
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Proof. The preceding theorem enables us to write 



ai hi Cl di 

02 hi C2 di 

03 hz Cz dz 

04 hi Ci di 


o,\A\ — QiAi + azAz “ diAi 


where is the minor of oi, Az is the minor of aj, etc. If the a’s on 
the right side of this equation are replaced by the corresponding 6’s, 

we get 


hiAi — hiAi + 63^3 — hiAi. 


To show that this expression is equal to zero, notice that it can be 
considered as the expansion of the following determinant by minors 

according to the first column: 

hi hi Cl di 
hi hi Ci di 
hz hz Cz dz 
hi hi Ci di 


By property 4, this determinant is equal to zero. 

180. Evaluating a determinant of order greater than t^. A 
seoond-order determinant should be evaluated by the method 0 
Art. 43. For determinants of order greater than 2, the following 

procedure is usually desirable: 

1. Choose a ceHain column {or row) and use property 7 to reduce au 

elements, except one, of this column (or row) to zeros. 

2. Expand the determinant hy miTwrs according to the column [or 
row) that contains the zeros. This reduces the original determinan o 

a new determinant whose order is one less. , 

3. Repeat Steps 1 and 2 until a determinant of order two is obtained. 


Example 1. Evaluate 






Solution. The only zero element appears in the 1st row and ^d 
column. None of the remaining elements in the 1st row is 1 or 
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In the 2nd column, however, we do find the element 1. We shall try 
to get zeros in the 2nd column.* 

We shall use property 7 to replace the elements —2 and 3 in the 
2nd column with zeros. To accomplish this: to the 2nd row, add 
2 times the 3rd row; and to the 4th row, add (—3) times the 3rd row. 
Leave the 1st row and the 3rd row unchanged. Hence 


6 

0 

8 

5 

6 

0 

8 

5 

-6 

-2 -5 

8 4 

0 

3 

-4 

5 

1 

4 

-6 5 

1 

4 

-6 • 

22 

3 

19 

-18 

7 

0 

7 

0 


Expanding by minors according to the 2nd column, we get 

6 8 5 

U-) 43-4. 

7 7 0 

In order to get zeros in the 3rd row, add to the 2nd column (— 1) 
times the 1st column to get 

6 2 5 

(-1) 4 -1 -4 . 

7 0 0 

Expand according to the 3rd row to get 

(-1)7(+) _l _^|= (-7)(-8 + 5) = 21. 

Comments. 1. It is good news to find O’s and I’s in a determinant. 
Take advantage of them. 

2. If a determinant does not contain an element that is lor — 1, 
use property 7 to get such an element. 

3. Use property o to simplify the computation. 

Exercise 92 

1. For each of the properties 1-7, make up a second-order determinant 
that will verify it. 

* Another good selection is the 3rd row, but it contains no zero as the 2nd 
column does. Had we selected the 1st row, it would be necessary either to employ 
fractions or to obtain a 1 (1st column minus fourth column). 
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2. For each of the properties 1-7, make up a third-order determinant that 
will verify it. 

For each of the following determinants (a) expand by minors according to the 
2nd column, (b) complete the evaluation, (c) check your result by expanding by 
minors according to the 3rd row. 


3. 


3 4 5 


a 6 c 

6 7 8 

4. 

d e f 

-10 2 


9 k i 


Evaluate the following determinants. 


5. 


7. 


9. 


11 . 


13. 


15. 


17. 



8 

3 

4 

— 

•7 




5 2 

7 

6 




0 

0 

5 


0 



< 

3 3 

7 

8 




3 

1 

6 

— 

2 



o« 

0 1 

3 

0 

• 


— 

■5 

-2 

7 


3 




2 3 

9 

7 




2 

3 


-1 


2 



2 

0 - 

-1 

0 



-4 

-8 


3 

— 

3 


8. 

-3 

7 

3 

2 



5 

2 


0 


7 

« 

-3 

3 

2 

3 

• 


7 

2 


0 


5 


« 

6 

7 - 

-3 

2 



2 

-6 

7 

5 





2 

-3 


-1 



3 

-8 

2 

2 




10. 

-1 

7 


2 

— 

— 

'1 

3 

0 

0 




2 

2 


0 



2 

-3 

5 

p* 

/ 




1 

2 

4 

• 

0 



2 

1 


3 


5 



0 

1 - 

-8 


1 


4 

0 


6 


9 


12. 

0 - 

•1 

2 


3 

— 

-5 

-4 

— 

•5 

17 

• 

3 

2 

3 

— 1 

6 


5 

2 


6 

— 

7| 



7 - 

•3 

8 

1 

7 

2 

1 

-3 


4 



4 


3 

6 7 

47 

— 

2 

0 

-1 


6 



1 


2 

4 2 

57 

— 

1 

0 

0 


-2 



1 

14. 

-1 

0 0 

67 


9 

4 

4 


21 


-11 


-2 

9 2 

77 


2 

0 

3 


-4 



1 


0 

0 0 

11 

1 

3 

5 

6 


-7 





0 4 

5 

10 



4 

3 

-4 


6 




16. 

0 6 

7 

11 



3 

2 

2 


-3 

• 



0 0 

0 

2 

• 


2 

0 

3 


-8 





3 8 

9 ; 

12 

1 




5 

3 


1 + a 
1 
1 
1 


1 

1 + 6 
1 
1 


1 

1 

1 + c 
1 


1 

1 

1 

1 + d 


1 
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1 1 1 

18. Show that a h c == (6 — a)(c — a)(c — 6). 

a* 62 c2 

19. Use the definition in Art. 176 to write out the e.xpan 
sion of the adjoining determinant. 

181. Solving n linear equations in n unknowns by use of de- 
terminants. We shall prove that Cramer's rule (Art. 43) enables 
us to solve any system of linear equations in which the number of 
equations is equal to the number of unkno^^’ns, provided the de- 
terminant of the coefficients is not zero. 

For the sake of simplicity in notation, we give the details of the 
proof for 71 = 4. The reasoning, however, is general and applies to 
any value of n. Consider the system 

a\X + h\y -[■ Ci2 + diu; = ki, 
a^x + hzy +022 + (hw = 
aiX + bsy + C 32 + djw = k^, 

QiX + biij + C42 + diW = ^ 4 . 

Let D designate the determinant of the coefficients, i.e., 

oi bi Cl di 
Qz bz Cz dz 
U 3 bi C 3 d} 

Qi bi Ci di 

Let Kz represent the determinant obtained from D by replacing the 
coefficients of x with the constant terms ki, kz, ki, ki. Hence 

ki bi Cl di 

kz bz Cz dz 
kz bz Cz dz 

ki bi Ci di 

Assume D 0. To solve for x, multiply the first equation of ( 1 ) by 
Ai* the second by —Az, the third by .43, and the fourth by —. 44 : 

aiAiX biAiy A- ciAiZ + diAiw = kiAi, 

--CzAzx — bzAzy — czAzZ — dzAzW =—^ 2 ^ 2 , 

azAzx + bzAzy + C3.432 + dzAzW = ^3^3, 

— QiAiX — biAiy — CiAiZ — d^AiW —^k^Ai. 

* Ai is the minor of ai. 







ai 

bi 

Cl 

di 

az 

bz 

Cz 


az 

bz 

Cz 

dz 

ai 

bi 

Ci 

di 
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Upon adding these equations, we find that the coefficient of z is 

( 2 ) ciiAi — a^A2 4 " (I 3 A 3 ~~ (liAi, 

which is the expansion of D by minors according to the first column. 

The coefficient of y is 

hiAi — 62^2 4 " hzAi — hiAi, 


which, by the corollary of Art. 179, is equal to 0. For the same rea- 
son, the coefficients of z and w are also equal to 0. Hence the result 
of adding the equations is 

(3) D ' X = kiAi — A'2.42 kiAs — k^Ai. 

We now see that the right side of (3) is the same as (2) except that 
the a’s are replaced by the corresponding k’s. Hence the right side 
of (3) is obtainable from D by replacing the a’s with the correspond- 
ing k’s. Therefore the right side of (3) is Kx and we have 


If D^O, 

(4) 

Similarly 

(5) 



where K,, is the determinant obtained from D by replacing the 
coefficients of y by the constant terms, K, is obtained by replacing 
the coefficients of z (i.e., column 3) by the k's, etc. 

We have shoum that if the system has a solution, it is given by 
equations (4) and (5). The proof may be completed by sho^v’ing by 
substitution that this set of values actually satisfies each of the four 
equations of the system. We omit this substitution.* 

For the convenience of the student, we restate Cramer’s rule: 

In a system of n linear equations in n unknowns of the form 

aix 4- hiy 4" ci2 4- • • • = 

a2X b2y C 2 Z A- • ' ’ = kiy 


1 OnX + + CnZ + * • * — knt 

•See Dresden, Solid Analytical Geometry and DeterminarUs, p. 37. 
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if the determinant D of the coefficients of the unknowns is not zero, then 
the system has only one solution. In this solution, each unknown is 
equal to the quotient of two determinants. 

1. The denominator is D, the determinant of the coefficients. 

2. The numerator, for any unknown, is obtained from the denomi- 
nator by substituting the constant terms for the coefficients of this 
unknown. 


Example 1. Solve: 


Solution. 


D = 




K,.= 


3x — iy z 

2x-\- 5y-\- z 
ix + Zy + z 



1 

.7x 

-27/ 


3 - 

■4 

1 

-2 


2 

5 

1 

-3 


4 

3 

1 

-4 


7 - 

•2 

0 

— 5 


-1 


4 

1 - 

2 

2 


5 

1 - 

3 

0 


3 

1 - 

4 

-8 

— 

2 

0 - 

5 

3 - 

-1 

1 

-2 


2 

2 

1 

-3 


4 

0 

1 

-4 


7 - 

•8 

0 

-5 



2w 

3w 

4w 

5w 


- 1 , 

2 , 

0 . 

- 8 . 


-18- x = ^=i ?-2 

18, X ^ 92 


0, y 9 


= 1 . 


( 1 ) 

( 2 ) 

(3) 

(4) 


We could use determinants to find the values of 2 and w. It is easier, 
however, to substitute x = 2 , y = 1 in (4) to obtain w = 4. Upon 
substituting x — 2, y = 1 , = 4 in ( 1 ), we get 2 = 5 . Hence the 

solution of the system is 

X = 2, 7 / = 1, 2 = 5, = 4. 

It should be checked by substitution in the given equations. 


Exercise 93 


Solve by using determinants and check by substitution 


1. 


X + y - 2 = 0, 
4x 4- 4y 4‘2 z = 3, 
5x + 2w — 2 = 1. 
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2x - y + 2 == 2, 

3x + 4y - 2 = 5, 

4z + 5y — 2 = 7. 

3a: + 2y + 62 + 7w; = 0, 
2x + y + 32 + 2 w 7 = 5, 
3x + 52 + 2uj = 0, 
2x + 72 + ouJ = 0. 

X — 2y + 2 =8, 

2x + 2 — 4w = 4, 
3x + 2 + 2uJ = 0, 

, X + y - 3u) = 0. 

2x + y - u> = 8, 

X + y + 2 = 6, 

X — 32 + 2uj = 0, 

3x - y + w = 7. 

4x - 3y — 2 + 2ui = 3, 
5x + 2y + 2 — 3u) = 0, 

I 3x + 4y + 2 — 4ii) = — 2 , 
1 2x — 7y + 5uJ = 8. 
2x - 5y + 42 + 3u) = 2 , 

3x - y - 72 + UJ = 6, 

I 4x — 3y + 22 + 2u; = 3, 

[ 5x 4* 2y — 32 — u; = 3. 





I X + y = 1, 

X — 32 = 5, 

4y + 5iif = -8, 

62 — u; = 2. 

3y + wj + X + y + 92 - 1, 

2y + 2uj + 3x + y + 42 = 13, 

y 4* 2iy + X + y + 02 = 5, 

5y + 4- 2x 4- 32 = 10, 

, 4y 4- 2uJ 4-2 = 7. 


X 

-j- 2y 4- 32 -f* 2y 4- w 


9, 

3x 

— 2 — V 


8, 

2x 

— 2z —3w 


7, 

X 

- y 4- 3y 


1. 

2x 

4- 2 V w 


6. 


11. Use determinants to solve for 2 only: 

2x4- y4- 24- uj = 0, 

5x 4" 2y 4" 32 -+- 2w = 7, 

3x 4- 2y 4- 2 =0, 

4x -f- 5y 32 =0. 
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12. Use determinants to solve for y only: 

3x + 2y = 2uj + 1, 

2x + u) = 3?/ + z + 3, 

j4x + 2z + 7 = T/ + w, 

i 7x + y = 3uJ + 1. 

182. Inconsistent and dependent equations. If a system of 
equations has no solution, it is said to be inconsistent. If a system 
of equations has one or more solutions, it is said to be consistent. 
If a system of equations has infinitely many solutions, it is said to 
be dependent. 

We state the following facts without proof.* 

In a system of n Iviear equations in n unknowns, 

L7/D = 0 and if any one {or more) of the numerator determinants 
is not zero , then the system is inconsistent. 

Illustration 1. For the system 

x+2y—5z= 9, 

3a: — y — 2 = 20, 

4x4" y — 62 = 30. 



1 

2 

-5 


9 

2 

-5 

D = 

3 

-1 

-1 

= 0 ; K.= 

20 

-1 

-1 


4 

1 

-6 


30 

1 

-6 


The values of Ky and K, are immaterial. The system is inconsistent. 

II. // D = 0 and if all the numerator determinants are zero, then 
the system may be f dependent. 

lUastrution 2. For the system 

X + 2 y — 52 = 9, (1) 

. 3x - y- 2 = 20, (2) 

1 4x + y — 62 = 29, (3) 

Z) = 0, Kx = 0, Ky= 0, K, = 0. 

• Sec Bocher, Inlroduclion io Higher Algebra, Chap. IV. 
t It ner d not be dependent. For example, the following system is inconsistent: 

f z + 3y + 2z = 4, 
z + 3y + 2z = 5, 

1 2z + 6y + 4z = 10. 
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In order to show that this particular system has infinitely many 
solutions, eliminate y from equations (1) and (2), to get 


X = 2 + 7. 

Eliminating x from (1) and (2), we obtain 

1/ = 22 H" 1. 

It can be sho^vn by substitution that these values of x and y will 
satisfy * (3). Assign to z any arbitrary value a. Then a solution of 

the system is 

X = a + 7, y = 2a + 1, z = a. 

Since the number of values of a is infinite, the number of solutions 
of the system is infinite. One of these solutions is 

x= 12, y= II, 2= 5. 


183. Homogeneous equations. If all the terms of an equation are 
of the same degree, the equation is said to be homogeneous. It 
follows that a linear homogeneous equation is an equation that con- 
tains only terms of the first degree; hence no constant term can be 

present. 

A homogeneous system such as 

f oix + biy + Ci2 = 0, 

' azx b2y + C 22 = 0, 

azx + bzy + C32 = 0, 

obviously has the solution 

X = 0, y = 0, 2 = 0, 

which is called the trivial solution. Frequently such a solution is 
of little or no importance and we seek other nontrivia so u 1 
Without proof f we state the following fact. 

A system of n homogeneous linear equations in n unknowns has 
trivial solutions if and only D = 0. 

• If this were not the case, the system would be inconsistent, 
t See Dresden, Solid Analytical Geometry and Deiermiruirds, p. 
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Example 1. Solve the system 

[ 3x + - 7z = 0, (1) 

X y — 5: = 0, (2) 

5x + 4y — 172 = 0. (3) 

Solution. Since tlie system is homogeneous, we have the trivial 
solution 

X = 0, y = 0, 2 = 0. 

To see if there are other nontrivial solutions, let us evaluate Z). 


3 

D = 1 


2 -7 

1 -5 = 0. 

4 -17 


Hence there are nontrivial solutions. To obtain these, eliminate y 
from (1) and (2) by multiplying (2) by 2 and subtracting from (1) 
to get X = — 32. Then eliminate x from (1) and (2) to obtain y = 82. 
Next verify that (3) is satisfied by x = —32, y = 82. (Tliis is true 
only because D = 0.) For each value arbitrarily assigned to 2, we 
can obtain corresponding values for x and y. For example, if 2 = 7, 
then X = —21, and y = 56. The infinite number of nontrivial solu- 
tions can be written in the form 


X : y : 2 = — 3 : 8 : 1. 


184. Systems of m linear equations in n unknowns. 

I. If m < n. In case there arc less equations than unknowns, the 
number of solutions is usually infinite, but it may happen tiiat the 
system is inconsistent. A general rule for solving such a system is 
to choose m unknowns and treat the remaining (7i — m) iinknomis 
as if they were constants. Try to solve for the m chosen unknowns 
in terms of the others. If this can be done, we can obtain as many 
solutions as desired by assigning arbitrary values to the remaining 
unknowns. 

II. If m > n. In case there are more equations than unknowns, 
the system is usually inconsistent, but it may happen that it is con- 
sistent. In order to determine which situation prevails, solve n of 
the equations for the n unknowns and substitute the solution into 
the remaining equations. If the.se equations are satisfied, the .system 
is consistent. 
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Exercise 94 


Far each of the following systems of equations, either (a) prove the system is 
inconsistent, or (b) find all the solutions. 







2x — by — z = 9, 

X + 7/ - 42 = 1, 

bx — 7y — 2z = 13. 

bx + 2y - 3, 

2x + y = I, 

4x — y = 2. 

f 4x — 6t/ -f 22 = 5, 

L 6x — 97/ + 32 = 7. 

2x*f 7/+ 2= 3, 

3x + 7/ + 22 = b, 

I X - 27/ - 2 = -4, 

{ X -h 2y ~ z = 0. 

j _|_ 2y ■— 2 — w = 4, 
3i — 7/ + 2 — 4w = 5, 
2x + y — 3w = b. 



2x 

+ y 

+ 2 — 

7. 

2. 

3x 

+ 4y 

_ 22 = 

1, 


8x 

+ 9y 

-32 = 

4. 


2x 

-3y 

= 2, 


4. 

X 

+ 2y 

- 15, 



X 

- y 

= 3. 


6. J 

f X + y - 
lx - y - 

32 = 5, 
2=1. 



X 

+ y 

+ 2 = 

6, 

0 

2x 

- y 

+ 2 = 

3, 

O. ^ 

3x 

-2y 

— 2 = - 

-4, 


X 

+ 2y 

+ 2 = 

7. 


For each of the following systems of homogeneous equations, either (a) prove 
that the trivial solution is the only solution, or (b) find the nontrivial solutions. 



x+ y + z = 0, 
3x + 27/ - 2 = 0, 
X - y + z = 0. 


bx 4y — 3z ^ w = 0, 

3x — 5?/ + z w = 0, 

x+ y - z = 0. 

4x + 7/ - 22 = 0. 



X + 27/ - 82 = 0, 
X - 7/ + 2 = 0, 
4x — y — 52 = 0. 


13. What value of k will make the following system of equations consistent? 


[ X + y = 5, 

2x + y = fc, 
1 3x — y = 7. 


14. For what value of k will the following system of homogeneous equa- 
tions have nontrivial solutions? 

x+ y -\-7z = 0, 

2x + y + 2 = 0, 

5x + 3y + A:z = 0. 




185. Introductio.:- If f{x) and g{x) are polynomials, then 


M 

gi^) 


13 


called a rational ^unction of x or a rational fraction. In Chap. 3 we 
learned how to combine the sum of two or more rational fractions 
into a single fraction. Thus, 


x + 1 , 4 ^ 7 j2+ 8t+ 13* 

+ 2 "*■ 3x + 5 {x^ + 2)(3x + 5)* 

In more advanced mathematics, particularly calculus, it is some- 
times necessary to reverse the procedure, i.e., to resolve a given 
fraction into the algebraic sum of sev'eral simple fractions, called 
partial fractions. 


A proper rational fraction is one whose numerator is of lower 
degree than its denominator. Every improper rational fraction can 
be expressed as the sum of a polynomial and a proper rational 
fraction by dividing the denominator into the numerator until the 
degree of the remainder is lower than that of the denominator. For 
example, 


53^ + Sx^ - 10 
x2 -j- X — 2 


= .5x “h 3 -|- 


7x - 4 


X* + X — 2 


In order to resolve a proper rational fraction into partial fractions, 
we employ the following theorem whose proof is beyond the scope of 
this book. 


* It is to be remembered that this equation is an identity. It holds true for all 
permissible values of z. 
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Theorem. Any proper rational fraction which is in lowest terms can 
be resolved into a sum of partial fractions of the following types. 


Case 1. If the linear factor (ax -f b) occurs only once as a factor of 
the denominator f there mil correspond a partial fraction 


A 

ax-]- b 


where A is a constant, ami A 5^ 0. 

Case 2. If the linear factor (ax + b) occurs k times as a factor of the 

denominator, there will correspond k partial fractions 

Ai I A 2 I j Ak 

ax+b^ (ax+ * ’ ■*" (cx + &)'= 

where the A's are constants, and Ak 0. 

Case 3. If the quadratic factor (ax^ bx c) occurs only once as a 
factor of the denominator, there will correspond a partial fraction 

Ax-\- B 
ax‘ + hx -|- c 

where A and B are constants, not both 0. 

Case 4 . If the quadratic factor (ax- -f bx + c) occurs k times as a 
factor of the denominator, there wdll correspond k partial fractions 

AiX-\-Bi , A 2 X + ^2 _L 

+ c (ax^ bx cy- ^ (ax2 + bx + c)* 

where the A’s and B’s are constants and Ak and Bk are not both 0. 


Illustration. The theorem states that the fraction 

3x+ 11 


o(x — 0)(x — 7)^(x- + X + 8)(x- + 4)- 
can be resolved into partial fractions of the following types 

B . C . D , Ex±F 


A 


X — 6 


_L J_ ^ I ^ J_ — i 

X - 7 (x - 7)2 (x - 7)® ^ x2 + X + 8 


, Gx A- H , 7x + J 

I* n I j 


x 2 + 4 ' (x2+4)2’ 

where the capital letters are undetermined constants. 
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(1) 


186. Case 1, If the denominator contains only linear factors, 
none repeated. 

Example 1. Resolve into partial fractions: 

13x - 17 

(x- l)(x+3)(2x- 1)' 

Solviion. Using the theorem, we assume the following identity 

13x- 17 A . B C 

(x - l)(x + 3)(2x -1) x-iT^+3 2x-1 

where A, By C are constants whose values w^e shall now determine 
by two different methods. 

First method. By substitution. If (1) is cleared of fractions, we get 

13x - 17 = A{x + 3)(2x - 1) + B{x - l)(2x - 1) 

+ C{x- l)(x + 3). (2) 

Identity (1) holds true for all permissible values of x, i.e., for all 
values of x except x = 1 , x = -3, x = (which make some de- 
nominators zero). Therefore identity (2) holds true for all values 
of X except x = 1, x = — 3, x = By the corollary of Art. 125, 
equation (2) liolds for all values of x, including x — 1, x — 3, 

X = 

We shall now determine the values oi A, By C, by setting x equal 
to convenient values in (2). 

Set X = 1: 13 — 17 = /l(4)(l); —4 = 4.4 

A =-l. 

Setx=-3: -39 - 17 = R(-4)(-7): -56 = 28R 

B =-2. 


Set X = 1: 


Set X = J: 


17= C(-i)(4); 
C= 6. 


Hence 

13x - 17 [ 2 6 , 3 , 

(i- l)(x + 3)(2i- 1) x-l 1 + 3 2j-1 

The student should check the result by adding the fractions on 
the right side of (3). 
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Seamd method. By equating the coefficients of like powers. Upon 
expanding the right side of (2), we get 

13a: -\1 = A (2x^ + 5x - 3) + B(2z^ - 3x + 1) + C(x^ +2x- 3). 
Collecting like powers of x, we obtain 


13x-17^(2A+2B+Cr)x^+(5A-3B-{-2C)^+(-3A+B-3C). 

By the corollary of Art. 125, we can equate the coefl&cients of like 
powers of x. 

Coeff. ofi2; 0=2A + 2B + C. 

Coeff. of x: 13 = 5A — 35 + 2C. 

Constant terms: —17 = — 3A + 5 — 3C. 


The solution of this system of equations is A = — 1,5=— 2, C — 6, 
which is the same as that obtained by the first method. 

Comment. In the first method, instead of using the convenient 
values X = 1, X = — 3, X = §, we could have used any three values 
of X. The resulting system of three equations in A, 5, C, would have 
the same solution. 


187. Case 2. If the denominator contains linear factors, some 
repeated. 

Example 2. Resolve into partial fractions: 

x^ — ox + 8 
(X - l)(x - 2)^' 

Solution. Using the theorem, we assume the following identity 
x^ - 5x + 8 A . 5 . C 


4- 


H- 


+ 


fl) 


(x - l)(x - 2)3 “ X - 1 ' X - 2 ' (x - 2)2 ' (x - 2)3 

where A, B, C, D, are undetermined constants. Clear of fractions 
by multiplying through by the lowest common denominator, 
(x - l)(x - 2)3: 

:^_5x+8^A(x-2)3+5(x- l)(x-2)2 

+ C(x - l)(x - 2) + D(x - 1). (2) 

We shall determine the values of A , 5, C, D, by using a combina 
tion of the first method and the second method of Ex. 1. 
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In (2), substitute the convenient values x = 1 and x = 

Set X = 1: 

1- 5+8= 4=-A 


A =-i. 

Set X = 2; 

8-10+8= DU) 


D = 6. 


This exhausts the convenient values of x. We shall determine the 
values of B and C by equating the coefficients of and the constant 
terms.* From (2), 


Coeff. of :r®: \ = A B. (3) 

Constant terms: S = —SA — -^B 2C — D. (4) 

(i.e., set X = 0) 

Since A = — 4, it follows from (3) that 1 = — 4 + B 

B = 5. 

Upon substituting A = — 4, B = 5, D = 6 into (4), we get 

8 = 32 - 20 H- 2C - 6 
2 = 2C 
C= 1. 

Hence 


x^ — 5x 8 

(X - l)(x - 2)3 


, 5 . 1 j 6 

X- l^x- 2^ (X - 2)*^ (x- 2)3 


Comment. After finding .4 = - 4 and /) = 6 by setting x equal to 
convenient values, we could obtain two more equations by setting 
X equal to any other two values. For example, if x — 3, then (2) be- 
comes 

20 = A + 2/? + 2C + 2D 


and for X = — 1, equation (2) becomes 

12= -27/1 - lSB-\-QC-2D. 

If these two equations are solved with .4 = — 4, = 6, we obtain 

5, C= 1. 

• When only two additional equatioas are needed, the most convenient pro- 
cedure is to equate the coellieients of the highest power of x and then equate 
the constant terms. This can be done without actually expanding the right side 
of (2). We could, however, have equated the coefficients of x* and x: 

0 = —0/1 — 5/i + C, 

-5 = 12/1 + 8Z^ - 3C + D. 
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Resolve into partial fractions. 
9x - 1 


1 . 


3. 


5. 


7. 


9. 


11 . 


13. 


15. 


17. 


19. 


{X - 4)(i + 1) 

I “t" 2 

(3i - 4) (4a: + 3)' 

143:^ — 42a: — 6 
(3x - 2)(x - 4)(x + 1) 
5x^ + 8x^-10 

x^ + X — 2 

3x^ - 13x + 11 
(X + 2)(x - 5)»' 

5x^ - 2 

(4x - l)(x - 1)^' 

7x^ - 28x + 19 

(X - 2)^ ■ . 

17 


(X - 7)(x2 - 14x + 49) 

5x^ - 9x^ - 4x 
(x-1)^ 

I23x - 87 


(x -H 5)(x - l)(x - 4)(2x - 3) 


2 . 


4. 


6. 


8 . 


10 . 


12 . 


14. 


16. 


18. 


20 . 


7x + 37 


(x - 5)(2x - 1) 
x + 1 

(x - l)C3x - l)x 
7x2 + 17 


(2x - l)(x2 - 2x - 3) 
x2 - 7x + 5 . 

(x -2)(x -3)(x + 4)‘ 
x2 + X + 1 
(x - l)(x - 2)2' 

5x + 9 

(X + 4)2’ 

x2 + 3x2 - 4x - 5 


(x2 - 2x + l)(x2 - 3x + 2) 

2x2 - i7j + 39 
(X - 5)2 
10x2 4 - 32 
(x - 4)2x3' 

5x3 + 6x2 721 g 


188. Case 3. If the denominator contains quadratic factors, none 
repeated. 

Example 3. Resolve into partial fractions: 

2x2 4- 13 

(x — 3)(x2 + 5x + 7) 

Solution, Using the theorem, we assume the follo^ving identity 

2x2 + 13 _ A , Bx+C_ (1) 

(x - 3)(x2 -I- 5x + 7) X - 3 x 2 + 5x + 7 

where A, B, C, are undetermined constants. Clearing of fractions, 

2i2 + 13 = + 5x + 7) + (Bi + C)(i - 3). (2) 
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Set X = 3: 18 + 13 = A(9 +15+7); 31 = ZIA 

A= h 

Equate coeff. of x^: 2 = A B. 

1 . 

Equate constant terms: 13 = 7*4 — 3C; 13 = 7 — 3C; 3C = — 6 
(i.e., set X = 0) C = — 2. 

Hence 

2x^ + 13 1 . X- 2 

(x - 3)(x= + 5x + 7) X - 3 x2 + 5x + 7 

189 . Case 4. If the denominator contains quadratic factors, some 
repeated. 

Example 4. Resolve into partial fractions: 

x^ + 18x= - 2x + 29 

(x + l)(x= H- 4)2 

Solution. Using the theorem, we assume the following identity 

x^ + 18x2 - 2x + 29 .1 Bx + C _ Dx+E 

(x + l)(x2 +4)2 X + 1 x' + 4 ^ (x2 + 4)2 

where .4, B, C, D, E, are undetermined constants. Clear of fractions 
by multiplying through by the lowest common denominatoi . 

x^ + 18x2 _ 2x + 29 = *4 (x2 + 4)2 + (Bx + C)(x + 1 )(j2 + 4) 

+ (/;x + E)(x+ 1). (2) 

In this identity, 

set X = — 1 ; 1 + 18 + 2 + 29 = .4 (5)2; 50 = 25.4 

*4 = 2. 

The values of the remaining con.^tants will be obtained by equating 
coefficients of like powers. Expand (2) and collect terms: 

x<+ 18 x 2 — 2x+29 = (4+R)x*+(^^+C)j-2+(8/l+4R+C+0)x2 

+ {4/^+4C+D+E)x 
+ ( 1 0.4 + 4C + E) . 
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Equate coefficients of like powers: 

Coeff. of 1 = ^ + 5 

Coeff. of 0 = 5 + C 

Coeff. of 18 = 8A + 4B + C + 

Coeff. of x: -2 = 4B + 4C + Z) + .E 

Constant terms: 29 = 16^4 + 4C E. 

In any four of these -equations, substitute ^4 = 2, to get 

5=-l, C= 1, D= 5, E^-7. 

Hence 

+ 18x^ - 2x + 29 _ 2 - x -f- 1 ■ 5x - 7 

(X + 1)(X2 + 4)2 “ X + 1 X2 + 4 (X2 + 4)2’ 


Exercise 96 


Hesolve into partial fractions. 






% 








9x2 + I + 6 

2. 

7x 

(X - l)(x2 + 3) 

(x-2)(x2 + x + l)' 

5x2 _ 3 

4. 

8x2 + 4x + 2 

(x + 5) (2x2 _ 2 - _|_ QJ 

(2x - l){4x2 + 5)' 

x2 — 6x2 + 2x — 4 

6. 

x3 + 29x — 49 

(x2 - 3x + 2) (3x2 ^ 4 ) 

(x2 - 6x + 9)(x2 + 4) 

6x 

8. 

llx + 23 

00 

1 

(x - 3)(x3 + 1) 

7x' - 4x2 - X - 1 

10. 

7x3 _j_ ^02: + 1 

j3(5j 2 -f- 1) 

(x2 + l)(x2 + 2) 

llx + 15 

12. 

x3 4-3 

(x2 + 3x + 5)(x2 + 7) 

(x2 + X + 3)(x> - X + 3) 

5x3 _l_ 6 j-2 22x + 28 

14. 

4x3 + 5 

+ 3)2 

(4X2 + 7)2' 


16. 

3x' + 24x2 22 

(x2 + X + 4)2 

(x - l)(x2 + 6)2 

3x^ + x2 + 6x 

18. 

x3 + 9x2-1 

(x - 2)(x2 + X + 2)2' 

x2(x2 + 3x + 1)2 

3x* + 6x2 + 4x + 8 

20. 

X® + 2x3 _ _ 17 

(x2 + 1)3 

{x- + + 2)' 




TABLE I. — POWERS AND ROOTS 





Square 

Cube ' 

1 

1 

4 

8 

9 

27 

16 

64 

25 

125 

36 

216 

49 

343 

64 

512 

81 

729 

100 

1 000 

121 

1 331 

144 

1 728 

169 

2 197 

196 

2 744 

225 

3 375 

256 

4 096 

289 

4 913 

324 

5 832 

361 

6 859 

400 

8 000 

441 

9 261 

484 

10 648 

.529 

12 167 

576 

13 824 

625 

15 625 

676 

17 576 

729 

19 683 

784 

21 952 

841 

24 389 

900 ' 

27 000 

901 

29 791 

1 024 

32 768 

1 089 

35 937 

1 156 

39 304 

1 225 

42 875 

1 296 

46 656 

1 369 

50 653 

1 444 

54 872 

1 521 

59 319 

1 000 

64 000 

1 681 

68 921 

1 704 

74 088 

1 849 

79 507 

1 936 

85 184 

2 025 

91 125 

2 116 

97 336 

2 209 

103 823 

2 304 

110 592 

2 401 

117 649 

mm 

125 000 


root root 


1.000 1.000 
1.414 1.260 
1.732 1.442 


No. Square Cube 


2.646 

2.828 

3.000 


3.162 


3.317 

3.464 

3.606 

3.742 

3.873 

4.000 

4.123 

4.243 

4.359 


4.472 


4.5S3 

4.690 

4.796 

4.899 

5.000 

5.099 

5.196 

5.292 

5.385 


5.477 


5.568 

5.657 

5.745 

5.831 

5.916 

6.000 

6.083 

6.164 

6.245 


6.325 


6.403 

6.481 

6.557 

6.633 

6.708 

6.782 

6.856 

6.928 

7.000 


7.071 


1.913 

2.000 

2.080 


2.154 


2.224 

2.289 

2.351 

2.410 

2.466 

2.520 

2.571 

2.621 

2.668 


2.714 


2.759 

2.802 

2.844 

2.884 

2.924 

2.962 

3.000 

3.037 

3.072 


3.107 


3.141 

3.175 

3.208 

3.240 

3.271 

3.302 

3.332 

3.362 

3.391 


3.420 


3.448 

3.476 

3.503 

3.530 

3.557 

3.583 

3.609 

3.634 

3.659 


3.684 





97 

98 

99 


100 


2 601 
2 704 
2 809 

2 916 

3 025 
3 136 

3 249 
3 364 
3 481 


3 600 


3 721 
3 844 

3 969 

4’096 

4 225 
4 356 

4 489 
4 624 
4 761 


4 900 


5 041 
5 184 
5 329 

5 476 
5 625 
5 776 

5 929 

6 084 
6 241 


6 400 


6 531 
6 724 

6 889 

7 056 
7 225 
7 396 

7 669 
7 744 
7 92: 


8 100 


8 281 
8 464 
8 649 

8 836 

9 025 
9 216 

9 409 
9 604 
9 801 


10 000 


132 651 
140 608 
148 877 

157 464 
166 375 
175 616 

185 193 
195 112 
205 379 


216 000 


226 981 
238 328 
250 047 

262 144 
274 625 
287 496 

300 763 
314 4.32 
328 509 


343 000 


357 911 
373 248 
389 017 

405 224 
421 875 
438 976 

456 533 
474 552 
493 039 


512 000 


531 441 
551 368 
571 787 

592 704 
614 125 
636 056 

658 503 
681 472 
704 969 


753 571 
778 688 
804 357 

830 584 
857 375 
884 736 

912 673 
941 192 
970 299 


Square Cube 
root root 


7.141 3.708 
7.211 3.733 
7.280 3.756 

7.348 3.780 
7.416 3.803 
7.483 3.826 

7.550 3.849 
7.616 3.871 
7.681 3.893 


7.746 3.915 


3.936 
3.958 
3.979 

8.000 4.000 
8.062 4.021 
8.124 4.041 



8.185 

8.246 

8.307 


8.367 


8.426 

8.485 

8.544 


4.062 

4.082 

4.102 


4.121 


4.141 

4.160 

4.179 


8.602 4.198 
8.660 4.217 
8.718 4.236 


8.775 

8.832 

8.888 


8.9 


9.000 

9.055 

9.110 


4.254 

4.273 

4.291 


4.309 


4.327 

4.344 

4.362 


9.165 4.380 
9.220 4.397 
9.274 4.414 




9.327 

9.381 

9.434 


9.534 

9.592 

C.644 


9.695 

9.747 

9.798 

9.849 

9.899 

9.950 


4.431 

4.448 

4.465 


4.481 


4.498 

4.514 

4.531 

4.547 

4.563 

4.579 

4.595 

4.610 

4.626 
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lABLE II. — TRIGONOMETRIC FUNCTIONS 


Angle 

Sin 

Cos 

Tan 

Angle 

Sin 

Cos 

Tu 1 

0" 

.000 

1.000 

.000 

46® 

.707 

.707 

1.000 

V 

mSM 

, .999 

.018 

46® 

.719 

.695 

1.036 

2® 

HH 

.999 

.035 

47® 

.731 

.682 

1.072 

3“ 

A A 

HH 

.998 

.052 

48® 

.743 

.669 

l.Ill 

4° 

.070 

.997 

.070 

49® 

.755 

.656 

1.150 

6® 

.087 

.996 

.087 


.706 

.643 

1.192 

6 ® 

.105 

.994 

.105 

61® 

.777 

.629 

1.235 

7® 

.122 

.992 

.123 

62® 

.788 

.616 

1.280 

8° 

.139 

.990 

.141 

63® 

.799 

.602 

1.327 

9» 

.156 

.988 

.158 

64® 

.809 

.588 

1.376 


.174 

.985 

.176 

66® 

.819 

.574 

1.428 

11® 

.191 

.982 

.194 

66® 

.829 

.559 

1.483 

12® 

.208 

.978 

.213 

67® 

.839 

.545 

1.540 

13® 

.225 

.974 

.231 

68° 

.848 

.530 

1.600 

14® 

.242 

.970 

.249 

69® 

.857 

.515 

1.664 

16® 

.259 

.906 

.268 

60® 

.800 

.500 

1.732 

16® 

.276 

.961 

.287 

61® 

.875 

.485 

1.804 

17® 

.292 

.956 

.306 

62® 

.883 

.469 

1.881 

18® 

.309 

.951 

.325 

63® 

.891 

.454 

1.963 

19° 

.326 

.946 

.344 

64® 

.899 

.438 

2.050 

20® 

.342 

.940 

.364 

66® 

.906 

.423 

2.144 

21® 

.358 

.934 

.384 

66® 

.914 

.407 

2.240 

22° 

.375 

.927 

.404 

67® 

.921 

.391 

2.350 

23° 

.391 

.921 ' 

.424 

68® 

.927 

.375 

2.475 

24® 

.407 

.914 

.445 

69® 

.934 

.358 

2.605 

26® 

.423 

.906 ' 

.406 

70® 

.940 

.342 

2.747 

26° 

.438 

.899 

.488 

71® 

.946 

.326 

2.904 

27® 

.454 

.891 

.510 

72® 

.951 

.309 

3.078 

28® 

.409 

.883 

.532 

73® 

.950 

.292 

3.271 

29® 

.485 

.875 

.554 

74® 

.901 

.270 

3.487 

30® 

.500 

.860 

.577 

76® 

.960 

.259 

3.732 

31® 

.515 

.857 

.001 

76® 

.970 

.242 

4.011 

32® 

.530 

.848 

.025 

77® 

.974 

.225 

4.331 

33® 

.545 

.839 

.049 

78® 

.978 

.208 

4.705 

34® 

.559 

.829 

.075 

79^ 

.982 

.191 

5.145 

36° 

.674 

.819 

.700 


.985 

.174 

5.071 

36® 

.588 

.809 

.727 

81® 

.988 

.150 

0.314 

37® 

.602 

.799 

.754 

82® 

.990 

.139 

7.115 

38° 

.616 

.788 

.781 

83® 

.992 

.122 

8.144 

39° 

.629 

.777 

.810 

84® 

.994 

.105 

9.514 

40® 

.643 

.700 

.839 

86® 

.990 

.087 

11.430 

41® 

.656 

.755 

.809 

86® 

.997 

.070 

14.300 

42° 

.609 

.743 

.900 

87® 

.998 

.052 

19.081 

43® 

.082 

.731 

.933 

88° 

.999 

.035 

28.030 

44® 

.695 

.719 

.966 

89® 

.999 

.018 

57.290 





90® 

1.000 

.000 
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TABLE III. — MANTISSAS OF COMMON LOGARITHMS 






Smim 








1761 

2041 

2304 

2553 

2788 


3010 

3222 

3424 

3617 

3802 


3979 

4150 

4314 

4472 

4624 


4771 

4914 

5051 

5185 

5315 


5441 

5563 

5682 

5798 

5911 


6021 

6128 

6232 

6335 

6435 



6532 

6628 

6721 

6812 

6902 


0043 

0453 

0828 

1173 

1492 


1790 

2068 

2330 

2577 

2810 


3032 

3243 

3444 

3636 

3820 


3997 

4166 

4330 

4487 

4639 


4786 

4928 

5065 

5198 

5328 


5453 

5575 

5694 

5809 

5922 


6031 

6138 

6243 

6345 

6444 


6542 

6637 

6730 

6821 

6911 


0086 

0492 

0864 

1206 

1523 


1818 

2095 

2355 

2601 

2833 


3054 

3263 

3464 

3655 

3838 


4014 

4183 

4346 

4502 

4654 


4800 

4942 

5079 

5211 

5340 


5465 

5587 

5705 

5821 

5933 


6042 

6149 

6253 

6355 

6454 


6551 

6646 

6739 

6830 

6920 


0128 

0531 

0899 

1239 

1553 


1847 

2122 

2380 

2625 

2856 


3075 

3284 

3483 

3674 

3856 


4031 
4200 , 
4362 
4518 
4669 


4814 

4955 

5092 

5224 

5353 


5478 

5599 

5717 

5832 

5944 


6053 

6160 

6263 

6365 

6464 


6561 

6656 

6749 

6839 

6928 


1875 

2148 

2405 

2648 

2878 


3096 

3304 

3502 

3692 

3874 


4048 

4216 

4378 

4533 

4683 


4829 

4969 

5105 

5237 

5366 


5490 

5611 

5729 

5843 

5955 


6064 



6571 

6665 

6758 

6848 

6937 



6990 

7076 

7160 

7243 

7324 


6998 

7084 

7168 

7251 

7332 



0212 , 

0607 

0969 

1303 

1614 


1903 

2175 

2430 

2672 

2900 


3118 

3324 

3522 

3711 

3892 


4065 

4232 

4393 

4548 

4698 


4843 

4983 

5119 

5250 

5378 


5502 

5623 

5740 

5855 

5966 


6075 

6180 

6284 

6385 

6484 


6580 

6675 

6767 

6857 

6946 


7033 

7118 

7202 

7284 

7364 


0253 

0645 

1004 

1335 

1644 


1931 

2201 

2455 

2695 

2923 


3139 

3345 

3541 

3729 

3909 


4082 

4249 

4409 

4564 

4'’13 

4857 

4997 

5132 

5263 

5391 


5514 

5635 

5752 

5866 

5977 


6085 

6191 

6294 

6395 

6493 


6590 

6684 

6776 

6866 

6955 


7042 

7126 

7210 

7292 

7372 


0294 

0682 

1038 

1367 

1673 


1959 

2227 

2480 

2718 

2945 


3160 

3365 

3560 

3747 

3927 


4099 

4265 

4425 

4579 

4728 


4871 

5011 

5145 

5276 

5403 


5527 

5647 

5763 

5877 

5988 


6096 

6201 

6304 

6405 

6503 


6599 

6693 

6785 

6875 

6964 


7050 

7135 

7218 

7300 

7380 


0334 

0719 

1072 

1399 

1703 


1987 

2253 

2504 

2742 

2967 


3181 

3385 

3579 

3766 

3945 


4116 

4281 

4440 

4594 

4742 


4886 

5024 

5159 

5289 

5416 


5539 

5658 

5775 

5888 

5999 



6609 

6702 

6794 

6884 

6972 


7059 

7143 

7226 

7308 

7388 


374 
755 

loe 

1430 

1732 


2014 

2279 

2529 

2766 

2989 


3201 

3404 

3598 

3784 

3962 


4133 

4298 

4456 

4609 

4757 


4900 

5038 

5172 

5302 

5428 


5551 

5670 

5786 

5899 

6010 


6117 

6222 

6325 

6425 

6522 


6618 

6712 

6803 

6893 

6981 


7067 

7152 

7235 

7316 

7396 
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TABLE III. — MANTISSAS OF COMMON LOGARITHMS (Continued) 











7782 

7853 

7924 

7993 

8062 


8129 

8195 

8261 

8325 

8388 


8451 

8513 

8573 

8633 

8692 


8751 

8808 

8865 

8921 

8976 


9031 

9085 

9138 

9191 

9243 


9294 

9345 

9395 

9445 

9494 


7642 

7716 


7789 

7860 

7931 

8000 

8069 


8136 

8202 

8267 

8331 

8395 


8457 

8519 

8579 

8639 

8698 


8756 

8814 

8871 

8927 

8982 


9036 

9090 

9143 

9196 

9248 


9299 

9350 

9400 

9450 

9499 







9782 

9823 

9827 

9868 

9872 


9917 


mmn 


7419 

7497 

7574 

7649 

7723 


7796 

7868 

7938 

8007 

8075 


8142 

8209 

8274 

8338 

8401 


8463 

8525 

8585 

8645 

8704 


8762 

8820 

8876 

8932 

8987 


9042 

9096 

9149 

9201 

9253 


9304 

9355 

9405 

9455 

9504 


9552 

9600 

9647 

9094 

9741 


9786 

9832 

9877 

9921 


7657 

7731 


7803 

7875 

7945 

8014 

8082 


8149 

8215 

8280 

8344 

8407 



8651 

8710 


8768 

8825 

8882 

8938 

8993 


9047 

9101 

9154 

9206 

9258 


9309 

9300 

9410 

9-160 

9509 


9557 

9605 

9652 

9699 

9745 


9791 

9836 

9881 

9926 


7435 

7513 

7589 

7664 

7738 


7810 

7882 

7952 

8021 

8089 


8156 

8222 

8287 

8351 

8414 


8476 

8537 

8597 

8657 

8716 


8774 

8831 

8887 

8943 

8998 


9053 

9100 

9159 

9212 

9263 


9315 

9365 

9415 

9465 

9513 


9562 

9609 

9057 

9703 

9750 


9795 

9841 

9886 

9930 


7443 

7520 

7597 

7672 

7745 


7818 

7889 

7959 

8028 

8096 


8162 

8228 

8293 

8357 

8420 


8482 

8543 

8603 

8663 

8722 


8779 

8837 

8893 

8949 

9004 


9058 

9112 

9165 

9217 

9269 


9320 

9370 

9420 

9469 

9518 


9566 

9614 

9661 

9708 

9754 



98-1 

5 

98 

9 

0 

A 


7679 

7752 


7825 

7896 

7966 

8035 

8102 


8169 

8235 

8299 

8363 

8426 


8488 

8549 

8609 

8669 

8727 


8785 

8842 

8899 

8954 

9009 


9063 

9117 

9170 

9222 

9274 


9325 

9375 

9425 

9474 

9523 


9571 

9619 

9606 

9713 

9759 


9805 

9850 

9894 

9939 


7459 

7536 

7612 

7686 

7760 


7832 

7903 

7973 

8041 

8109 


8176 

8241 

8306 

8370 

8432 


8494 

8555 

8615 

8675 

8733 


8791 

8848 

8904 

8960 

9015 


9069 

9122 

9175 

9227 

9279 


9330 

9380 

9430 

9479 

9528 


9576 

91)24 

9671 

9717 

9763 


9809 

9854 

9899 

9943 


7466 

7543 

7619 

7694 

7767 


7839 

7910 

7980 

8048 

8116 


8182 

8248 

8312 

8376 

8439 


8500 

8561 

8621 

8681 

8739 


8797 

8854 

8910 

8965 

9020 


9074 

9128 

9180 

9232 

9284 


933.5 

9385 

9435 

9484 

9533 


9581 

9628 

9675 

9722 

9768 



7846 

7917 

7987 

8055 

8122 


8189 

8254 

8319 

8382 

8445 


8506 

8567 

8627 

8686 

8745 


8802 

8859 

8915 

8971 

9025 


9079 

9133 

9186 

9238 

9289 


9340 

9390 

9440 

9489 

9538 


9586 

9633 

9680 

9727 

9773 











































































TABLE IV. — COMPOUND AMOUNT: (1 + 0” 


n 1% li% 2% 2i% 


0150 1.0200 
0302 1.0404 
0457 1.0612 


3% 

4% 

1 

6% 

6% 

7% 




1.0600 1.0700 
1.1236 1.1449 
1.1910 1.2260 


4 1.0406 1.0614 1.0824 1.1038 1.1255 1.1699 1.2155 1.2625 1.3108 

5 1.0510 1.0773 1.1041 1.1314 1.1593 1.2167 1.2763 1.3382 1.4026 

6 1.0615 1.0934 1.1262 1.1597 1.1941 1.2653 1.3401 1.4185 1.6007 


7 1.0721 

8 1.0829 

9 1.0937 


1.1046 


11 1.1157 

12 1.1268 

13 1.1381 

14 1.1495 

15 1.1610 

16 1.1726 


843 


■ 


1.1098 

1.1265 

1.1434 


1.1605 


.1779 

.1956 

.2136 



1.3478 


1.3613 

1.3749 

1.3887 

1.4026 

1.4166 

1.4308 

1.4451 

1.4595 

1.4741 


1 . 4 S 89 


41 1.5038 

42 1.5188 

43 1.5340 

44 1.5493 

45 1.5648 

46 1.5805 

47 1.5963 

48 1.6122 

49 1.6283 


60 1.6446 


1.2318 

1.2502 

1.2690 

1.2880 

1.3073 

1.3270 


1.3469 



1.4295 

1.4509 

1.4727 

1.4948 

1.5172 

1.5400 


1.5631 


1.5865 

1.6103 

1.6345 

1.6590 

1.6839 

1.7091 

1.7348 

1.7608 

1.7872 


1.8140 


1 . 841 £ 

1.8688 

1.8969 

1.9253 

1.9542 

1.9835 

2.0133 

2.0435 

2.0741 


1.1487 

1.1717 

1.1951 


1.2190 


1.2434 

1.2682 

1.2936 

1.3195 

1.3459 

1.3728 

1.4002 

1.4282 

1.4568 


1.4859 


1.5157 

1.5460 

1.5769 

1.6084 

1.6406 

1.6734 

1.7069 

1.7410 

1.7758 


1.8114 


1.8476 

1.8845 

1.9222 


2.2080 


2.2522 

2.2972 

2.3432 

2.3901 

2.4379 

2.4866 

2.5363 

2.5871 

2.6388 




1.2801 


1.3121 

1.3449 

1.3785 

1.4130 

1.4483 

1.4845 

1.5216 

1.5597 

1.5987 


1.6386 


1.6796 

1.7216 

1.7646 

1.8087 

1.8539 

1.9003 

1.9478 

1.9965 

2.0464 


2.0976 


2.1500 

2.2038 

2.2589 

2.3153 

2.3732 

2.4325 

2.4933 

2.5557 

2.6196 


2.6851 


2.7522 

2.8210 

2.8915 

2.9638 

3.0379 

3.1139 

3.1917 

3.2715 

3.3533 


B 


1.2299 

1.2668 

1.3048 


1.3439 


.3842 

.4258 

.4685 


1.3159 

1.3686 

1.4233 


1 .4802 


1.5395 

1.6010 

1.6651 


1.4071 

1.4775 

1.5513 


1.6289 


1.7103 

1.7959 

1.8856 


1.5036 

1.5938 

1.6895 


1.7908 


1.8983 

2.0122 

2.1329 


1.6058 

1.7182 

1.8385 


1.9672 



1.5126 1.7317 1.9799 2.2609 2.6785 

1.5580 1.8009 2.0789 2.3966 2.7590 

1.6047 1.8730 2.1829 2.5404 2.9622 


1.6528 

1.7024 

1.7535 


1.8061 


1.8603 

1.9161 

1.9736 

2.0328 

2.0938 

2.1566 

2.2213 

2.2879 

2.3566 


2.4273 


2.5001 

2.5751 

2.6523 

2.7319 

2.8139 

2.8983 

2.9852 

3.0748 

3.1670 


3.2620 


3.3599 

3.4607 

3.5645 

3.6715 

3.7816 

3.8950 

4.0119 

4.1323 

4.2562 


1 .9479 
2.0258 
2.1068 


2.1911 


2.2788 

2.3699 

2.4647 

2.5633 

2.6658 

2.7725 

2.8834 

2.9987 

3.1187 


3.2434 


3.3731 

3.5081 

3.6484 


2.2920 

2.4066 

2.5270 


2.6533 


2.7860 

2.9253 

3.0715 

3.2251 

3.3864 

3.5557 

3.7335 

3.9201 

4.1161 


4.3219 


4.5380 

4.7649 

5.0032 


2.6928 

2.8543 

3.0256 


3.2071 


3.3996 

3.6035 

3.8197 


3.1588 

3.3799 

3.6165 


4.1406 

4.4304 

4.7405 


4.0489 5.0724 
4.2919 5.4274 
4.5494 5.8074 


4.8223 

5.1117 

5.4184 


5 


6.0881 

6.4534 

6.8406 


6.2139 

6.6488 

7.1143 




8.1451 

8.7153 

9.3253 



3.7943 5.2533 

3.9461 5.5160 

4.1039 5.7918 


4.2681 

4.4388 

4.6164 


4.8010 

4.9931 

5.1928 

5.4005 


6.0814 

6.3855 

6.7048 


7.0400 


7.3920 

7.7616 

8.1497 


5.6165 8.5572 

5.8412 8.9850 

6.0748 9.4343 

6.3178 9.9060 

6.5705 10.4013 
6.8333 10.9213 


6 


7.2510 9.9781 
7.6861 10.6766 
8.1473 11.4239 

8.6361 12.2236 
9.1543 13.0793 
9.7035 1 3.9948 

5 


16.0227 

17.1443 

18.3444 

19.6285 

21.0025 

22.4726 

24.0457 

25.7289 

27.5299 


312 






















































TABLE V. — PRESENT VALUE: (1 + /)“'* 


n 1% U% 2% 


1 .99010 

2 .98030 

3 .97059 

4 .96098 
6 .95147 

6 .94205 

7 .03272 

8 .92348 

9 .91434 


10 .90529 


11 .89632 

12 .88745 

13 .87866 

14 .86996 

15 .86135 

16 .85282 


17 .84438 

18 .836 

19 .827 


20 .8195 


21 .81143 

22 .8034 

23 ,7954 


24 .7875 

25 .77977 

26 .77205 

27 .76440 

28 .75684 

29 .74934 


30 .74192 

31 .73458 

32 .72730 

33 .72010 

34 .71297 

35 .70591 

36 .69892 

37 .69200 

38 .68515 

39 .67837 


40 .67165 


41 .66500 

42 .65842 

43 .65190 

44 .64545 

45 .63905 

46 .63273 

47 .62646 

48 .62026 
^ ^1412 

50 .6 


.98522 

.97066 

.95632 

.94218 

.92826 

.91454 

.90103 

.88771 

.87459 


.86167 


.84893 

.83639 

.82403 

.81185 

.79985 

.78803 

.77639 

.76491 

.75361 


.74247 


.73150 

.72069 

.71004 

.69954 

.68921 

.67902 

.66899 

.65910 

.64936 


.63976 


.63 
.62 
.61 

.60277 

.59387 

.58509 

.57644 

.66792 

.65953 


.65126 


.54312 

.53509 

.52718 

.51939 

.61171 

.60415 


.98039 
96117 
94232 

.92385 

.90573 

.88797 

.87056 

.85349 

.83676 


.82035 


.80426 

.78849 

.77303 

.75788 

.74301 

.72845 

.71416 

.70016 

.68643 


.67297 


.65978 

.64684 

.63416 

.62172 

.60953 

.69758 

.58686 

.57437 

.56311 


.55207 


.54125 

.53063 

.52023 

.51003 

.50003 

.49022 

.48061 

.47119 

.40195 


.45289 


.44401 

.43530 

.42677 

.41840 

.41020 

.40215 



.49670 .39427 
.48936 .38654 
.48213 .37896 


.47500 .37153 


2i% 


.97561 

.96181 

.92860 

.90595 

.88385 

.86230 

.84127 

.82075 

.80073 


.78120 


.76214 

.74356 

.72542 

.70773 

.69047 

.67362 

.65720 

.04117 

.62553 


.61027 


.59539 

.58086 

.66670 

.65288 

.53939 

.52623 

.51340 

.60088 

.48866 


3 % 4 % 6 % 6 % 7 % 


.97087 .96154 .95238 
.94260 .92456 .90703 
.91514 .88900 .86384 


.88849 .85480 
.86261 .82193 

.83748 .79031 




.81309 

.78941 

.76642 


.74409 


72242 

70138 

68095 


.75992 

.73069 

.70259 


.67556 


.64958 

.62460 

.60057 


.82270 

.78353 

.74622 

.71068 

.67684 

.64461 


.61391 


.58468 

.55684 

.53032 


.66112 .57748 .50507 
.64186 .55526 .48102 
.62317 .53391 .45811 


.60502 

.58739 

.57029 


.55368 


.53755 

.52189 

.50669 

.49193 

.47761 

.46369 

.45019 

.43708 

.42435 


.41199 


.51337 

.49363 

.47464 


.45639 


.43883 

.42196 

.40573 

.39012 

.37512 

.36069 

.34682 

.33348 

.32005 


.30832 


.43630 

.41552 

.39.573 


,37689 


.35894 

.34185 

.32557 

.31007 

.29530 

.28124 

.26785 

.25509 

.24295 


.23138 


.46511 

.45377 

.44270 

.39999 

.38834 

.37703 

.29046 

.28506 

.27409 

.22036 

.20987 

.19987 

.43191 

.42137 

.41109 

.30604 

.35538 

.34503 

.20355 

.25342 

.24367 

.19035 

.18129 

.17266 

.40107 

.39128 

.38174 

.33498 

.32523 

.31575 

.23430 ' 

.22529 

.21662 

.16444 

.15601 

.14915 

.37243 

..30656 

.20829 

.14205 

.36335 

.35448 

.34584 

.29763 

.28896 

.28054 

.20028 

.19257 

.18517 

.13528 
. 1 2884 
.12270 

.33740 

.32917 

.32115 

.27237 

.2(>444 

.25074 

.17805 

.17120 

.16401 

1 

11686 

.11130 

.10600 

.31331 

.30567 

.29822 

.24926 

.24200 

.23495 

.15828 

.15219 

.14634 

.10095 

.09614 

.09150 

.29094 

.22811 

.14071 

.08720 


.94340 

.89000 

.83962 

.79209 

.74726 

.70496 

.66506 

.62741 

.59190 


.55839 


.52679 

.49697 

.46884 

.44230 

.41727 

.39365 

.37136 

.35034 

.33051 


.31180 


.29410 

.27751 

.26180 

.24698 

.23300 

.21981 

.20737 

.19563 

.18456 


.17411 


.16425 

.15496 

.14619 

.13791 

.13011 

.12274 

.11579 

.10924 

.10.306 


.(X)722 


.93458 

.87344 

.81630 

.76290 

.71299 

.66634 

.62275 

.58201 

.54393 


.50835 


.47509 

.44401 

.41496 

.38782 

.30245 

.33873 

.31657 

.29586 

.27651 


.25842 



.19716 

.18425 

.17220 

.16093 

.15040 

.14056 


.13137 


.12277 

.11474 

.10723 




0022 

9366 

8754 


08181 

07646 

07146 


06678 


6241 

5833 

5451 



.05429 .03396 
























































TABLE VI. — AMOUNT OF AN ANNUITY: = 


(1 + iY - 1 


3 % 

4 % 

6 % 

6 % 


r 


1.0000 1.0000 1.0000 
2.0150 2.0200 2.0250 
3.0452 3.0604 3.0756 


4.0604 4.0909 4.1216 4.1525 

5 5.1010 5.1523 5.2040 5.2563 

6 6.1520 6.2296 6.3081 6.3877 

7.2135 7.3230 7.4343 7.5474 

8 8.2857 8.4328 8.5830 8.73611 

9 9.3685 9.5593 9.7546 9.9545 


10110.4622 10.7027 10.9497 11.2034 


11 11.5668 11.8633 12.1687 12.4835 

12 12.6825 13.0412 13.4121 13.7956 

13 13.8093 14.2368 14.6803 15.1404 



7.6625 

8.8923 

10.1591 


11.4639 


12.8078 

14.1920 

15.6178 


1.0000 

2.0400 

3.1216 

4.24651 

5.4163 

6.6330 

7.8983 

9.2142 

10.5828 


12.0061 


13.4864 

15.0258 

16.6268 



4.3101 

5.5256 

6.8019 

8.1420 

9.5491 

11.0266 


12.5779 


14.2068 

15.9171 

17.7130 


4.3746 

6.6371 

6.9753 

8.3938 

9.8975 

11.4913 


13.1808 


14.9716 

16.8699 

18.8821 


7 % 


1.0000 

2.0700 

3.2149 

4.4399 

6.7507 

7.1533. 

8.6540 

10.2598 

11.9780 


13.8164 


15.7830 

17.8885 

20.1406 


14 14.9474 15.4504 15.9739 16.5190 17.0S53 18.2919 19.5986 21.0151 22.6505 

15 16.0969 16.6821 17.2934 17.9319 18.5989 20.0236 21.5786 23.2760 25.1290 

16 17.2579 17.9324 18.6393 19.3802 20.1569 21.8245 23.6575 25.6725 27.8881 

17 18.4304 19.2014 20.0121 20.8647 21.7616 23.6975 25.8404 28.2129 30.8402 

19.6147 20.4894 21.4123 22.3863 23.4144 25.6454 28.1324 30.9057 33.9990 

20.8100 21.7967 22.8406 23.9460 25.1169 27.6712 30.5390 33.7600 37.3790 

22.0190 23.1237 24.2974 25.5447 26.8704 29.7781 33.0660 36.7856 _ 

21 23.2392 24.4705 25.7833 27.1833 28.6765 31.9692 35.7193 39.9927 44.8652 

22 24.4716 25.8376 27.2990 28.8629 30.5368 34.2480 38.5052 43.3923 49.0057 

23 25.7163 27.2251 28.8450 30.5844 32.4529 36.6179 41.4305 46.9958 53.4361 

24 26.9735 28.6335 30.4219 32.3490 34.4265 39.0826 44.5020 50.8156 58.1767 

25 28.2432 30.0630 32.0303 34.1578 36.4593 41.6459 47.7271 54.8645 63.2490 

26 29.5256 31.5140 33.6709 36.0117 38.5530 44.3117 61.1135 69.1564 68.6765 


27 30.8200 32.9867 35.3443 37.9120 40.7096 47.0842 54.6691 

28 32.1291 34.4815 37.0512 39.8598 42.9309 49.9676 58.4026 

29 33.4504 35.9987 38.7922 41.8563 45.2189 52.9663 62.3227 

16 34.7849 37.5387 40.5681 43.9027 47.5754 56.0849 66.4388 

31 36.1327 39.1018 42.3794 46.0003 60.0027 69.3283 70.7608 

32 37.4941 40.GS83 44.2270 48.1503 52.5028 62.7015 75.2988 

33 38.8690 42.2986 46.1116 50.3540 55.0778 66.2096 80.0638 


63.7058 74.4838 
68.5281 80.6977 
73.6398 87.3465 


9.0582 94 

84.8017 102.0730 
90.8898 110.2182 
97.3432 118.9334 



34 40.2577 43.9331 48.0338 52.6129 67.7302 69.8579 85.0670 104.18^ 

35 41.6603 45.5921 49.9945 54.9282 60.4621 73.6522 90.3203 111.43^ 

36 43.0769 47.2760 51.9944 57.3014 63.2759 77.6983 95.8363 119.1209 148.9WO 

37 44.5076 48.9851 54.0343 59.7339 66.1742 81.7022 101.6281 127.^1 

38 45.9527 50.7199 56.1149 62.2273 69.1694 85.9703 107.7095 13f-^2 172.^iu 

39 47.4123 52.4807 58.2372 64.7830 72.2342 90.4091 114.09501145.0685 

75.4013 95.0255 120. 7998, . 

62.0100 70.0876 78.6633 99.8265 127.8398 165.0477 214.M96 

64.8622 72.8398 82.0232 104.8196 135.2318 175.9505 230.W^ 
67.1595 75.6608 85.4839 110.0124 142.9933 187.5076 247./^0O| 

69.5027 78.5523 89.0484 115.4129 151.1430 19g-7580 
71.8927 81.5161 92.7199 121.0294 159.7002 212.7435 g 

74.3306 84.5540 96.5015 126.8706 168.6852 226.6081 306.76 

76.8172 87.6679 100.3965 132.9454 178.1194 241.0^6 
79.3535 90.8596 104.4084 139.2632 188.0254 256.6645 3W. ^ 
94.1311 108.5406 145.8337 198.4267 272.95W1378.yyw 

209.3480 


41 50.3752 56.0819 

42 51.8790 57.9231 

43 53.3978 59.7920 

44 54.9318 61.6889 

45 56.4811 63.6142 

46 58.0459 65.5684 

47 59.6263 67.5519 

48 61.2226 69.5652 

49 62.8348 71.6087 


60 64.4632;73.6828 


54.0343 59.7339 
56.1149 62.2273 
58.2372 64.7830 


60.4020 67.4026 


62.0100 70.0876 
64.8622 72.8398 
67.1595 75.6608 


76.8172 87.6679 100.3965 132.9454 
79.3535 90.8596 104.4084 139.2632 
181.9406 94.1311 108.5406 145.8337 


84.5794|97.4843|112.7969|152.6671 
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TABLE VII.— present VALUE OF AN ANNUITY: ^ ~ (1 + t) 


n 1% 2% 2i% 3% 

.9901 .9852 .9804 .9756 .9709 

1.9704 1.9559 1.9416 1.9274 1.9135 

2.9410 2.9122 2.8839 2.8560 2.8286 

3.9020 3.8544 3.8077 3.7620 3.7171 

A I t ^-^^35 4.6458 4.5797 

6 5.7955 5.6972 5.6014 6.5081 5.4172 




6 % 


.9615 




.9524 .9434 .9346 

1.8594 1.8334 1.8080 
2.7232 2.6730 2.6243 


3.5460 3.4651 3.3872 
f4ol8 4.3295 4.2124 4.1002 
5.2421 5.0757 4.9173 4.7666 



6.7282 

7.6517 

8.5660 


9.4713 


11 10.3676 

12 11.2551 

13 12.1337 



6.6982 6.4720 6.3494 6.2303 
7.4859 7.32551 7.1701 7.0197 
8.3605 8.1622 7.9709 7.7861 

9.2222 8.9826 8.7521 “8.5302 

10.0711 9.7868 9.5142 9.2526 
10.9075 10.5753 10.2578 9.9540 
11.7315 11.3484 10.9832 10.6350 


6.0021 

6.7327 

7.4353 


8.1109 


8.7605 

9.3851 

9.9856 


5.7864 

6.4632 

7.1078 


7.7217 


6.5824 

6.2098 

6.8017 


7.3001 



12.5434 12.1062 11.6909 11.2961 10.5631 9.8986 9 2950 

lA 13.3432 12.8493 12.3814 11.9379 11.1184 10.3797 9 7122 

16 14.7179 14.1313 13.5777 13.0550 12.6611 11.6523 10.8378 10 1059 


17 15.5623 

18 16.3983 

19 17.2260 

20 18.0456 


21 18.8570 

22 19.6604 

23 20.4558 


14.9076 14.2919 13.7122 13.1661 12.1657 
15.6726 14.9920 14.3534 13.7535 12.6593 
16.4262 15.6785 14.9789 14.3238 13.1339 

17.1686 16.3514 15.5892 14.8775 13.5903 

17.9001 17.0112 16.1845 15.4150 14.0292 
18.6208 17.6580 16.7654 15.9369 14.4511 
19.3309 18.2922 17.3321 16.4436 14.8568 


11.2741 

11.6896 

12.0853 


12.4622 


12.8212 

13.1630 

13.4886 


10.4773 

10.8276 

11.1581 


11.4699 


11.7641 

12.0416 

12.3034 


6.3893 

5.9713 

6.5152 


7.0236 


7.4987 

7.9427 

8.3577 

8.7455 

9.1079 

9.4466 

9.7632 

10.0591 

10.3356 


10.5940 


10.8355 

11.0612 

11.2722 


24 21.2434 20.0304 18.9139 17.8850 16.9355 15.2470 13 79.S6 12 '5504 n iAO-? 

26 '7.4131 15.6221 IIS 11‘S 

26 22.7952 21.3986 20.1210 18.9506 17.8768 15.9828 14.3752 13.0032 11.8258 


27 23.6696 

28 24.3164 
20 25.0658 


30 25.8077 


31 20.5423 

32 27.2696 

33 27.9897 


22.0676 

22.7267 

23.3761 


24.0158 


24.0461 

25.2671 

25.8790 


20.7069 

21.2813 

21.8444 


22..3905 


22.9377 

23.4683 

23.9880 


19.4640 

19.9649 

20.4535 


20.930.3 


21.3954 

21.8492 

'22.2919 


18.3270 

18.7641 

19.1885 


19.6004 


20.()0(>4 

20.3888 

20.7658 


1G.329G 

10.6031 

16.9837 


17.2920 


17.5H85 

17.8736 

18.1476 


14.6430 

14.8981 

15.1411 


15.3725 


15.5928 

15.8027 

16.0025 


13.2105 11.9867 
13.4062 12.1371 
13.5907 12.2777 


13.7048 12.4090 


13.9291 12.5318 
14.0840 12.6406 
14.2302 12.7538 


34 28.7027 26.4817 24.4986 22.7238 21.1318 18.4112 

35 29.4086 27.0756 24.9980 23.1452 21.4872 18 OMG 

36 30.1075 27.6607 25.4888 23.5563 21.8323 18.0083 


37 30.7995 

38 31.4847 

39 32.1630 


40 32.8347 


41 33.4997 

42 34.1681 

43 34,8100 


28.2371 

28.8051 

29.3040 


29.9158 


30.4590 

30.9941 

31.5212 


25.9605 

120.4400 

20.9020 


27.3555 


27.7995 

28.2348 

28.6016 


23.9573 

24.3486 

24.7303 


25.1028 


25.4fi01 

25.8206 

26.1604 


22.1672 

22.4925 

22.8082 


23.1148 


23.4124 

23.7014 

23.9819 


19.1426 

19.3079 

19.5845 


19.7928 


19.9931 

20.1856 

20.3708 


16.1929 14.3081 12.8540 
16. .3742 14.4982 12.9477 
16.5469 14.6210 13.0352 

10.7113 14.7368 13.1170 
10.8079 14.8460 13.1935 
^<•0170 14.9491 13.2649 
17.1591 15.0403 13.3317 


17.4232 

17.5459 


a 32.0406 29.0800 26.6038 24.2543 20.5488 17 6628 

5a 20.7200 17 7741 

46 36.7272 33.0565 29.8923 27.15-12 24.7754 20.8847 

47 37.3537 33.6532 30.2806 27.4075 25.0247 21 04‘>9 

34.0426 30.0731 27.7732 25.2607 2L1951 
49 38.6881 :m.5247 31.().V21 28.0714 25.5017 21.3415 

39.1961 34.9997 31.4230 28.3023 25.7298 
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Exercise 1, Page 5 

1. All are rational except v^. 2. All are rational except V3. 

3. -6 < -1. 5. 0 > -3. 6. -2 > -3. 

7, -16. 9. 60. 10. -24. 

11. -3. 13. 3. 14. -0. 


15. -5; -7; -6; -6. 

18. -8; -16; -48; -3. 

21. 5; 15; -50; -2. 

23. (a) 0; (6) ruled out; (c) 0. 


17. -10; -6; 16; 4. 

19. -9;9;0;0. 

22. —7; —7; 0; ruled out. 
25. a = 0 and b 7 ^ 0. 


1. 4x + 5y + 6. 
5. 4x — 6?/ + 5. 
9. -32. 

1^. 

17. x«. 

21. 16xV- 

25. - 

29. a*. 


Exercise 2, Pages 7-8 


2. 8a — 7. 

6. — 2a + 65 + 5. 

10 . 1 , 000 , 000 . 

14. fSTj. 

18. a*. 

22. 27a*6>. 



32a ^ 


30. a'. 


3. 3a - 6 - 2. 
7. 125. 

11 . . 0001 . 

15. a». 

19. 

23. 100j‘. 

27. 8a»5»c>^ 


31. (a) 1; (6) X, y, xy, y^ 1; (c) 1- ^ , , . , 

33. (a) 3; (6) 5, x, 5x, 1; ?/, 1: 1, 2, 3, 4, G, 12; (c) 5, 1, 12. 

34. (a) 1; (6) t, (x + y), t{x + y). I ; (c) 1. 

35. (a) 24; (6) 24y^ (c) 3x. 

* Answers arc given to ail problems except those whose mimbers are 
multiples of four. 

31£ 



320 


ANSWERS 


Exercise 3, Pages 10-11 


1 . 30a^®. 

2 . 2a53. 

3. -14a55’. 

5. 12a* — 6a5. 

6 . — 4 - 12 xy. 

7. -Ga* + 8a36 + 10a*6^ 

9. 3x3 + iOa :2 ^ 133 . iq. 

10. 15x3 38x + 24. 

11 . 4x3 __ 35x2 18^ 

13. 15x5 + 29x3 - 24x + 4. 

14. x^ - 1. 

15. X* - 7x3 ^ 

17. 5a3c®. 

18. 

19. 4x* + 3x - 2. 

21. 2x - 3. 

22 . 4x + 7. 

23. x* + 7x + 8 + — 


X - 2 

A 

25. 3a3 + a* - 2a - 5 H — 

26. 4x5 0 j 2 2x 7 + • 

2a - 5 

3x + l 

27. 7x - 3 + — 

29. -Sx* + 6 x - 7. 

x* - 3x + 1 


30. 4x3 — 6xy3 -|- 9yio. 

31. x^ + 2x5y + 4x3y3 + 8 xy* + 16y*. 

Exercise 

4> Pages 13-14 

1. x3 - 9. 

2 . x3 - 49. 

3. 25x3 - 1. 

5. 4y3 - 49. 

6 . 16y3 - 9. 

7. 81x3 _ i 6 yJ. 

9. x3 + 12x + 36. 

10. x* + lOx + 25. 

11. 9x3 i2i + 4. 

13. 4(3 - 28; + 49. 

14. 36r3 - 12r + 1. 

15. 25x3 - 90xy + Sly*. 

17. x3 + 8x + 12. 

18. x* + 9x + 20. 

19. x3 - 8x + 7. 

21. x* + 7x - 18. 

22. x3 + 2x - 35. 

23. x3 - 2x - 3. 

25. 3x3 + lOx + 8. 

26, 5x3 4. 22x + 21. 

27. 21t/ 3 + I3y H- 2. 

29. 45x3 - 23xy + 2y*. 

30. 40x3 _ 31xy + Gy*. 

31. 35x3 - 58x + 24. 

33. 2x3y3 — axy — 2la\ 

34. 2a363 -i- 3a5( - 5(3. 

35. 8x3 i 82 .y _ 

37. 12x3 + 23 x - 77. 

38. 55x3 _ 32- _ 18^ 

39. 30r3 + Sirs - Gs*. 

41. 9x3 _ 

42. x* - .04. 

43. x* + 1.4x + .49. 

45. 64x« - 80x*y* + 25y«. 

46. 25x3 _ ^ + ±. 

47. Or* + 36rs + 36s*. 

3 36 



50. + 4«y + 

51. + id^ 2uv H- 2uw + 2vw. 

53. + 2rs + s* — 5r — 5s H- 6. 

54. c2 + 2c(i + + c + d - 42. 

55. H- 2rs + s» - - 2tu - u». 



answers 
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57. 49r2 + 70rt + 25<2 - s^. 

58. 9u2 + 24uy + W - 33uu) - 44tny + 30u;2. 

59. r2 + s2 + + 2rs + 2rt + 2st. 


Exercise 5, Pages 16-17 


I. m(r + s). 

3. 3x(4x — 1). 

6. 7a6(3a — 1). 

9. 2aWa + 36 - 5a®6^). 

II. (x + 8)(x - 8). 

14. (9x + 4t/)(9x - 4y). 

17. 7(2j/ + 2)(2j/-z). 

19. {4x + i/)(4a: - V^)- 


2. Hs - t). 

5. -4xi/(l + 2y). 

7. x^{x* + x2 + 1). 

10. Zxh/i^y^ “ + 2x). 

13. {5x + 6i/)(5x - Gy). 

15. {y + i)ly ~ i)- 
18. 3(c + 5ci)(c - 5d). 

21. (x + 4)^ 


22. (x - 8)^ 

26. (7x - 4?/)^ 

30. (ui — 6)^. 

34. (x y){x + 16//). 
38. (f-8)U + 6). 

42. (5x + 9)(x + 1). 
46. (2x + l)(x - 1). 


23. (X - lOyy. 

27. (x^- 11)^ 

31. {3x - 2yy. 

35. (x4-6)(x - 1). 
39. (x - 4i/)(x - 9//). 
43. (3r + 8K^ “ !)• 
47. (7x - ll)(x - 1). 


25. (6x + oj/)*. 

29. (/ + 7)2. 

33. (x4-2)(x + 3). 
37. (x - 8)(x + 5). 
41. (2x + l)(x + 1). 
45. (5x — 6//)(x + y). 
49. (2x - 5)(2x - 7). 


50. (3x + 5)(2x + 7). 

53. 5x(x + 2y){x - 2y). 

55. 10x2(x - 4)2. 

59. (x2 + 3)(x + 3)(x - 3). 
62. (2x + 7)(5 - x). 

65. (25x + 2)(3x - 4). 

67. -(x - 13y)2. 

71. (a+ l)(a + 5)(a + 3)2. 


51. (2x-t-3)(5x - 2). 

54. 2a{x + 7)2. 

57. (x2 + 4j/2){x + 2y){x - 2y). 

61. (3x - 2)(2 - x). 

63. {Zt - 8) (2/ + 7). 

66. (3x - 8)(6x - 5). 

70. (a + 5s + 50{a - 2s - 2/). 

73. (r + s + u + y)(r + s - u - y). 


74. (a - 6 + 2c - 2rf)(a - 6 - 2c + 2d). 

75. (s + < + 6)2. 


Exercise 6, Page 19 


!• U + t/)(5a + 66). 

3. (a + 6)(x + y)- 
6. (4a + 76)(2 — 2u>). 

9. (3x + 2) (7x2 _ 5 ). 

11. (a — b){w — z). 

14. (r + a 4- 56)(r — a — 56). 

17. (llx + a + 86)(llx - a - 86). 
19. (6r + y + l)(6r - y - 1). 

22. (x2 + 3x + 5)(x2 - 3x + 5). 


2. (x + 8y)(2r — 3s). 

5. (a - 2b) (or - Gs). 

7. (x — l)(6x2 + 7). 

10. (x + 6)(x2-|-9). 

13. (x + « - 36)(x - a + 36). 

15. (x + 9y + r)(x + 9y - r). 

18. (lOx + c - 7»i)(10x - c + Id). 
21. (x2 + 4x4- 9)(x2 - 4x 4- 9). 
23. (x2 4- 2x 4- 2)(x2 - 2x 4- 2). 


ANSWERS 
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25. {x^ + 6a: + l){x^ - 6i + 1). 

26. (a:^ oxy ~ 5xy + lOy^). 

27. (x2 + Ixij - 3if){x^ - 7xy - 3y^). 

29. i5x^ + 6 x 1 / - 7(/2)(5x2 - 6 a:i/ - 7t/2). 

30. (2x2 + _ 4y^){2x^ - 3xy - 4/). 

31. (3x2 + 8 xi/ + 6 j/2)(3x2 - 8xi/ + 6i/2). 

33. (a + 6 H« + 6 + 1). 34. (5x + 4i/)(5x - 4y - 1). 

35. (3r + 2s)(l - 3r + 2s). 37. (s - 30(a + 6 )(a - 6 ). 

38. (7iiJ — 2 )(x + 2y){x — 2y). 

39. (a + 56 + X - 9?7)(a + 56 - x + 9y). 

41. (2r + 3/ + X + 47)(2r + 3« - x - 4i/). 

42. (6u — y + 2 — 5)(6u — y — 2 + 5). 

43. a6(x + y){c + (i — 1). 

45. (x + 1 / + 2)(3 — a + 6). 

46. (2 - y){y + 3)(i/ - 3). 


Exercise 7, Page 21 

1. (x + 2)(x2 - 2x + 4). 2. (x - 2)(x2 + 2x + 4). 

3. (r _ s)(r2 + rs + s^). 5. (x - 10)(i2 + lOx + 100). 

6. (x + 10)(x2 - lOx + 100). 7. (s + i)(s2 - | + ^)* 

9. (4x + 5)(10x2 - 20x + 25). 10. (3x - 4ij){9x^ + I2xy + 16(/2). 

11. (2x2 _ i)(4x^ + 2 x 2+ 1). 

13. (x — 1/)(x2 + XI/ + 1/2) (x® + xV + 

14. (x + 17 )(x 2 - xy 1/2) (x® — xV + 2/®)- 

15. (x + i /)( x ^ - x^y + X272 - xrf + i/){x^^ - xY + 2/*®)- 

17. (r + s + 3)(r2 + 2rs + s2 - 3r - 3s + 9). 

18. ip ~ q — o)(p2 — 2pq + q^ 5p — 6q + 25). 

19. (5x — u + y)(25x2 + 5wx — oi’X + w2 — 2uy + v^). 

21. 2x(x - 2)(x2 + 2x + 4). 

22. 3a2x2(3 + x){9 - 3x + x2). 

23. (x + i/)(x® — x®i/ + xV “ xY + xY — + V^)' 

25. (x - 2)(x' + 2x2 + 4x2 + 8x + le). 

26. (x + 2)(.r^ - 2x2 _|_ 4^2 _ + 16). 

27. (x-* + i/')(x2 + if){x + i/)(x — y). 

29. (x2 + i/)ix* - xhf + y^). .v 

30. (x- y){x + i/)(x2 + ?/2)(x2 + XI/ + i/2)(x2 - XI/ + i/*)(x< - x2j/ + ir;- 


Exercise 8, Pages 23-24 

2 84* 2 

s! (x+l)(x+2)(x+3)(x+4);x+3. 


1. 450; 15. 
3. 90x2^2; 
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6. 24x(x + 3)(x - 3)2; 2(x - 3). 
9. 12{x + 7). 

11. 3(x-4)(x + 2). 

14. 8(3x - 5)2. 


7. (x - 4)2(1 + 9). 

10. (x -f* 8)(x - 8){x + 9)(x - 9). 
13. (x-5)2(x- l)(x-H3). 

15. (x + y){x - t/)(x2 - X?/ + 1/2). 


17. (x - i/)Hx + !/). 

18. (x + + ^ + 1)(^ - X + 1). 


Exercise 9, Pages 26-28 


1 . 


TT 


7 - 

X. 7 . 


6 . 


11 . 


17. 


14a« 

56 ’ 

X - 7 

x + 7 


1 


x2 - ox + 25 


22. x2 - 3x. 


27. - ^ 


33. - 


4a 


6 4- c 
38. True. 

43. False. 


7. 3. 


13. 


18. 


X - 8 

x4- ll' 
x2 -f 2x + 4 


x4-2 
23. 2a2 - 3a6. 


- 1 


34. 


r + s 


X + 1/ 

39. True. 


45. -3 


49. - 


o2 + n6 + 62 


51. 0 4-6 + 1. 


, 3a«6V 

3. 

- 36' 

0* — • 

4 

2a 

9. 4. 

10. — 


2x - 5 

14 2(-r-2). 

15 ^ • 

14. 

X — 3 

X + y 

19. ac. 

21. 6(x + y). 

25. 4x + 8. 

26. 7. 

nh 

a + 6 

30. 

31. 

c 

6 

35. True. 

37. True. 

41. False. 

42. True. 

46. — 

47. 

a-b 

X + y 

50. 

x2 + y2 

^ ^ ^ t 


50 

* (x2 + xy + y 2 )(x 2 - xy + y2) 

53. (a), (6), (c), {e). 


Exercise 10, Pages 30-32 


1 . 


4x + 5y — 6 


5. 1. 


9. - 


13. 


T5- 

3x - 2 
6 


2. 4. 


6 . 


10 . 


14. 


3x 


X + 1 
X — .5 

12 

26 - 1 


ab 


3. 


2x + 3 
G 


7 1 ft 

/• 5T* 


11 . - 


14a + 33 


9 


15. 


II 




x2y 
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17. 5. 



3x + 70 
(X - 7)(x + 6)* 




2 

(x + l)(x + 3)’ 
6a - 1 
3a - l' 


19 iZx+l. 
' 24(x + 5) 

23. 4. 


g 15x^ - 76x + 8 
12(x + 2)(x -2)‘ 

27. 0. 









2x^ + 12x - 5 

(x + 2)(x + 5)(x + 6)' 
x^ + 28 

(x + 5)(x - 2)(x - 6) 
_1 

X -i- 3 

_ (x - 2)(x - 6) 

{X - 4)» 

6 

(x - i)(x - zr 
2(x + 3) 

ix - zy 

5x^ + 8x + 4 
(5x - 2)3 











1 

X - 3* 

X + 4 

X 

5 

X - 5* 

jg + 2x - 20 
(x + l)(x -i- 3)(x -f 4) 

5x3+ 1 

6(x + 1)3* 

X + 2 

(X + 3)3* 

3 

X - 3* 

_ 5x + 21 
8x3 + 125' 

5x3 - I8x - 9 

(X+ 1)3(X - 1)* 


Exercise 11, Pages 33-34 


1. 

i- 


2 . 

1 5 
~T-- 

3. 

56x 

3 


5. 


6. 

i- 


7. 

353 

2ax* 

9. 

4a3 

5x 


10. 

25x«y 

84a3 

11. 

— 

1. 

13. 

1 

T- 

14. 

a. 


15. 

3 

X 

17. 

X 

+ 1 

18. 

x + 1 

19. 

X • 

- 4 

21. 

1. 


X 

- 2 

x + 2 


2(x 

- 9)3 



22. 


1 

23. 

X. 

25. 

x3 - 

4x + 16. 

26. 

y - X 

X 

+ 1 









27. (a) - i; (6) <C) (; (d) 


1 


m + n 


(e) 


X + y 

2x 


29. 1. 
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1 . 

6 . 2 . 



ix — Zy 
9 




x + 2 

1 + 6 
X + 1 

X + 3 


25. = — -• 

3(x - 5) 



2 

T- 


1. Identity. 
5. Yes. 



22 . 

27. 

33. 

38. 

43. 



49. V-- 



59. 

65. 


be 

a 

a5 — 9 
3a - 1 


70. a + 6. 


Exercise 12, Pages 35-37 


2. 

3. 

4 8 

TT- 

^ A 

9. 

x(x — 3) 


x + 2 

13 

2 

1 A 

1 


a(a — 3) 


5 * -iz' 


10 . 


6-8 


15. 7 - X. 


18. 

7(x + 1) 

3(x + 2) 

19. 

22. 

\ 1 

H « 

23. 

26. 

X — 3 

27. 

(x + 2)(x + 3) 

30. 

1 

31. 

(X - 4)* 


(x + l)(x + 2) 

(x + 4)(x + 5) 
X - 2 

X - 1* 

X — 6 

llx - 18* 

_ I 

^ T- 


Exercise 13, Page 40 

2. Conditional. 3. Conditional. 

6. Yes. 7. Yes. 


Exercise 14, Pages 4++7 


2. 

-9. 

3. 

1 

"" 2‘ 


5. 

0. 

7. 

16. 

9. 

5 

T- 


10. 

18. 

13. 

4 

TT « 

14. 

0. 


15. 

.13. 

18. 

23. 

I 

3- 

5. 

19. 

25. 

6. 

1 

^ 2- 


21. 

26. 

11. 

2 

“ 3* 

29. 

2 

^ 1 • 

30. 

11. 


31. 

-2. 

34. 

o 

0. 

35. 

2 

^ $• 


37. 

0. 

39. 

10. 

41. 

1 

•i* 


42. 

— 4. 

45. 

No solution. 

46. 

No solution. 

ft 

47. 

No solution. 

50. 

1. 

51. 

a — b 

7 


53. 

0 

a+ 1 

55, 

a 

^ L 

57. 

a + 1. 


58. 

2a. 


0 — 0 


b 


63. 

b -2c 

61. 

ab. 

62. 

a 


a — c 

66. 

h — a 

1 + o6 

67. 

be — a 

c 

+ 6 

69. 

2ab 

3a + 46 

71. 

2s 

1 

73. 

|(F- 

32). 

74. 

S - a 

s - 1 
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75. Z — ► 

4 + % 

79. (1) (2) ^ 


1 + rt 


Pr 


82. (1) — —■ (2) 


6 + 5 


2). 

c 

78. - 

-2x. 

81. (1) 


2S-7U 

a + / 

n 

83. (1) 

(2) 

V . 

a + 6 

b-f 


Exercise 15, Pages 49-51 


1. 21; 22. 2. 34; 35; 36; 37. 

3. 13. 5. 34 nickels; 26 dimes. 

6. 58 earn S40; 12 earn S45. 7. S180; S90; $45. 

9. 11 nickels; 22 dimes; 66 quarters. 

10. 21 ft.; 28 ft.; 35 ft. 

11, 30 lb. of 80(i tea; 70 lb. of 50(i tea. 

13. 10 oz. 14. 35 lb. 15. 2J lb. 17. 6 quarts. 

18. — gal. of pure alcohol; — gal. of 20% solution. 

16 16 


19. 4^ hr. 

22. 120 mi. 

25. 170 mph. 

27. 6 j ®5 ft. from boy. 

30, 16 years and 48 years. 
33. S850 at 3%; S150 at 5%. 
35. S4200. 

38. 1 : 38r\. 


21. 18j mi. 
23. 4 mph. 
3(ih 


26. 


3a + 2 


mph. 


29. 22 years from now. 
31. 2| hr. 

34. $13,200. 

37. 3 : 16^V- 
39. 4 ; 26|||. 


Exercise 

1. s equals the /-function of /. 
11. D = .70x. 

14. I = .03x. 

17. 17. 

19. 2. 

22. 3a2 - 4a. 

25. 2ow^ + 2(ku + 4. 

27. I?. 

30. 15z2 - 202 + 2. 

33. (a) y = tx - 2x + 7; (6) x 

34. 20; 4; -16. 


16, Pages 54-55 

6. the cost per gallon. 

13. r = 60 + 5n. 

15. 5 = 4 + .03(x - 100). 
18. -48. 

21 . 20 . 

26. 5ii’2 + 2. 

29. 20r + 8. 

31 3- 27. a-66_ 
’l25’2(a-56) 

7-y 

2 - T 
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Exercise 17, Pages 57-59 
9. (a) II; (6) III: (c) IV; {d) I; (e) IV. 


Exercise 19, Page 65 


19. (a) y = W I = 

20. (o) y = (i>) X = 


8-7y 

3 

5y + 7 

4 


Exercise 20, Pages 67-68 


1. (x«-2.1,y = 2.9). 
3. (i = 3, y =-1.6). 

6. (x = 1.2, y =-1.3). 

9. (x = 3.2, y =-1.6). 


2. (x = 3.6, y = .8). 

5. (x = -1.2, y =-4.2). 
7. (x = 1.8, y = 2.5). 

10. (x = -4, y = 1.4). 


11. No solution. Inconsistent. 

13. Infinitely many solutions. Dependent, (x 

14. No solution. Inconsistent. 

15. No solution. Inconsistent. 


= 0, y = 4); (x = 6, y = 0) 


Exercise 21, Pages 71-72 


I. (x =-2,y = 3). 

3. (x =-l,y =-2). 

6. (x = I, y = i). 

9. (x =-iy =-D- 

II. (x = iy =-^). 

14. (x = — y = -B)- 
17. (x = 0, y =-?). 

19. {x = 2, y = 3). 

22. (x = 1, y = 1). 

25. Dependent. 

27. Inconsistent. 

30. Dependent. 

33. (x = ly = \). 

35. (x = + 62, y = -ab). 

38 . ^ ^ ^)' 


2. (x = 1, y = 6). 

5. (X = i y = 0). 

7. (x = 9, y = 1). 

10. (x = 0, y = 0). 

13. {x = 7, y =-f). 
15. (x =-10, y = 9). 
18. (x = I, y = h)- 
21. (x = 0, y = 0). 

23. (x = y =-§). 
26. Inconsistent. 

29. Inconsistent. 

31. (x = -j, y = s). 
34. (x = —2, y = ^). 
37. (x = a, y = 6). 
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Exercise 22, Page 73 


1. (x = 3, 2/ = 2, z = 0). 

3. (x = 2 / = 5, z = I). 

6. (x =\0,y= 11, z =-12). 
9. (x =-i y =-i z =-h). 
11. (x = 2, 2 / = 0, z = 0). 

14. (x = 2, y = 3, z = 4). 


2. (x = 1, y = 
5. (x = 3, y = 
7. (x = i y = 
10. (x = — 1, y 
13. (x = I, y = 
15. (a = 2, 6 = 


1, z = 
1, z = 
1, z = 
= 3,z 

1.2 = 
0, c = 


2 ). 

i)* 

!)• 

= -i). 

5). 


- 6 ). 


Exercise 23, Pages 75-77 

2. 6 free throws; 21 field goals. 
5. 90 mph; 10 mph. 

7. S5 and S7. 


1. 18 cents; 68 cents. 

3. $4.06. 

6. § mph; 2^ mph. 

9. Woman, 120 lb.; boy, 30 lb. 

11. A, 45 hours; B, 36 hours. 

14. (m = 2, 6 = —1). 

15. Stocks, S2500; bonds, $6000; savings, $1500. 

17. Plane, 4^ hours; train, 2^ hours; auto, | hour. 

18. 64 and 12. 19. 761. 


10 . 

13. 18 ft. per sec.; 12 ft. per sec. 


1. (x 
3. (x 
6. (x 


Exercise 24, Page 79 

-5, y = -V-). 2. (x = 9, y = 

I, y = 0). 5. (x = 16, y 


6 ). 

= -14). 


1. (x 
3. (x 
6. (x 


1, y 
h y 
g. y 


= 2,z = 


= 4 , 2 = 

= 2 = 


Exercise 25, Page 82 

2). 2. (x = l,y = 

i). 5. (x = — y 

1 ). 


-2, z = 3). 

= T7i 2 = •^) 


Exercise 26, Pages 84-85 


1. 

-9. 

2. 9. 

3. -8. 

5. 32. 

6, 

8. 

7 0 

T5‘ 

9 . aK 

10. a**^. 

11. 


13. a«. 

14. x». 

15. 

17. 

• 

> 

N 

00 

18. .09«jV8. 

19. -125c9d’s. 

21. a*. 

22. 

x«. 

23. -. 

25 . y-. 

25 . 




X 

s* 




64 

o, 125r 

27. 

1000. 

29 . ~ 

30. — • 




ylQ 


m 

33. 

xV« 

34. 

35. ~ 

37. 250. 


16z^ 

c" 

5y^“ 


38. 

-12. 
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Exercise 27, Pages 86-87 


1 . ± 11 . 

2 . ± 1 . 

3. ± f. 

5. . 6 . 

6 . 5 . 

7. 9. 

9. -5. 

10 . 

11 . §. 

13. 12. 

14. 10. 

15. -3. 

17. i 

18. - 1 . 

19. .2. 

21. -X. 

22 . -t. 

23. 4i/®. 

25. 1865. 

26. -1492. 

27. -1776. 

29. 1066. 

30. -1620. 

31. -7a6*. 


Exercise 28, Pages 90-92 


1. 7. 

6 . 8 . 

11 1 
iX* 3 * 

17. 3. 

22 . 

27. I 
33. 25. 


38. -• 

43. 8 (k>. 

49. -v^a*. 
54. 

59. x^. 
65. 

70. 


75. 


aufejo 

81. — . 
25 

,4 


86 . 


91. 


97. 


102 . 


a 


46^ 


7a* 


6*(1 - a *) 

8 x* 

.21 ’ 


y‘ 

27y- 


TilOOO. 
13. 8 . 

18. 4. 

23. 8 . 

29. 8 . 

34. 50,000. 

39. a* 6 *. 

45. 5x"*. 
50. 

55. 

61. 2 . 

66 . 4 - 


71.4 


77. 


a 


10 

12 


86 ^ 


re 

87. 4. 


93. 


98. 


8 x* - 1 
4x 
9a^ 
646‘° 


3. i 

9. 

14. 1. 

19. 

25. 

30, 1000. 

35. i- 

X* 

T 

rs* 

46. (1.02)->TF* 
51. '^lOOx*. 
57. (x + y)K 
62. 1000 . 

67. 4x^. 

73. 26*z. 


78. 


83. 


89. 


94. 


99. 


103. 


y 


n 


625x« 

3.V* 


4x« 


636 


6 + 4oa* 
x4- 1 

X3 

V. 

9x* 

7"a*’‘ 


5. 9. 

10. .0625. 

15. 4. 

21 . 

26. T^Ty* 

31. §. 

37. 1 
a 

42. 4' 

ab’’ 

47. 7a-'6->x. 
53. 5v'a. 

58. 3(a - c)^, 
63. x^. 

69. x‘«. 

91 . 16 x^y“. 


a 


10 


79. — • 

32 

46) 

85. — • 
7a« 

90. ®“‘ 


95. 


101 . 


12 + a^ 
49a^ 


816* 

6a6'’ 


6 ’'* 
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105. + 2 + e"^. 

107. a - + 65. 

110. a + 85. 

113. - x^. 

115. (a) (5) (c) 2^+^ 

119. 4(10-“). 

122. 260,000,000,000. 

125. 0.000 000 000 000 016. 


106. - 2/'®. 

109. x-y. 

111. 2x-* + 4x-^ + 5. 

114. 8i^ + 9x + 1. 

118. 9(10)+ 

121. 25(10“). 

123. 67,000,000,000,000. 


1. \/3. 

5. -n/IOi. 

9. 2 VI. 

13. 2>/7. 

17. 2xy ZxyK 

21 . 2V12 


25. 


29. 


33. 


37. 


41. 


45. 


V6 


3x1/ 

2Va 

35 ' 

23+Vlly 

t 

352 


2xV3ox2 


15y^2 


2^3 


49. xv^x^. 


53. 


3v'x(x + i/) 


X + y* 

57. 


61. 




Exercise 29, Pages 94-95 

2. </l. 

6 . 

10. 3V2. 

14. 3y®. 

18. 2xy2 5a^. 


22. 2>^x* +"8. 


26, 


10 


98a5*c 
75c 

2x*\^ 

y" 

e 

ab<^ 

5 

3x>v^ 
8y*2* 

50. xvHx. 


30. 


34. 


38. 


42. 


46. 


(x + y)^^ 
xy 

58. x*y'^. 


62. 


3. 

7. ■v'x~+T. 
11. 4y», _ 

15. -3x2^2x. 
19. (x + y)Vx 

23. 

2(“ 

V35X 


- V' 


27. 


5x 


v^4xV2 



55. (a + 5) 


59. 


63. 


(16 - 25a)o 


5x^ 
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65. 3V^ = 25.101. 

66. 5 V 7 = 13.230. 67. f V7 = 3.024. 

69. ^ - .412. 

■v /99 

70. - .771. 

71. -^5 = 1.710. 

10 

6 


73. 4 V 39 . 




Exercise 30, Pages 96-97 

1. 9Vi. 

2. 3>/7. 

3. SV2. 

5. 2 V 3 . 

6. -7\/5. 

7. fv/3. 

9. 7-^. 

10. I'^Ox. 

11 . (“ + *’) 

13. 0. 

14. 

w _ V-v^. 

15. (a 52 + 5c2 + a^c) < 

''a^6c^. 17. 

iV6 + |'J^4. 

18. 11 V2 - > 5 ^. 

19. 

9v^ + 4v^. 

4 2 




Exercise 31, Pages 97-98 

1. 5 V 2 . 

2. lOxWT. 

3. 2xv^, 

5 . 

X 2^ 

0. 

7. 125a5v^. 

6 

5 


9. 49a*%v''^. 

10 . 80a“xv1^. 

11. a6cv^a6^c^ 

13. X — 2Vxj/ + !/. 

14. 79 - 24 v7. 

15. 50 + 20^. 

17. 2. 

18. 

17 - 7 V 5 . 

19. V 55 -v^+V^. 21. 

40 - 5^2 + 8 V /3 ->/6. 

22. 22 + 36 V 3 . 

23. 

120. 

25. I® - 14x + 47. 

27. 1 + 3 V 2 . 

26. 

x^ + 3x + 1. 


Exercise 32, Pages 99-100 




1. V3. 

2. \2. 

3. — • 

9 

5. 2 V 3 . 

6. 2\^. 

7 . v'i 

9 .^. 

x* 

in 

10. „ 

11 . xv^7x. 

,, 2<^ 


15. 2"^ 

io. * 

5 

X 

m 

0 

17. 11 + 2V^. 

18. 5 - 2>/3. 

19. 

2 
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21. 12 4- 5-v^ - 6-v/2 - 5^3. 


22 . 


V2+VQ-2 


23. .707. 


25. 7.318. 


26. .158. 


27. .097. 


Exercise 33, Page 101 


1 . 

5. 

10. Vi^°. 

15. 

21 . 

26. 4 jV^. 

31. - X’. 




6. V?. 

11. VT8. 

17.^ 

X 

22 . 


Vm 


13. iVa^i^ 

18. 

2 

23. 3^. 


27. V700z». 
33. 7.746. 


29. v^^lOa®. 30 


V27, 

9. 

14. 

>^81000 

25. 2x^. 
9x» 
2y’ 


Exercise 34, Pages 103-104 


1. 6r. 

6. iV5. 
iVs 
6 

17. 29 + 3i. 

22. i. 


11 . ± 


2. 2i. 

7. 2iV3. 
13. 3 + 2i. 


3. 

9. ±llt. 
14. 1 + 6i. 


19. 34. 
25. 0. 


18. -8 + 44i. 

23. -1. 

31. I - 4i; a = 4, 6 = -4; imaginary. 

33. -44 + 0 • t; a = -44, 6 = 0; real, rational. 

34* 0 + 2V7 • t; a = 0, 6 = 2\/7; pure imaginary. 


Exercise 35, Pages 104-105 


1 27 

ST- 

6. 81x«. 

X* 

1*7 •'1 1 

1/. yj. 

22. 4. 


27. 


33. 


9 


2. 2. 

7. -jT^. 

13. 4. 

18. -32. 

23 

1/3 + 63x 

29. 


3. -16. 
9. 4. 

14. 320. 

19. ii. 

25. 


30 


34. 


2a' 


2 

35. 3xv^. 



5. Wn. 

10. + ft. 

15. 39 - 80i. 

21. -i. 

26. 0. 


5. I0x“. 
10. 5. 

15. 7. 
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38. 


3V5 


39. 


41. 


I5 + 2V2 


42. 


37 - I 1 V 7 
18 


43. 127 - 12v^. 

2x*‘v^ 

45. 

yl6 

.. 2x’\/I^ 

40. 

2x6x/I^ 

47# 

3 

49. 

50. x-^^. 

51. 8r6(2>>W. 

3V4 + x’« 
x"* 

5 ^ 2^x‘ + 8 

X^ 

55. 

57. x^</2y. 

58. + e~^. 


Exercise 36, Page 108 


1. ±v1T. 

2. ±v^. 

3. +4i. 

5. ±iV6. 

6. +^i. 

7 . ± 2'^, 

3 

9. ±§. 

10. ±i 

11 . + 

4r 

13. 6; -1. 

14. 2; 3. 

15. -7; -4. 

17. i;l. 

18. -J; -2. 

19. ? ; -1. 

21. 

25. 0; f . 

22. 7; -f. 

26. 0; 1 

23. h 5. 

27. 0; -f. 

29. -2. 

30. -2. 

31. -156; -36. 


Exercise 37, Page 110 

1. 5 ± V3; [3.268; 6.732]. 2. -3 ± [- 6.162; .162]. 


3. -1 ± V7; (-3.646; 1.646). 
6. 2 ± i. 

n. §_±^;[_.303; 3.3031. 

2 

14. 1 ± [-.224; 2.2241. 

2 

17. (.219; 2.281]. 

4 

19. - 3 ±^ .[-3.371; .371]. 


5. 4 ± 3i. 

7. 36; -24. 
in — 2 

2 + V7 

^ - -;l-.215; 1.549]. 


13. 


15. 


18. 


3 

2 ± lOz 
3 

-3 _ 
10 


: (.643; -1.243]. 


21. (a) y = ± Vx“ — 2;c — 6; (6) x = 1 + Vi/* + 7 . 
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22. (a) y = 3 ± V4 - (6) x =±V6y - - 5. 

23 t = 


Exercise 38, Page 112 


1 . 


-3 +V5 


5. 5 ± 3i. 

5 ±V^ 


9. 


13. 


17. 


4 

1 ±V2 
2 

-1 ±>/7 


2 . 


7 ±>/33 


6, —4 ± 5i. 
5 

6 

3 ±vTT 


10 . 


14. 


18. 


-2 +v^ 


21. y = 


1 - 5x + vT? - 2()x + 29 


3. 12; 18. 

*7 i* — ^ 

/• f , 4* 

2 ±vl4 


15. 


19. 


-7A±^^*+12 


6 


22 . X ^ 


1 - 3y + - 14y 4- 17 


1. ±4. 

5. 2; -7. 

. 2 ± 2V7 


13. ± - - i^. 

a 


9 

19. 0; -i 
23. 16 ft. by 18 ft. 
27. 9, 10, 11. 

31. 40 mph. 

35. 13. 

39. 2; 4. 


Exercise 39, Pages 113-116 

2. ±4i. 3.0; 16. 

6. 5; —2. 7. 7 ± 4i. 

10 . 2 ±^- 

14. (a) (6) ±v/JT7- 


17. -4. 

21. -i 

25. 2 ft. 

29. 100 mph. 

33. 1 min.; 2| min. 
37. 12. 

41. 25. 


18. 0; -4. 

22 . - 1 ; 

26. 5 ft. 

30. 15 mph. 

34. 7:07+ p.m. 

38. 15 in. by 30 in. 
42. 8 mph. 


1 . 11 . 


Exercise 40, Page 118 

2 . 6 . 


3. -2V7. 
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5. No solution. 

9. h 

13. 3. 

17. 1;5. 

21. No solution. 

25. 1;3. 

29. 45 - 8v^ = .46-. 
33. 11; -Y. 


6. No solution. 

10. i 

14. 0. 

18. 3. 

22. No solution. 
26. 6. 

30. 4. 

34. ±(a? - x^)^. 


7. 0; 3V2. 
11. 25. 

15. 

19. 0; 

23. 1;9. 

27. 4. 

31. ±1000. 


Exercise 41, Pages 120-121 


1. ±4; ±i. 

5. ±1; ±§. 

9. 8; 27. 

13. 1;5;3 ±V2. 

15. 5; -1; -3; -21 

IR 1 • _1. _5 

21. 4; -3; 1 ± 3V2, 
23. ±1;3;5. 

26. 0; 2; J. 

29 _4.2±^i^ 
3’ 3 


2 . 

6. 

10 . 


±>/2; ±2i. 


!• — 1 
5 1 2 

1;32. 


3. ±3; ±3t. 
7. 16. 

11. ±1;2;4. 

14 - — h -2 ±^. 

17. l:-i;l±i^. 

2 2 

19. -1; -2; -5; -6. 

22. 1; -9. 

25. 0; 4; 6. 

2 

5. -5 ± 5iV3 
2 4 


Exercise 42, Pages 124-125 


1. Real; unequal; rational. 
3. Real; equal; rational. 

6. Real; unequal; rational. 
9. Real; unequal; irrational. 
11. -^;f. 

14 . hh 

17. 3; -4. 

19. - 162: + 63 = 0. 

22. a:2 - lOx + 25 = 0. 

25. 14x2 + 13x + 3 = 0. 

27. x* - lOx + 19 = 0. 

30. 9x2 _ i2x + 29 = 0. 


2. 

Imaginary; unequal. 

5. 

Imaginary; unequal. 

7. 

Real; unetjual; 

irrational. 

10. 

Real; unequal; 

rational. 

13. 

— j; —2. 


15. 

n- 1 1 

V, — 5-. 


18. 

— 3; —It. 


21. 

x2 - 5x'- 24 = 

= 0. 

23. 

1 

00 

H 

1 

00 

= 0. 

26. 

x2 - 18 = 0. 


29. 

x2 + 14x + 50 

= 0. 


31. 2x2 - 6x + 7 = 0. 

33. (a) 6; (5) -3; (c) (d) 5. 

34. (a) 0, 4; (6) f ; (c) 28; (d) 

35. (a) -2; (5) 160; (c) 48- (d} 


t 
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Exercise 43, Pages 129-130 


13. -2; 3. 

15. -4.5; 1.5. 

18. 2; 4. 

21. Does not meet x-axis. 

23. Cuts x-axis in two points. 

26. Max. value of IS? when x = — I- 
29. 10 and 10. 

31. 25 ft. by 25 ft. 

34. S60 per month. 


14. -4; 2. 

17. -1.7; 1.2. 

19. Tangent to x-axis. 

22. Tangent to x-axis. 

25. Min. value of —4 when x = — 1. 
27. Max. value of 19 when x = 4. 
30. 10 and 10. 

33. 40 ft. by 50 ft. 


Exercise 44, Pages 132-133 
For abbreviation, (1, 2) is used to indicate (x = 1, y = 2). 

1. (1,2); (3,0). !‘niw^’6'-9) 

3. (3,1); (-3, 4). 5. .5), (-6.^ 9)- 

6. (8, ^); (-1, -4). 7. (1,-2), ( 2,5)- 

9. (4 + Si, 2 + i); (4 - 3i, 2 - i). 

10 . (3 +V7, 1 (3 - A 1 +A). 

11 . (2,1); (-4, 6). 13- 

14. (0,0); (10, -8). 15. (i,0),(-2, 1). 

17. (1 +3V2, 1 - SA); (1 - 3 A, 1 + 5 A). 

18. (I, ^); (29, -16). 

19. (4, 1); (-4, -1); (i, -4i); (->, 4i). 


Exercise 45, Page 134 

1. il 4); (f, -4); (-1. 4^ (-f, -1)- 

2. (AI, A); (AT, - A); (-AT, A); (-AT, 

3. (3t, 2i); (3i, -2{); (-3t, 2i); (-3i, -2i). 

5. (AT, 5); (-AT, 5); (0, -6), double solution. 

6. (2, -3); (-2, -3); (3, 2); (-3, 2). 

7. (0, V6); (0, - A); (2, A); (2, -A) 

9. (i+^-);(i3). 10. (1,1); (-i 

11 . (5, -3); (-5,3). 

13. (A, 4); (- A, 4); (tA, -1): (-lA, -1). 

14. (4, A); (4, - A); (5, AT); (5, - AT). 

15. (5, 1);(-10, -f). 


-A). 


-3). 


Exercise 46, Pages 13fr-137 

1. (2, 2); (-2, -2); (2A, -2A); (-2A, 2A). 

2. (6A, 2A); (-6A, -2A); (2i, -2i): (-2i, 2.). 
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3. (4, 2); (-4, -2); {ZV2, V2); (-3v^, -V2). 

5. (1,4);(-1, -4);(i,2i);(-i, -20- 

6. (0, 2);(0, -2):(i|):(-i -J). 

7. (2, 6): (-2, -6): (2, -4); (-2, 4). 

9. (V2, V2); {-V2, ~V2); 2); (-f, -2). 

10. (6, -3); (-6, 3): (5^3, 4V^); (-5V3, -4V3). 

11. (1, 3); (3, l);(t, 

13. {1, 3); (3, 1);(5, 7); (7, 5). 

14. (0. 2); (2, 0): (3 + i, 3 - t); (3 - t, 3 + i). 

15. (1 +V2, 1 - V2); (1 - V2, 1 +v^); (-4 + i, -4 - t); (-4 - i, 
“4 + i). 


Exercise 47, Pages 139-141 


2. No real solution. 

5. (2.2, 3.5); (-.9, -2.8). 


1. (4, 3) tangency. 

3. (3, -2); (-2, 3). 

6. (6. l);(-2, -3). 

7. (2. 4); (4, 2); (-2, -4); (-4. -2). 

9. (3.2, -4); (-3.2, -4); (0, 6) tangency. 

10. (3, 2.6); (3, -2.6); (-4, 0) tangency. 

11. No real solution. 

13. (2, V3); (2, -Vs); (1, V5); (1, -^/5). 

14. (0, 10); (10, 0); (— 5 + —5 — I'v^); ( — 5 — I'v^, — 5 + I'v^). 

15. (i0);(-i,|). 17. (0, 1.3);(i J, -§). 

18. (1, 2, 3): (1. 2, -3); (3. 0, v^); (3, 0, -VI). 

19. (3, -l);(-.i 3). 


21. 5 ft. by 41 ft. 

23. 16 ft. by 18 ft.; 12 ft. by 24 ft. 
26. 4 hours; 6 hours. 

29. 2| mph; 9| mph. 

31. 5 ft.; 212 ft. 

34. 3 hours. 


22. 8 ft. by 9 ft. ; 6 ft. square. 
25. 14; 2.5; 25. 

27. 2 ami 12. 

30. 2i mph; 32J mph. 

33. 40 mph; GO mph. 

35. 45 mph; 2 : 20 p.m. 


1 - 1 

11 . ± 8 . 

17. 23 ft. 

21. 27 sq. in. 


Exercise 48, Pages 143-144 


O 2 I 

7. 

13. ±6. 

18. 36 ft. 


3. 

9. d; 7. 
14. ±a^ 


e 1 

tt- 

10 . 

15. 15. 


22. 73\ miles. 


19. Ij in.; in.; 2 in 
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Exercise 49, Pages 147-149 


1. A = 

75x 


5. If = 


2d^ 


2. A = QE^. 

6. U = AxVf. 


3. A = ih{bi + 62 ). 


9. (a) y is multiplied by 4; (6) y is multiplied by (c) y is multiplied 

V2 

by i ; (d) y is multiplied by — • 

A 

10. (a) M is halved; (6) M is doubled; (c) M is multipUed by 4; (d) M 
remains the same. 

11 3 13. 1^. 14. 128. 

15* ^ 17. 20 sq. ft. 18. 810 horsepower. 

19. 54 horsepower. 21. 44| lb. 22. 240 ft. 

23. 52 lb. per sq. in. 25. 3 days. 

26. 105 horsepower. 27. 4 in. 

29. 12 seconds. 80. 30v^30 = 164'’' years. 

31. A varies directly as C, directly as the square of r, and inversely as the 
square root of 1. 


Exercise 50, Pages 152-154 


I. 7, 11. 

3. Not A.P. 

6. i ^ 1.65;S = 17.55. 

9. ; =-15;5 =-40. 

II. a = 19;5 = 8619. 

14. d - = 69. 

17. n = 13;/ = 27. 

19. a = —5; I = 13. 

22. n = 11; a = — 17. 

25. 6i 7\, 8i 
27. 6f, 8|, lOi 

30. 8173^. 

34. 3. ^ 5 - = 1 

38. 190. 39. 600 ft. 


o 1 s 
3» 7* 

5. I = 206; S = 3135. 

7. I = 5.73; 5 = 58.65. 

10. f = 10§; S = 67|. 

13. a = 3.4; d =-.l. 

15. (i=-7;f = 2. 

18. n = 4, f = 1; n = 9, ^ 

21. n = 5, a = 1; n = 8, a * 

23. n = 80; 5 = 46,360. 

26. 71 7l 8, 8i 8|. 

29. 1776. 

31. 69,700. 

(n - l)dl. 37. 433. 

41. $600. 42. 44,550. 


Exercise 51, Pages 156-157 


1. -500, 2500. 

3. 6V2, 12. 

9. I = 192; S = 381. 


2. Not G. P. 

5. 24, 16. 

7. Not G. P. 

10. f = 1; 5 = 2047. 
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11. 

1 =-1701; 

S =-1274. 

13. 

; =-.6;5 = 510. 

14. 

1 =-1024; 

S = -680. 

15. 

1 = 700,000; S = 777,777. 

17. 


-16 7 

• ^TTT- 

18. 

1 = 3.1670; 5 = 75.40. 

19. 

a = i;S = 

129i. 

21. 

a = 3; 1 = 48. 

22. 

a = 2]l = 

54. 

23. 

n = o\l= 162. 

25. 

r = 3; n = 

5. 

26. 

II 

1 

II 

27. 

II 

II 

= 7. 

29. 

5>^:5-v^. 

30. 

-48. 24, - 

12, 6. 

31. 

i 1. 2, 4, 8; -i 1, -2, 4, - 

33. 

20 or -20. 


34. 

f or — f- 

35. 

s= 

•n 

37. 

0;5. 


38. r = 9, / = 81; r = -10, i = 100. 39. S25; $20; $16. 

41. 131.22 gal. 42. 4 in. 


Exercise 52, Pages 159-160 


1. 9. 

2. 125. 

3. f. 

S. A-. 

6. 4 + 2y/2. 

7 2 

9. 

10. A- 

11 113 

TT- 

1 O 6 8 

la 3 12 

^5. fA- 

17 13 7 

1/. Try. 

22. 270. 

18. -f. 

19. 16. 

21. 140 ft. 


Exercise 53, 

Pages 160-161 


1- 1 1. 


2. i -1. 


3. 3, 


C 1 

TSS- 


6. if. 

0 1 9 18. 

5* TT» TT- 


7. yy, 1^1 -jVj iV’ 


10. 


11. ^ . 


14. 10. 


a + 6 

Exercise 54, 

Pages 161-163 


1. 24. 

2. 

3. 27. 

5. 487; 12,100. 

6. 480; 315. 

1 1 OAA 

7. -jrg. 

13. 8190. 

9. .81; 142.51. 

1 . _ 24 3 

10. i 

1 If t ^ 


1 0 U.U U U 

15. Id. 

17. 1540 ft. 


18. (a) $2,525; 

(6) $25,350. 

19. 5740. 


21. {«) 33-JTJ7 

in.; (6) 50 in. 

22. 21 71 22§; 

20, -10, 5. 

23. 95.5. 



25. $6100. 

26. $3000, $3400, $3800, $4200, $4600, $5000. 

27. The second. 

29. 1,4, 7, 10, 13, 16; 1, 1, 1, 1, 1, 1. 

30. 2 and 8. 
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Exercise 56, Pages 170-171 

: s : K : s : s: i w +«+»■. 

; !: I vJut 21xV - 35x*y3 + 35xV - 21x^^ + 7xj/^ - y^ 


3. x’ - 'Jx^y + 21xy - 35x*y 

5 ^ - 4r6^3 + 6r^® - 4rH^ + 

... .108.. 0081 

6. x* - 1.2x5 + .54x2 - . 

7. 32s^5 4_ 80 s'2 -I- sOs^ + 405® + lOs’ + 1. 

9. 64x2‘ + 240x^^ + 300x^J/2 ^ i25y^ 


3^ ^ ^ 20x^ ^ 5^^ + 5^!/ 


y 


y 


y 


8 


+ r 

32 


11 . - - 


y 


2£!_l^ 

'2 2 


* 2 ~ 16 

13 x“ - 50i>^ + lOOOx'V - 10,000x»./ + 5O,O0toV - 100,000y‘. 

14. x» - 6x’i/i + 15x»!/i - 201^!/^ + 15xy - 6xiy^ + V*- 

15. 576 + 256V5. 56 28 8 1 

17. X® + 8x<‘ + 28x* + 56x2 + 70 + — + — + - + ^' 

18 ^3 + s’ + /2 + Sr’s + 3rs2 + Sr’i + Srt’ + 3^t + ZsC‘ + 6rs(. 

19 a« 4- iOaH + ISOa^b^ + 9880o5^65 + • • •. 

21* x>« - 42x“>®y + 840i®5i/2 - 10,640xV + * ' '• 

22*. x« - |x’ + -V'^® -If x5 + • - •• 

23. r“ - 30r«v^ + 405r«f - 3240r«iV( + • • 

25. 64 4- 96s + 60s* + 20s’ H • 

ofi xl^ ^ , Z8x^“ + 28^ + . . .. 

27 x« + 120x^‘j/ + 6600xV + 220,000x’«i/’ + • • % 

29 -c“ + llc*®d' - 55c‘*d® + 165c‘®d* . 

7JO -r-1" - 7r-i25-^ - 21r-»‘’6-* - 35r-«6-® • 

31. 1.0212. . 

34. .9608. T^‘i 

38. 98. 39- * + 


33. .8864. 
37. 455. 


1. 165aV5, 

5. -6435x»i/’. 

9. 4320x’y’. 
a. 1 - X 4- X* 


Exercise 57, Page 174 
2. 2860a’. 

6. 792o’6’. 


— x’ 4- • • 

_ _i. 

16 


252x^ 

!/® 

7. 56x5i/3®. 

10. -35.000x»; 350.000x«. 

13. 1 + 2x + 3x’ + 4x> + ■ 

y j^i y - 

15- ^ + 2j 8x’ 16x5 


■ • 


• • 
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17. 125 + 


1 

• ■ • 

2 

40 

2000 

18. 10 - — - 

X* 

X® 

20 

8000 

1,600,000 

21. 1.0098. 


22. 1.0196 

25. 2.05. 


26. 2.005. 


19. 1.0099. 

23. .98985. 
27. 2.01. 


Exercise 58, Pages 179-180 

I- x<2. 2. j > 9. 3. :*: > 50. 

5. X < 6. 6. X < -4. 7. X > |. 

10. x> — 12. 11. X > 3 orx <— 3. 

13. 0 < a: < 2. 14. x > 4 or x < -2. 15. 1 < x < 4. 

17. X > 4.4 or X < -.4. 18. 1.6 < x < 4.4. 

19. X > 1 orx <-J. 21. -1 < X < 1 orx > 3. 

22. .7 < X < 2.9 or X < -.5. 23. x < 1.2. 

25. — 1 < X < 7. 26. X > 8 or X < —4. 

27. X ^ 6 or X g -8. 29. x > 7 or x < -7. 

30. -9 < X < 9. 31. g X g |. 

37. A: > 2 or A; < 0. 38. & > fj. 

39. -6 < fc < 6. 


Exercise 59, Pages 183-184 


1. 11 - 4t. 

5. 16i. 

9. 5 + 3i. 

13. 41 - 62i. 

17. -U - 60i. 
21. -4. 

25. 1 - 4i. 

29. 1 + 

11 11 
33. 

37. i. 

41. -111. 


2. 6 + 4i. 

6. 2 + 2i. 

10. -6. 

14. -11 +2i. 

18. 4 - 61V5. 

22. -85 + 20i, 
26. 7 + 2i. 

30. 8 - 7i. 



45. X = 2;i/ * 7. 

46. X = 5, 2/ = 3; X = y = -10. 

47. X = 4; ?/ = 9. 


3. (4-f>^)-llt. 
7. 2 - i. 

11 . - 12 . 

15. -4-f5iVl5. 

19. -59 - 12iV7, 
23. -1 +1. 

27. H - Hi- 
31. -I + K 
35. — ^i. 

39. -o + 7i. 

43. X = 3;y = 7. 
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Exercise 60, Pages 188-189 


9. 5v^(cos 315® + i sin 315®). 
11. 2(cos 135® + i sin 135®). 

14. 7(cos 270® + i sin 270°). 

17. 2(cos 60® + i sin 60°). 

19. 2V3(cos 210® + i sin 210°). 

22. 5(cos 233.1® + i sin 233.1 ). 
25. -7i. 

27. -4 + 4i\/3. 

30. 2^3 + 2i. 

33. 2.270 + 4.455i. 


10. 2V2(cos 45° + i sin 45°). 

13. 5(cos 180® + i sin 180°). 

15. 4(cos90° + isin90°). 

18. 4(cos 300° + i sin 300°). 

21. 13 (cos 112.6° + i sin 112.6°). 

23. V5(cos 296.6® -H i sin 296.6°). 

26. -5. 


^ 3 . 

29. 

2 2 


31. -5V2 - 5iV2. 

34. —.174 + .985t. 


35. (a) 0°; (6) 180°; (c) 90°; (d) 270°. 


Exercise 61, Pages 191-192 


1 . 28i. 


5. -5.74 + 8.192. 


2 . 8 . 

6. 4 + 4iVl. 


9, -1 _ iVz. 

17. 4 + 4iV3. 

21. 4 + 4i. 


10. 2i. 

18. -36. 

22. -324. 


25. -72 - 72iVl. 26. -1. 




-15. 

3 _ 3tV3 
2 2 


11 . -2V3 + 2 i. 



29. -116.75 + 44.752, using three-place tables. The correct value is 
— 117 + 44t. 

30. -527.5 + 335.02, using three-place tables. The correct va ue is 

—527 "h 336i* * i u oq j- Qfii 

31. 28.2 + 95.9i, using three-place tables. The correct value is 28 + 


Exercise 62, Pages 19^194 

1. 2(cos50° + 2* sin 50°) = 1.286 + 1.532i; 

2(cos 140° + 2 sin 140°) = -1.532 + I.2862; 

2(cos 230° + i sin 230°) = -1.286 - 1.5322; 

2(cos320° + 2 sin 320°) = 1.532 - 1.2862. 

2. 2(cos 61° + 2 sin 61°) - .970 + 1.7502; 

2(cos 133° + 2 sin 133°) - -1.364 + 1.462t; 

2(cos 205° + 2 sin 205°) = -1.812 - .8462; 

2(cos 277° + t sin 277°) - .244 - 1.9^2; 
2(cos349° + 2 sin 349°) = 1.964 - .3822. 
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3. cos 22® + i sin 22° = .927 + .375i; 
cos 82° + t sin 82° = .139 + .990i; 
cos 142° + i sin 142° = - .788 + .616t 
cos 202° + i sin 202° = - .927 - .375t 
cos 262° + i sin 262° = - .139 - .990t 
cos 322° + i sin 322° = .788 - .616i. 


5. -4v^ + 4iV2; 4^2 - 4iV2. 6. 1 + i; 

7. - 2 V 3 + 2i; 2>/3 - 2i. 

9. 2(cos 15° + isin 15°) = 1.932 + .518i; 

2(cos 135° + isin 135°) =-V2 + iV2; ^ 
2(cos 255° + i sin 255°) = —.518 — 1.932i. 

10. cos 75° + i sin 75° = .259 + .966i; 


cos 195° + i sin 195° = - .966 - .259i: 

cos 315° + i sin 315° = — 

2 2 



11 . 5 + 5iV3; -10;5-5iV3. 

13. 4(cos75° + ism75°) = 1.036 + 3.864i; 

4(cos 165° + tsin 165°) = —3.864 + 1.036i; 

4(cos 255° + i sin 255°) = - 1.036 - 3.864t; 

4(cos345° + i sin 345°) = 3.864 - 1.036i. 

14. 2 V 2 + 2iV2; -2V2 + 2iV2; -2\^ - 2iV2: 2 V 2 - 2iv^. 

15. 1 + 1^3; -V3 + i; -1 - ^ - i- 

17. 5(cos53.1° + isin 53.1°) = 3.005 + 4.00(K and 
5{cos 233.1° + i sin 233.1°) = -3.005 - 4.000i, 

using three-place table.s. The correct values are 3 + 4t and — 3 — 4i. 

18. 2(cos 22.7° 4- i sin 22.7°) = 1.846 + .772 j; 

2(cos 142.7° -I- i sin 142.7°) = -1.592 1.212i; 

2(cos 262.7° + i sin 262.7°) = - .254 - 1.982i. 

19. cos 0° + i sin 0° = 1 ; 

cos 72° + i sin 72° = .309 + .951i; 
cos 144° -h i sin 144° = —.809 + .588i; 
cos 216° + i sin 216° = -.809 - .588V; 
cos 288° + V sin 288° = .309 - .951i'. 

21. \/3 + i; 2V: - V3 + V; -V3 - V; -2V: >/3 - i. 

22. 10(cos 18.4° -I- i sin 18.4°) = 9.49 + 3.16V; 

10(cos 198.4° -h V sin 198.4°) = -9.49 - 3.16V. 


Exercise 63, Pages 199-200 

1. 3x* -h 4x2 _ 2x - 10; K = -41. 2. 5x’ - lOx^ -f- 3x - 6; = 9. 

3. x2 - 6x - 6; /e = 3. 5. 2x2 - 3x -t- 5; ft = 0. 

6. 3x2 _ 2x; ft = 7. 7. 3x’ -h 2x2 -h 4x - 13; ft = 12. 
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9. 8x2 - 6; S - _10. 10. Gx^ - Sx^ + 9; i2 = -11. 

11. x2 - ,8x + 1.76; R = -1.182, 13. /(2) = -5;/(-3) = 80. 

14. /(4) = 392;/(-l) =-8. 15. ^(1) =-4;ff(-2) =-37. 


9. -1;2;4. 

11. -2.9; .5; 1.5. 
14. -2; .6; 2; 3.4. 


Exercise 64, Pages 202-203 

10. -1; 1;4. 

13. .4; 2.6. 

15. -2;0; 1;3. 




Exercise 65, Pages 207-208 


1. -5; -5; 1;3 ±V7. 

3- -8; J; §; 5; -5 + 2i. 

6. -9; -9; -9; 6; 6; ^ 

9. 8x3 - 10x2 - X + 3 = 0. 

11. x3 + 2x2 _ iix - 22 = 0. 

14. x3 + 9x2 _|_ 36 = 0. 

17. x3 + 3x' - 30x3 _ i^z ^ 0. 

19. x3 - 2x^ + x3 = 0. 

22 . x^ - 6x3 + 11^2 _ 6x + 10 = 0. 

26. -1; -1;3 ± i. 


2. -4; f; -f; +5t. 

5. 0;0; ±v^; ±ii. 

7. X* - 5x3 ^ 3^2 -f- 91 = 0. 

10. 21 x 3 4. 20x< - 3 x 3 _ 2x2 = 0 
13. x3 - 3x2 + X - 3 = 0. 

15. 4x3 - 8x2 + 41a: _ 37 = 0. 
18. x3 - 4x2 + 4x - 1 = 0. 

21. x3 - 4x2 - lOx - 12 = 0. 

25. 3; 3; 1 ±V6. 


Exercise 67, Page 212 

1. 2 pos., 1 neg.; or 1 neg., 2 iraag. 

2. 1 neg., 2 imag. 

3. 1 pos., 2 neg.; or 1 pos., 2 imag. 

5. 1 pos., 3 neg.; or 1 pos., 1 neg., 2 imag. 

6. 2 pos., 2 neg.; or 2 pos., 2 imag.; or 2 neg., 2 imag.; or 4 imag. 

7. 1 pos., 1 neg., 2 imag. 

9. 6 imag. 

10. 3 pos., 1 neg.; or 1 pos., 1 neg., 2 imag. 

11. 1 pos., 2 neg., 2 imag.; or 1 pos., 4 imag. 

13. 2 pos., 1 neg., 4 imag.; or 1 neg., 6 imag. 

14. 3 pos., 1 neg., 2 imag.; or 1 pos., 1 neg., 4 imag, 

15. 1 pos., 1 neg., and 2 zero roots. 


u ^ 2]l = — 1. 
5. u = 2;i = 0. 
9. w = 2; / =-3. 


Exercise 68, Page 213 

2. « = 1;/ =-l. 3. u = 5:Z=-1. 

6. u = 0;i=-2. 7. u = 3;/*-l- 

10 . u = 3;i =-l. 11 - u = 1 ;/ 



ANSWERS 


Exercise 69, Page 217 
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1. 2; 5 ±VTi. 

2. 

CO 

1 

• 

1 

« 

1 

3. 3; -1; -2. 

5. 

1. —i. _1 

3» 5» A. 

,14 + 

6. -; 

7. 

1 _4 +v/l3 

1 

5 2 


6 3 

9. No rational root. 

10, 

No rational root. 

11. 1; 1 ± i. 

13. 

0;2;3; -5. 

14. 2; 6; -4. 

15. 

1 . 1. Q 

2 » 4 » 

17. -1-, -1 ±%/3. 

18. 

^;2 ±V5. 

19. -1; -1; -1; -1. 

21. 

i J:i ±i. 

22. -1; ±iV5. 

23. 

-4; -2 ±y/ib. 

25. 1; -1; ±\/3. 

26. 

-h -3; -4 ±vT9 

27. 1; 1; 1; ±tV2. 

29. 

, 1 -1 +>733 

1; ” : 



2 4 

2> 2; 




Exercise 70, Page 220 

1. .14. 2. .11. 3. 2.06. 

5. .38; 2.62. 6. -2.94; .46; 1.47. 7. .198. 

9. .229. 10. 1.255. 11. 1.306. 

13. .32; .76. 14. -2.1; .3; 1; 1.9. 15. .7; 2. 


Exercise 71, Page 222 

1. y' - 3?/* - 4i/ + 12 = 0. 2. - 7i/ - 6?/ + 72 = 0. 

3. 5i/3 + 9 y 2 -}- 3!/ - 6.72 = 0. 5. y* - if Sy 1 = 0. 

6. y* - I2i/ 4- 47y“ - 58y - 5 = 0. 

7. 2y< + 23J/3 4- 84?/* 4- 88?/ - 25 = 0. 

(а) y' + 132/2 + 532/ - 15 = 0; 

(б) 2/® 4- 13.62/2 4- 58.322/ - 3.872 = 0; 

(c) y^ 4- 13.782/2 4- 59.9628y - .323624 = 0. 


Exercise 72, Pages 225-226 


1. 2.453. 2. 2.135. 


3. 1.612. 


5. 1.061. 

7. .065; 3.463; 4.473. 

10. 2.268; 5.732. 

13. .219; 1.586; 2.281; 4.414. 
15. .198; 2. 

18. 2.748. 


6. 4.404. 


9. .807; 6.193. 

11. -1.541; 4.541. 
14. .229; 1. 

17. 1.710. 

19. .574 in. 
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Exercise 73, Page 227 

1. X* — (ri + r2 + ra + + (rir2 + nrs + rir4 + rjrs + J'2r4 + rsr,)!* 

— (rir2r3 + VirtrA + rir3r4 + r2r3r4)x + rir2r3r4 = 0. 

2 . 2x^ - 19x3 + 61x2 - 74x + 24 = 0. 

3. X* - 7x2 + 6x = 0. 5. 3x3 _ 23x2 + 28x + 12 = 0. 


6. x3 - 12x^ + 52x3 _ I02x* + 91x - 30 = 0. 



30. 

7. (a) -1; 

(b) - 

-f; (c) h 

9. 2;p = 

31:5 

1 

10. = - 

33; g 

= 58. 

11. 2, -2, 


= 28. 


13. 3, -6, 12; A: = 

^-9. 

14. 3, 3, 5, 

5;p 

= -240;9 = 



Exercise 74, 

Pages 229-230 



1. 2. 


2. 3. 

3. 1. 


5. 

-1. 

A 

6. -2. 


7. 0. 

9. -2. 


10. 

h- 

11. i 


13. f. 

14. 4. 


15. 

-i 

17. 128. 


18. yyy. 

19. i- 


21. 

4. 

22. 4. 


23. 16. 

25. 


26. 

16. 

27. i 


29. loga 243 « 5. 

34. 

a* = 

w. 

37. True. 


38. True. 


39. 

True. 




Exercise 75, 

Pages 231-232 



1. 0.78. 


2. 1.33. 

3. -0.37. 


5. 

1.80. 

6. 2.40. 


7. 0.06. 

9. 0.19. 


10. 

—0.17. 

11. 3.85. 


13. 0.815. 

14. -1.70. 


IS. 

0.70. 

17. log (x^ - 

-1). 

18. log (6x — 4). 

19. log 

0 

b 

» 

21. 

'“Sir 

22. log —• 
co^ 


23. log 2r 

25. True. 


26. 

False. 

27. False. 


29. False. 

30. True. 


31. 

True. 

33. False. 


34. False. 






Exercise 76, Page 236 


1. 2.8228. 

5. 6.9400 - 10. 

9. 9.8228 - 10. 

13. 26.3. 

17. 0.00263. 

21. 0.830. 

25. 0.263. 


2. 9.9400 - 10. 

6. 1.8228. 

10. 5.9400. 

14. 8300. 

18. 0.000263. 

22. 8.30. 

26. 0.830. 


3. 8.9400 - 10. 

7. 3.8228. 

11. 6.9400. 

15. 0.0830. 

19. 26300. 

23. 8,300,000. 

27. 0.00830. 
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Exercise 77, Page 237 



1. 1.9425. 

2. 3.5378. 

3. 9.8525 - 10. 

5. 

7.3201 - 10. 

6. 6.9196 - 10. 

7. 5.6503. 

9. 0.0170. 

10. 

9.7924 - 10. 

11. 332. 

13. 0.0543. 

14. 0.246. 

IS. 

0.000893. 

17. 1.11. 

18. 6250 

19. 0.278. 

21. 

0.636. 

22. 0.0289. 






Exercise 78, 

Pages 239-240 



1. 0.7354. 

2. 1.5076. 

3. 8.6183 - 10. 

5. 

6.9496 - 10. 

6. 7.9348 - 10. 

7. 2.4340. 

9. 9.1679 - 10. 

10. 

8.3510 - 10. 

11. 5.0902. 

13. 2.8453. 

14. 0.6951. 

15. 

7.9763 - 10. 

17. 30.27. 

18. 9.425. 

19. 0.2413. 

21. 

0.004511. 

22. 0.0001503. 

23. 554.8. 

25. 12,340. 

26. 

603,400. 

27. 0.08596. 

29. 0.00001822. 

30. 0.001078. 

31. 

1.540. 



■ 

Exercise 79, 

Pages 244-246 



1 . 

167. 

2. 

12.5. 



3. 

474. 


5. 

1340. 

6. 

178. 



7. 

0.0908. 

9. 

0.0794. 

10. 

3.480,000,000. 

11. 

3.21. 


13. 

7,640,000. 

14. 

0.000193. 


15. 

9.86. 


17. 

0.0397. 

18. 

0.0120. 



19. 

0.678. 


21. 

-0.000,000,000,00509. 


22. 

, -1.98. 




23. 

-7.07. 

25. 6.19. 


26. 

408,000. 


27. 

11.0. 

29. 

3.97. 

30. 4.93. 


31. 

162. 


33. 

1609. 

34. 

4027. 

35. 0.1558 

K 

37. 

13.62. 


38. 

2.517. 

39. 

0.3206. 

41. 8.774. 


42. 

0.8674. 


43. 

3.339. 

45. 

0.000438. 

46. 0.305. 


47. 

0.33. 


49. 

0.0000105 

50. 

161. 

51. 0.387. 


53. 

0.410. 


54. 

7.36. 

55. 

1.325. 

57. 2803. 


58. 

0.5385. 


59. 

1.53 sec. 





Exercise 

80, Page 247 


1 . 

1.61. 

2. 

0.730. 

3. -1.31. 

5. -0.271. 

6. 

-0.804. 

7. 

4.10. 

9. 4.60. 

10. 1.02. 

11. 

-2.974. 

13. 

1.20. 

14. 3.33. 

15. 3.12. 

17. 

6.32; -0.32. 



18. X = 1.76; y 

= 3.61. 





10*-^ 


21. 

y = 700a:®. 



22. y - • 


23. 

y = 9e-®*. 



3 
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Exercise 81, Page 248 


All results are written with four-hgure accuracy. 


1. 4.145. 

5. -2.088. 

9. 0.3892. 


2. 6.447. 

6. -2.003. 

10. 1.042. 


3. -2.349. 

7. 6.021. 

11. -3.001. 


1. S24; S1224. 
5. 5 months. 

9. S1741;S741. 
13. S5512.60. 

17. $6775.70. 


Exercise 82, Pages 251-252 

2. 836; 8836. 3. 811.20; 8651.20. 

6.8%. 7. 8591; 8191. 

10. $4034.70; 81034.70. 11. 8277.63. 

14. $1974.52. 15. 35 years. 

18. 8.24%. 1!>- 3.5%. 


Exercise 83, Pages 2S5-2S7 

Note. All answers were obtained by the use of tables in this book. 
cant 6gures after the first four are not reliable and may vary accordmg 

the method of solution. 


1. $9048.16; $2773.78. 
3. $3967.68; $1533.66. 
6. S4031.38. 

9. $19,600.40. 


2. $7289.22; $4905.42. 
5. $525.63. 

7. $1490.76. 


10. The second; first, $811.09; second, $840.25. 

11. $223.35. 13. $4709.76. 

15. $1554.06. 17. $664.75. 

19. $239.02. 


14. $9290.24. 
18. $28,501+. 


Exercise 84, Pages 259-260 


1. 132. 

3. 36. 

6. 6,759,324. 

9. 72. 

13. 8. 

2. 30. 

5* 240. 

7. (o) 12,144; (6) 13,824 

10. 24. 11* 15-120. 

14. 243. 15* 48. 


Exercise 85, Pages 262-263 

I. 1320. 

3. 20. 

6. 9240. 

9. 2880. 

II. 1440. 

2. 9900. 

5. 40,320. 

7. 360. 

10. (a) 10,080; (6) 4320. 
13. 144. 



ANSWERS 

14. 240. IS. 12. 

17. (a) 210; (6) 3360. 18. 10. 

19. 1260. 


Exercise 86, Pages 265-266 


1. (a) 161,700; (6) 161,700. 2. 10. 


3. 66. 

9. 1260. 

13. 15. 

17. 2,598,960. 


5. 190. 

10, 37,800. 

14. 112. 

18. 635,013,559,600. 


7. 252. 

11. 3420. 

IS. 20. 

19. 290,004. 


1. 456,976. 

6 . 120 . 

13. 4320. 

18. 72. 


Exercise 87, Pages 266-267 


2. 1540. 

7. 90. 

14. 25,350. 
19. 288. 


3. 616. 
9. 210. 
15. 9295. 


5. 252. 
11. 420. 
17. 1680. 


Exercise 88, Pages 271-272 


1 s 

nr- 

3. $1.50. 

6. (a) (6) U; (c) m 

9. 


n 

TT 


11. 25. 


14. 


2,391 


38,569 
17. 74th year. 

19. (a) fV; (h) I 

22 . I 


j 3 2 

5- (a) 1; (6) A; (c) 

!'• 9. 


2 . 

5. 

7. 

10 . 

13. 

15. 

18. 

21 . 


(a) 

(«) 


3 1 

TZa- 

r> , 

1 . 
TY» 

8 

TT- 

69,804 

93,362' 

3,605 

92,637’ 

1 

TTtT- 

5 

Tif* 


(^) (c) -ST* 

ib) (c) 


Exercise 89, Pages 275-276 


32 

^TTIT' 


2- tV- 


in * » 7 


3 1 

ft • 

6. (d) (^) *5^1 (^) tV* 

11 . 


9 7 

ITR) 


Exercise 90, Page 278 


1- (a) if; (6) t!; (C) fl; (rf) 

2. (a) .0756; (6) .3483. 3- tVf- 

5. (a) m- (b) iVs- (^) H- 


7. (a) h (6) 


1 . 




id) 


4 « 

TT7- 
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Exercise 91, Pages 27&-280 


X# 1 4 g 1 • 

3. (a) {b) 

6. (a) h{h) I; (c) 0. 
9. 3 cents. 


U 2 5 6 

14. 

17. U. 
19. (a) 


2,197 

499,800 


;( 6 ) 


2,197 

20,825* 


2. 5 to 3. 


5. i. 

•7 2 

7. 5. 

10. S1.80. 

13. (a) tV: W ih- 

15» rir* 

18. (6). 


Exercise 92, Pages 289-291 


3. (a) 4(-) 



5. -10. 
9. 12. 

13. -342. 


+ 7(+) 


3 5 
-1 2 


6. 51. 
10. 38. 
14. 33. 


+ 0 (-) 


3 5 
6 8 

7. -4. 
11. 51. 
15. 374. 


; (6) 



17. abc + abd + acd + bed abed. , , , t . j 

19. 0,62c, d. + a,6,c,d2 + o,6.C2d, + 0,6, c.d, + 0,6, c,d, + 

+a,6iC2d4 + aihcA + aj>,c,d, + o,6,cA + aMj + a,bic^ 
-aMi - - a,6,c,d2 - aMt - 

-aAc 4 i - OibsCid, - OibiCdi - ajhc^i - 0,62c, d, 046,Ci(Jj 


Exercise 93, Pages 293 295 


I. X = i;!/ = i 

3. X *-5;i/ * 10; z = 5;u; =-5. 

6. x = l;y = 2;2 = 3;uj = 4. 

9. V = 1; u) = 2; X = 3; y = 2; 2 = 

10. X = 3;!/ = 2; z = 1; y = 0; w = 

II. z = 6§. 



Exercise 94, Page 298 

1 .^_Q/i 4-2 7 y = a — lz = o, where a is arbitrary. , 

1. X - isa -f y a :%•**. S Inconsistent. 

2. Inconsistent. 3. Inconsistent. 5. inco 

Q 3 - ^ 2 a + 3, !/ = a + 2, z = a, where a is arbitrary. 

q] J = a + 2 , y = o + 1, J = 2a, to =^, where a is arbitrary. 

10. Only the trivial solution x = y = s - 0. 

11. x:y :2:w = 1 :2 :3 :4. 

13. 8. 


14. 9. 
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Exercise 95, Page 304 

8 


3. 


X - 4 X + 1 
2 1 


5(3x - 4) 5(4x + 3) 

6. - 


5 2 


2x - 1 ■ X - 3 ■ x]+ 1 
X + 2 X - 5 (x - 5)* 


11 . - 


14. 


+ 


+ 


1 


4x — 1 X — 1 (x — 1)* 


6 


X — 2 X — 1 


+ 


17. 


+ 


6 


{X - 1 )^ 

7 


2 . 


X — 5 2x — 1 


5.^ + -L-+ 2 


3x 


X — 4 X + 1 


7. ox + 3 + — ^ ^ 


10 . 


13. 


15. 


8 


X — 1 X — 2 
7 9 


X + 2 X — 1 

2 ^ 7 


(X - 2)* 


X - 2 (x - 2)3 
17 

(X - 7)3' 


X - 1 (x - 1)3 (x - 1)3 (x - 1 )* 


18. - 


1 


+ 


+ - + ^ + 4 


X - 4 ■ (x - 4)3 X x3 ' x3 


19. — L + — + 3 


12 


x + 5 x-1 x-4 2x-3 


Exercise 96, Page 306 


, 4 , 5x + 6 

3 . — “ 2 


2.^+ -2x+I 


X — 2 x3 + X + 1 


x + 5 2x3 - X + G 


5. 


1 


1 


+ 


x-1 X - 2 3x3 + 4 


6 . 


+ 


x + 5 


7.-L-+ -^ + 2 


X - 3 (x - 3)3 x3 + 4 


9. 1 _ i _ 1 + 2 x + 5 

X x3 x3 5 x3 1 


11 . 


14. 


17. 


+ 


— X + 3 


x3 + 3x + 5 x3 + 7 


X - 2 x3 + 2x + 4 

10. + 1^. 

x3 + 1 x3 + 2 

13.^+ 7X + 10 


+ 


-7x + 5 


15. 


x3 + 3 (x3 + 3)3 

I X + 4 


4x3 + 7 (4x3 _|_ 7) 


x3 + X + 4 (x3 + X + 4)3 


1 


+ 


2x 


+ 


-4x + 2 


X - 2 x3 + X + 2 (x3 + X + 2) 

5x + 20 _j_ ox + 4 


Ig ® _ J 

‘ X x3 x3 + 3x + 1 ' (i3 + 3x 4- 1)3 

19. - ^ 


X3+ 1 (x3+ IV 




Index 



Abscissa, 55 

Absolute value, 4, 175, 186 
Accuracy, degree of, 240 
Addition, 

of complex numbers, 103, 182 
elimination by, 69 
of fractions, 28 
of radicals, 95 
Algebraic operations, 1 
Algebraically greater, 4 
Amortizing a debt, 257 
Amount, 249 

of an annuity, 253 
compound, 250 

Amplitude of a complex number, 186 
Annuity, 252 

amount of an, 253 
present value of an, 254 
tables, 314, 315 

Approximations and significant fig- 
ures, 240 

Argument of a complex number, 
186 

Arithmetic means, 152 
Arithmetic progression (A.P.)» 150 
nth term of an, 150 
sum of an, 151, 152 
Associative law, 3 
Axes, coordinate, 55 


Axis, of imaginaries, 184 
of reals, 184 

Base, of a logarithm, 228 
of a power, 7, 83 
of systems of logarithms, 232 

Binomial, 6 
Binomial formula, 168 
general term of, 171 
Binomial theorem, 172 
Braces, 7 
Brackets, 7 
Briggs, 232 

Characteristic of a logarithm, 233 
method of determining the, 233 
Circle, 138 
Coefficients, 6 

binomial, 170 
in terms of roots, 226 
numerical, 6 
Combinations, 260, 263 
total number of, 265 
Commutative law, 3 
Complex numbers, 101-103, 181-194 
absolute value of, 186 
addition of, 182 
algebraic form of, 180 
amplitude of, 186 
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INDEX 


354 

Complex numbers — Continued 
argument of, 186 
conjugate, 181 
definition of, 102, 181 
De Moivre’s theorem, 190 
division of, 182, 189 
equal, 182 

graphical addition of, 185 
graphical representation of, 184 
modulus of, 186 
multiplication of, 182, 189 
operations with, 103, 182 
polar form of, 186 
powers of, 190 
roots of, 192 
subtraction of, 182 
trigonometric form of, 186 
Complex plane, 184 
Composite number, 3 
Compound interest, 249 
table of, 312 
Conditional equation, 39 
Consistent equations, 295 
Constant, 52 

of variation, 145 
Conversion period, 249 
Coordinate axes, 55 
Coordinate system, 55 
Coordinates, 55 
Cramer’s rule, 78, 292 

Decimals, repeating, 158 
Degree, of an equation, 131 
of a polynomial, 22, 195 
of a term, 22, 131 
De Moivre’s theorem, 190 
Denominator, 2 
Dependent equations, 67, 295 
Depressed equation, 215 
Descartes’ rule of signs, 210 
Determinants, 77-81, 281-298 
of the coefficients, 78, 291, 293 
Cramer’s rule for, 78, 292 
definition of, 77, 79, 281 


diagonals of, 77, 78 
elements of, 77, 281 
evaluation of, 288 
inversions of, 281 
minors of, 285 
of nth order, 281 
properties of, 282 
of second order, 77 
solving by use of, 78, 80, 292- 
297 

of third order, 79 
Difference, 1 
Discriminant, 121 
Distributive law, 3 
Dividend, 2, 9 
Division, 9 

of complex numbers, 182, 189 
of fractions, 32 
of polynomials, 9 
of radicals, 98 
synthetic, 197 
by zero, 3 
Divisor, 2, 9 

e, the base of natural logarithms, 
232, 248 

Effective rate of interest, 252 
Elimination, methods of, 68-69 
Ellipse, 137 
Equations, 38 
conditional, 39 
consistent, 67, 295 
degree of, 131 
dependent, 67, 295 
depressed, 215 
equivalent, 40 
exponential, 228, 246 
formation of, when the roots 
are given, 123, 206 
graphic solution of, 127, 202 
homogeneous, 296 
imaginary roots of, 205 
inconsistent, 67, 295 
integral rational, 195 
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involving radicals, 116 
linear, 42 
literal, 43 
logarithmic, 228 
quadratic, see Quadratic equa- 
tions 

roots of, 40 
solution of, 40 

solving systems of, 66-81, 131- 
139 

symmetric, 135 
theory of, 195-227 
Equivalent equations, 40 
Events, dependent, 274 
independent, 273 
mutually exclusive, 272 
Exi)ectation, 271 
Explicit function, 63 
Exponents, 7, 83-90 
fractional, 87 
irrational, 229 
laws of, 83 
negative, 89 
positive integral, 83 
zero, 88 

Extraneous root, 42, 116 
Extremes of a proportion, 142 

Factor, 1, 0, 25, 89 

of proportionality, 145 
theorem, 196 
Factorial, 170 
Factoring, 14-21 
Figures, significant, 240 
Fractions, 22-35 
partial, 299 
proper, 299 
rational, 299 
Frequency, relative, 270 
Function, 52 

continuous, 201 
explicit, 63 
graph of, 59, 125, 200 
implicit, 63 


integral rational, 195 
linear, 60 
quadratic, 125 
rational, 299 
single-valued, 201 
Functional notation, 53 
Fundamental principle for fractions, 
24 

Fundamental principle for permu- 
tations, 258 

Fundamental theorem of algebra, 
203 

Geometric means, 155 
Geometric progressions, 154 
Graph, of an equation, 64 

of a factored polynomial, 208 
of a function, 59, 60 
of a linear equation, 64 
of a polynomial, 200 
of a quadratic equation in two 
variables, 137-139 
of a quadratic function, 126 
Graphic solution, of an iiiecjuality, 
177 

of a (luadratic in one unknown, 
127 

of a general integral rational 
equation, 202 

of a system of two linear c(iua- 
tions, 66 

of a system involnng quadra- 
tics, 137 

Grouping, symbols of, 7 

Harmonic means, 160 
Harmonic progression, 160 
Highest common factor, 23 
Homogeneous linear equations, 296 
Horner’s niethod, 222 
Hyperbola, 139 

t, the imaginary unit, 101, 181 
powers of, 103 
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Identity, 38 

Imaginary numbers, 102, 181 
Imaginary roots of an equation, 
theorem on, 205 
Implicit function, 63 
Inconsistent equations, 67, 295 
Index of a radical, 86 
Induction, 164 

Induction, mathematical, 165 
Inequalities, 175-180 
Infinite geometric progression, 157 
Integers, 2 

Integral rational equation, 195 
Integral rational function, 195 
Interest, 249 

compound, 249 
rate of, 249 
simple, 249 
tables, 312, 313 
Interpolation, 238 
Inversion, 281 
Irrational equation, 116 
Irrational exponents, 229 
Irrational number, 2, 213 
Irrational roots, 217 

obtained by successive graphs, 
218 

obtained by Horner’s method, 
222 

pairs of, 206 

Kepler, 149 

Like terms, 6 
Limits for real roots, 212 
Linear equation, 42, 64 
Linear equations, systems of, 66- 
82, 291-297 

algebraic solution of, 68-70, 72 
consistent, 67, 295 
dependent, 67, 295 
graphic solution of, 66 
inconsistent, 67, 295 
in n unknowns, 73, 291 


solution by determinants, 77- 
81, 291-297 
in three unknowns, 72 
in two unknowns, 66-70 
Linear function, 60 
Literal equation, 43 
Logarithms, 228-248 

base of a system of, 228-232 
change of base of, 247 
characteristics of, 233-235 
common, 232 
computation with, 241 
definition of, 228 
interpolation in, 238 
mantissas of, 233 
natural, 232 
properties of, 230 
rounding off, 239 
systems of, 232 
tables of mantissas of, 310 
use of a four-place table, 236 
Lowest common denominator 

(L.C.D.), 28 

Lowest common multiple (L.C.M.)> 
22 

Lowest terms, reducing a fraction 
to, 25 

Mantissa, 233 

Mathematical induction, 165 
Maximum or minimum value of a 
quadratic function, 128 
Mean proportional, 143 
Means, arithmetic, 152 
geometric, 155 
harmonic, 160 
of a proportion, 142 
Minors of a determinant, 285 

expansion of a determinant by, 

Modulus of a complex number, 186 

Monomial, 6 
Mortality table, 316 
Multiple, 22 
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Multiple roots, 203 
Multiplication, of complex numbers, 
182, 189 
of fractions, 32 
of polynomials, 8 
of radicals, 97 

Multiplicity, root of a certain, 203 

Naperian logarithms, 232 
Nominal rate of interest, 250, 252 
Notation, functional, 53 
subscript, 79 
Number system, real, 2 
Numbers, 

complex, see Complex numbers 
conjugate imaginary, 181 
graphical representation of real 
numbers, 3, 175 
imaginary, 102, 181 
integers, 2 
irrational, 2, 213 
principal roots of, 86 
rational, 2, 213 
real, 2, 85 
Numerator, 2 
Numerical coefficient, 6 
Numerical value, 4 

Order of a radical, 86 
reducing the, 93 
Ordinate, 55 
Origin, 55 

Parabola, 60, 126 

Parentheses, 7 

Partial fractions, 299-306 

Pascal’s triangle, 169 

Pa 3 rment period of an annuity, 252 

Permutations, 260-262 

Plane, complex, 184 

Plotting a point, 56 

Polynomials, 

definition of, 6, 195 
degree of, 22, 195 


division of, 9 
graphs of, 200 
graphs of factored, 208 
multiplication of, 8 
Power, 7, 83 
Powers, table of, 308 
Present value, 251 
of an annuity, 254 
table of, 313 

table of, of an annuity, 314 
Prime number, 3 
Principal, 249 
Principal 7ith root, 86 
Probability, 268-280 

in dependent events, 274 
empirical, 270 
in independent events, 273 
in mutually exclusive events, 272 
relative frequency, 270 
in repeated trials, 276 
Product, 1 

Progressions, 

arithmetic, 150 
geometric, 154 
harmonic, 160 
Proper fraction, 299 
Proportion, 142 
Proportional, fourth, 142 
mean, 143 
third, 143 

Proportionality, factor of, 145 
Pure imaginary number, 181 

Quadrants, 56 

Quadratic equations, lOG-129 
character of the roots of, 121 
definition of, 106 
discriminant of, 121 
equations in the form of, 118 
first-degree term missing, 106 
formation of, when the roots are 
given, 123 

general form in one unknown, 
111 
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Quadratic equations — Continued 
general form in two unknowns, 
131 

graphic solution of, 127 
product of the roots of, 122 
solution by completing the 
square, 109 

solution by factoring, 107 
solution by formula. 111 
solution of, 112 
standard form of. 111 
sum of the roots of, 122 
systems involving, 131-141 
Quadratic formula. 111 
Quadratic function, 125 
graph of, 125 

maximum or minimum value 
of. 128 
Quotient, 1, 9 

Radicals, 86, 92-101 
addition of, 95 
changing the order of, 100 
division of, 98 
equations involving, 116 
index of, 86 
multiplication of, 97 
order of, 86 
properties of, 92 
reducing, to the same order, 100 
simplifying, 93 
subtraction of, 95 
Radicand, 86 
Ratio. 2, 142 
Rational function, 299 
Rational number, 2, 213 
Rational roots, 121, 213 
Rationalizing a denominator, 98 
Real number, 2 
Reciprocal, 32 
Relative frequency, 270 
Remainder, 9 
Remainder theorem, 195 
Rei)eating decimal, 158 


Roots of an equation, 40 
character of, 121 
related to the coefiBcients, 226 
conjugate imaginary, 205 
definition of, 40 
Descartes’ rule for, 210 
decreasing the, 220 
extraneous, 42, 116 
graphic method for finding, 218 
Homer’s method for finding, 
222 

irrational, 217 
location of, 218 
multiple, 203 
number of, 203 
product of, 226 
rational, 213 
sum of, 226 
theorems on, 195-227 
Roots, of a number, 85 

of a complex number, 192 
principal, 86 
table of, 308 

Rounding off numbers, 239, 241 

Sequence, 150 
Sign before a fraction, 24 
Significant figures, 240 
Signs, 

Descartes’ rule of, 211 
laws of, 4 
variations of, 210 
Simple interest, 249 
Simple root, 203 

Simultaneous equations, see sys- 
tems of equations 

Single root, 203 
Sinking fund, 256 

Solution, of an equation in one un- 
kno^m, 40 

of an equation in two un- 
knowns, 64 
of an inequality, 177 
Special products, 12 
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Square root, definition of, 85 

of a negative number, 85, 101 
Standard position of the decimal 
point, 233 

Stated problems, 47-51, 74^77, 
112-116, 129-130, 140-141, 

148-149, 154. 161-163, 226, 
246, 252, 256-257, 259-260, 
263, 265-267, 271-272, 275-276, 
278-280 
Sum, 1 

Symmetric equations, 135 
Synthetic division, 197 
Systems of equations involving 
quadratics, 131-141 
Systems of linear equations, see 
Linear equations 

Term, 6 

of an annuity, 252 
Theory of equations, 195-227 
Transformation of an equation to 
decrease its roots, 220 
Transpose, 41 
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Trigonometric form of a complex 
number, 186 
Trinomial, 6 

True-false questions, 27, 92, 152, 
156, 160, 230, 232 

Variable, 52 

dependent, 53 
independent, 53 
Variation, 144-146 
Variation of sign, 210 
Vinculum, 7 

z-axis, 55 
x-coordinate, 55 

y-axis, 55 
y-coordinate, 55 

Zero, division by, 3 
■ factorial, 170 

iis an exponent, 88 
operations with the number, 3 
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